Topological Methods in Nonlinear Analysis
Volume 55, No. 2, 2020, 617-653
DOI: 10.12775/TMNA.2019.108

© 2020 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University in Torun

SPECTRAL NUMBERS AND MANIFOLDS WITH BOUNDARY

JELENA KATI¢C — DARKO MILINKOVIC — JOVANA NIKOLIG

ABSTRACT. We consider a smooth submanifold N with a smooth boundary
in an ambient closed manifold M and assign a spectral invariant c¢(«, H) to
every singular homological class a € H«(N) and a Hamiltonian H defined
on the cotangent bundle T* M. We also derive certain properties of spectral
numbers, for example we prove that spectral invariants c+ (H, N) associated
to the whole Floer homology HF%(H, N : M) of the submanifold N, are
the limits of decreasing nested family of open sets.

1. Introduction

1.1. Floer Homology for submanifold with boundary. Let N be
a compact submanifold with a smooth boundary of an ambient closed mani-
fold M. Consider a conormal bundle of N, v*(ON), defined as

v*(ON) ={(q,p) € T"M | q € ON, p|r,on = 0},

which is a Lagrangian submanifold of the cotangent bundle T*M. Let v* (ON)
denote the negative part of the conormal bundle to the boundary:

v:(ON) := {(q,p) € v*(ON) | p(7) >0, for 7 € TN inner normal to ON}
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and define a negative conormal to N, as
T*N :=v* (ON) Uv*Int(N).

Note that we use the notation 7* N instead of »*N in order to emphasize that
it is not a conormal bundle in a classical sense (in fact it is not a bundle at all,
but just a set). The set 7*N, called a negative conormal to N, is a singular La-
grangian submanifold that allows a smooth approximation by exact Lagrangian
submanifolds. If T is such an approximation, we can define the Floer homology
groups for the pair (Opr, Y), denoted by HF.(Opr, T : H,J) where Oy is the
zero section of T*M. After establishing canonical isomorphisms between Floer
homology with two different approximations T; and Yo (possibly with a change
of almost complex structure J), we define the Floer homology for N as a direct
limit of the Floer groups HF.(Oy, Y : H,J), by taking the canonical isomor-
phisms for morphisms that define the direct limit. Floer homology obtained in
this way is isomorphic to the Morse homology of the set IV, with appropriately
chosen Morse function that satisfies certain conditions near the boundary oN.

This construction when N is an open subset of M with a smooth boundary is
done by Kasturirangan and Oh in [10] (see also [21] for the sheaf theoretic point
of view). Our construction differs from the one in [10] for open subsets by the
fact that the tubular neighbourhood of OU with respect to U is always a trivial
vector bundle, which makes the situation of a submanifold of codimension zero
simpler.

1.2. Spectral numbers. Spectral numbers or spectral invariants were orig-
inally defined by Viterbo in [30], in the case of a cotangent bundle, in terms
of generating functions for Lagrangian submanifolds. In [22], [23], Oh used
Viterbo’s ideas to define spectral invariants as homologically visible critical val-
ues of the action functional

an(z) :/IH/OIH(x(t),t)dt,

which is well defined in a cotangent bundle. Here 6 is the canonical Liouville
form. We assume that the domain of ay is the set of smooth paths with the
ends on Lagrangian submanifolds Ly and L. Let Ly be the zero section Oy,
and Ly = ¢1;(Lo), where ¢, is a time-one-map generated by a Hamiltonian H.
The set of critical points Crit(ag) of ay consists of Hamiltonian paths starting
at Ops and ending on ¢};(Opy). Let

HF}Owm, ¢1(Own) : H, J)
denotes the filtrated homology defined via filtrated Floer complex:

CF:‘(OAI,QS}{(ON[) : H) = ZQ<{CL‘ S Crit(aH) | G,H(LL') < )\}>
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These homology groups are well defined since the boundary map preserves the
filtration:

9: CFNOnr, ¢3(Onr) + H) = CF) (O, é3(On) : H),

due to the well defined action functional that decreases along its “gradient flows”.
For a singular homology class « define

(1.1) o(a, H) :=inf {\ e R| Fy(a) € Im(«}) }
where
12 HFMOnr, ¢5(Onr) = H, J) = HFE,(Onr, ¢k (Ong) - H, J)
is the homomorphism induced by inclusion and
Fy: H,(M)— HF, (O, ¢5(On) - H, J)

is an isomorphism between singular and Floer homology groups. The construc-
tion of spectral invariants is done in [22] in case of cotangent bundle, and in [23]
for cohomology classes.

It turns out that Oh’s invariants and those of Viterbo are in fact the same,
see [16], [17].

Using spectral numbers, Oh derived the non-degeneracy of Hofer’s metric for
Lagrangian submanifolds, a result earlier proved by Chekanov [4] using different
methods. Another application to Hofer geometry is given in [18], [19] in the
characterization of geodesics in Hofer’s metric for Lagrangian submanifolds of
the cotangent bundle via quasi-autonomous Hamiltonians. Spectral invariants in
cotangent bundles were also studied by Monzner, Vichery and Zapolsky in [20].

Spectral numbers also appear in contexts different (more general) from cotan-
gent bundles. In [15], Leclercq constructed spectral invariants for Lagrangian
Floer theory in the case when L is a closed submanifold of a compact (or convex
in infinity) symplectic manifold P and w|~,(p,zy = 0, t|r,(p,) = 0, where p is the
Maslov index. Schwarz constructed spectral invariants for contractible periodic
orbits when (P,w) is a symplectic manifold with w|,,(py = 0 and ¢i|,py = 0
(see [29]).

Symplectic invariants were further investigated by Eliashberg and Poltero-
vich [6], Polterovich and Rosen [26], Oh [25], Humiliére, Leclercq and Seyfad-
dini [8], Lanzat [14] and also in [5], [16], [17].

1.3. Results of the paper. Let N be a compact submanifold with bound-
ary ON of a closed manifold M. In Section 2 we describe how to construct a sin-
gular Lagrangian submanifold 7* N C T* M associated to N, as well as a smooth
exact Lagrangian approximation T of 7*N. The construction of a Floer homo-
logy assigned to N as a direct limit of Floer homology of the pairs (Op,Y) is
also done in Section 2.
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Next, we construct a PSS-type isomorphism between Floer homology for
N and Morse homology HM., (fn,N) of N. Here we choose a Morse function
to be admissible, i.e. to have gradient trajectories that behave well near the
boundary ON (see the definition at the beginning of the Section 3). We also
impose some transversality conditions to a Hamiltonian H. More precisely, we
have the following theorem.

THEOREM A. Let N be a compact submanifold of M with a smooth boundary
ON. Let fn be an admissible Morse function on N and H as in (2.6). There
exists a PSS type isomorphism

&: HM,(fy,N) — HF,(H,N : M). O

This theorem is reformulated as Theorem 3.2 and proven in Section 3.

In Section 4 we assign spectral invariant to every non-zero homology class
[a] € HF,(N). We define it via PSS isomorphism and we show that it is a limit
of spectral invariants in Floer homology of approximations (Theorem 4.4). We
also prove the continuity of spectral invariants with respect to Hofer’s norm
(Theorem 4.6).

There are numerous products in Floer and Morse homologies of different
types, that define different algebraic structures on homologies. Here we intro-
duce two pair-of-pants type products that behave naturally with respect to spec-
tral invariants. More precisely, we prove the following theorem (formulated as
Theorem 4.7 in Section 4.

THEOREM B. Let HF.(H> : M) denotes Floer homology for of the pair (O,
% (Onr)) (see Subsection 4.2). There exist pair-of-pants type products:
o: HF,(H1,N: M)® HF,(Hy : M) — HF,(H3,N : M),
x: HM,(f,N)® HF,(H,N : M) — HF,(H,N : M),
that turns Floer homology HF.(H, N : M) into a HM,(f, N)-module. The above
product satisfy:
P(anp) = ®(a)o ®(B).
Here, N is the exterior intersection product in Morse homology
N: HM,(f1,N) ® HM,(fo, M) — HM,(f3,N),
and ® is thePSS type isomorphism between Morse homology of M and Floer

homology for the zero section (see [11]).

Further, we prove the triangle inequality:
C?V(aﬁﬂ? HluHQ) < C}V(av Hl) + 0_2(57 H2)7

for every « € HM,(f1,N) and 8 € HM,(f2, M). Index j in ch and o7 empha-
sizes the corresponding Morse function f;. This is done in Theorem 4.8.
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Using Albers’ chimney maps [2], we compare spectral invariants for subman-
ifold with boundary N and periodic orbits in T*M (Theorem 4.9).

Spectral numbers ¢y are defined as the infimum (respectively, supremum) of
all A € R for which the inclusion map 27 is surjective (respectively, trivial), see
the definitions on the pages 642 and 650. Finally, we prove the continuity of
spectral numbers c4 in the following sense.

THEOREM C. Let submanifold N C M with boundary ON be framed (see
the definition in the page 642). Let U, be a decreasing sequence of open subsets
with smooth boundaries and (YU, = N, where N is a smooth submanifold with

a smooth boundary. Then lim cy(H,U,) =cy(H,N).
n—oo

Theorem C is also true for ¢_ and therefore for v(H,N) := ¢y (H,N) —
c_(H,N). As a consequence of Theorem C we conclude that

C+(H,8N) < C+(H,N),

see Remark 5.11. Note that it is easy to see that this inequality is true in
the special case when the Hamiltonian H is the pullback of a Morse function
fi M =R, ie H= fomr (where 7: T*M — M is the canonical projection),
if we restrict to the Morse function with negative gradient pointing inwards
(which is precisely one of the conditions in the definition of an admissible Morse
function, see the beginning of the Section 3). Indeed, the critical points of the
action functional are precisely the critical points of the Morse function, and the
holomorphic strips do not depend on ¢, actually they coincide with the gradient
trajectories of f. Therefore

c+(f, ON) = max An|(y: [0,1]5T* M[7(0)€0, ~(1)ev*(ON)}
= —min flopn = —f(4),

cy(f,N) = maxAH\{m [0,1]-T*M|v(0)€On, y(1)EV*N} = —min f|y = —f(B),

for some A € ON and B € N (see Figure 1), where Ap is defined in (2.8).
Since f decreases along its negative gradient trajectories, and B is the point
of absolute minimum of —f we have f(B) < f(C) < f(A), where C is some
point in N (negative gradient trajectories cannot leave N, since f is admissi-
ble), therefore ¢y (H,0N) < ¢4 (H, N). We prove this inequality in the case of
general Hamiltonian, under some topological assumptions on N and ON, see
Remark 5.11.

Theorem C is formulated and proven as Theorem 5.3 in Section 5. The main
step in the proof is the construction of a map from filtered Floer homology for IV
to filtered Floer homology for U,,, which will change the filtration for an arbitrary
small amount.
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FIGURE 1. The case of Morse function.
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2. Approximations and Floer homology

Let M be a closed smooth manifold of dimension n and N C M a smooth
compact k-dimensional submanifold with a smooth boundary (i.e. 9N C N).
Let Coly (ON) denote a collar neighbourhood of N in N. We can assume that
Coly(ON) is a subset of a tubular neighbourhood Tbys(ON) in M, which is
isomorphic to the normal vector bundle over N, therefore Coly(ON) induces
a line bundle over ON, the double of the collar, denote it by Thy(9ON). Since
Coly(ON) =2 0N x [0,+00), this bundle is trivial:

(2.1) Thx (ON) = 8N x R.
Let us denote by F a (n — k — 1)-rank vector sub-bundle of Tby;(9N) such that
Tbpy(ON) 2 Tby(ON) @ E
and by
7: Tby(ON)® E — Tby(ON), e @ex > eg.
Let
m1: Tby(ON) — ON, my: E— ON

be the vector bundle projections. Let us check that Tby/(ON) is a (n — k — 1)-
rank vector bundle over Tby(ON) with 7 as a projection map. For every e; €
Tby(ON), we have

’7'_1(61) = {(7T1(€1),£E,61) € TbN(aN) D E | 7T2(£L') = 7T1(€1)}

= {z € E|m(zx) =m(e1)} =75 ' (mi(er))
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which is a fibre in the bundle F. The transition maps are defined via the tran-
sition maps of the bundle E.
We wish to define a map

7: T*(Thp (ON)) — T*(Thy (ON)).

Let us choose a connection on Thy;(ON) which determines the horizontal and
vertical space

T,Tby(ON)=H, &V,
at any point p € Tbps(ON). For X € TThy(ON) denote by Xy, the horizontal
part of X. Let a € T*(Tbp(ON)), Y € T(Tby(ON)). Define

T(a)(Y) = a((T’lY)hor),

I is any right inverse of 7. Although 7! is not uniquely defined, the

where 77
term (T_1Y) Loy does not depend on the choice of 771, but only on the chosen
connection.

It follows from (2.1)

(2.2) T*(Tby (N)) = T*(ON) x (R x R).
A

Let v*(ON) and v*(Int N) denote the conormal bundles of 9N and Int N in
T*M. Define

v (ON) := {(q,p) € v*(ON) | p(7) >0, for 7 € TN inner normal to ON}
and
7N :=v* (ON)Uv*(Int N).
Let us describe the set 7* N in local coordinates. Let (q1,...,qn,P1s--.,Pn) be
local coordinates in a neighbourhood (in T*(Tha (ON))) of a point in ON such
that

(q1y---4qn) are coordinates in M,
(2.3) (g1s---,qs-1,0,...,0) are coordinates in N,
(q15---5,4%,0,...,0), g <0 are coordinates in N.
In such coordinates:
e the set v* (ON) is locally described as
q1y-- 5 qk—1,Y,..., U, U, .., Uy Py ooy P Pe >
{( 0 0,0 0 ) | pr <0}
n—k+1 k—1
e the set v*(Int V) is locally described as
{(q15-+59%,0,...,0,0,...,0,prx1,--,0n) | & <0}
n—k k

near the boundary,
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e the set 7* N is locally described as

{(q1y-+,qk-1,0,...,0,0,...,0,p,...,pn) | P <0}
—— ——
n—k+1 k—1
U{(qla"'vqkaor"70707"'707pk+17~"7p7l) | dk SO}
—— ——
n—k k

In these coordinates, the set A from (2.2), is given by {(qx,pr)}. Note that we
can choose coordinates (2.3) such that (g, px) are well defined on A. Indeed, let

: Tby(ON) = ON x R
be a diffeomorphism from (2.1) that satisfies
Y Mz, ., xp_1,5) €N, fors<0.

For p € ON let ¢,: U, — R"™ be some coordinates satisfying (2.3) and denote by
Tn—k: R = R™"* the projection onto the last n — k coordinates. Then

¢ = (wa Tn—k © <pp)

are required coordinates (in necessary, we can decrease the neighbourhood of 9N
in T*M in order to have all coordinates and diffeomorphisms well defined).
Denote by 74: T*(ON) x A — A the canonical projection and define

wa: T*(Tbp (ON)) — A, MTA=TAOT.
Let C be the singular curve in A defined as:

C = {(qr,0) [ ar < 0} U{(0,px) | pr < 0}.

We have
TA(T*NNT*(Thp (ON))) = C.

Let C7 be any fixed smooth decreasing curve that coincides with z-axis for
x € (—o0,—1] and with y-axis for y € (—o0,—1]. Let C., for £ € (0,e9), be
the rescaling of C'; with respect to the cone with the vertex in the corner of the
curve C' (see Figure 2). We say that the family {C.}.c(0,s,) approximates the
singular curve C' and we say that any curve C. is an approximation of C. See
also the proof of [10, Theorem 2.3] and [10, Example 2.1].

Define:

(24) TE = {(Qh el 07 L] 0707 LI 707pk7 .. apn) | (qkapk) S OE}
—— ——
n—k k
The approximation Y. is described near the collar of N in the following way.
Let
o: T*(Tby(ON)) — T*(ON)
denote the projection to the first component in (2.2). Then it holds

7*N O T*(Tby (ON)) = o(v* (ON) N v*(Int N)) x C,
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qk

FIGURE 2. Function hy_ is the area of the shaded region.

since both objects are globally defined and coincide in the same local coordinates.
We define Y. globally as:

(2.5) Yo := [o(v2(ON)Nv*(Int N)) x C:] U [7*N\ o (v* (ON)Nv*(Int N)) x C].
PROPOSITION 2.1. Y. is an exact Lagrangian submanifold of M, for every e.

PROOF. Define the function hy_: T. — R as follows. Let m: T*"M — M
denote the canonical projection.

(a) On 7*N \ 7~ (Tbar(ON)) = Oar|n\Thy (an): by, is equal to zero;
(b) on the intermediate region of 7* N N7~ (Tby(ON)): the value of hy_ at

the point (g1, ..., qk—1,4%, Qk+1,- - sqns D1, - - - , Pn) is the negative area of

the shaded region in Figure 2 (bounded by C., the gx-axis and the line
0

qk = qk)§

(¢) on v*(ON)NTY.: hy_ equals the negative area bounded by the gj-axis,
the pi-axis and the curve C..

Then 0|7y, = dh~_, where 6 is the canonical Liouville form on T*M. Indeed, in
the cases (a) and (c) both 0|7y, and dhy_ equal to zero. Regarding the case (b),
if we denote by ¢, (gx) the function whose graph in (g, pr)-plane is the curve C.
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(see Figure 2), we have:

Ohy Ohy
dhvy, = Sdgi+ > S dpy = plq)d
. g, qj + o, p; = o(qr)dqg,

while, on the other hand, we have:

Olry. =Y pjdgjlrr. = (ax) day
i

(the last equality follows from (2.4)). O

We will occasionally drop the subscript € and denote an approximation only
by T, if the quantity ¢ in the approximation is not crucial in that moment.

Floer homology for the pair of exact Lagrangians (Ops, Y.) is defined in the
standard way. Choose a compactly supported Hamiltonian H: T*M x [0,1] — R
such that

¢1(On) h Ong
and

(2.6) 61 (Oa) N Onrlon =0, ¢ (Onr) M T*N.

Both of the above conditions can be obtained by a generic choice of H. The set
of the generators of CF (O, Y : H) consists of Hamiltonian paths

(2.7) = Xg(x), x(0)€ Op, x(1) € T,

which are critical points of the effective action functional:

(2.8) AT () = / - / H((t), t)dt — . (7(1)).

The boundary map 0, g is defined by the number of perturbed holomorphic
discs with boundary on Op; and Y,:
u: Rx[0,1] = T*M,
(2.9) au+JE<8u—XH(u)> =0
s ot
u(s,0) € Opr,  u(s,1) € Ye.

Floer homology of the manifold with a boundary N is defined as the direct limit
of above Floer homologies for the approximations Y:

(2.10) HFE,(H,N : M) :=lim HF, (O, Y. : H, J.),
—

after defining an appropriate preorder and a directed set. Take the set of all
approximations and define a relation < on it by

Te, <Tey & @e e, onl,

where hy_ = ¢, om and hy_ = ¢, o, and m: T*M — M is the canonical
projection. It is not hard to check that the relation < is a preorder that turns
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the set of all approximations into a directed set. Since hy_ measures the negative
area between Y. and 7" N, T; < Ty means that Y5 is a better approximation
than Y.

The connecting morphism

Fio: HF*(OM,Tl ZH, Jl) — HF*(OM7T2 : H, JQ)

that define the direct limit for T; < Ys is a canonical homomorphism constructed
using the standard cobordism arguments (see [10] or (4.1) below).

3. Morse homology and PSS isomorphism

We say that a Morse function fy defined on N is admissible if the following
holds:

(i) there are no critical points of fn in ON
(i) for all p € AN, dfx(7) < 0 where 7 € T, N is an inner normal to ON.

We will first extend fy to a Morse function f defined on Thy(ON) U N
(i.e. on N extended by the outside collar of N, see (2.1)), and then extend
f to a Morse function f, defined on the tubular neighbourhood v of the set
Tby(ON)UN. We consider the set Tby(ON)U N instead of just N because in
the case of submanifold with a boundary, the tubular neighbourhood might not
be an open subset of M (see [9]), and we need to have an extension of fy defined
on some open set in M containing N in order to apply Schwarz construction (see
Lemma 3.1). Finally we will extend f, to a Morse function on M in a suitable
way.

Let us construct the described extensions precisely. Choose an extension f
of fn such that

e Crit(f) = Crit(fn),

e 1o negative gradient trajectories starting at some point in IV can leave N.
See the details in [28, Subsection 4.2.3]. Now choose a Riemannian metric g on
M such that the pair (fy,g) is Morse-Smale. For such fy, Morse homology
HM.,(fn,N) is isomorphic to the singular homology H.(N) of N.

Now we can extend f to the normal bundle of N U Tby(ON) in M, and
then to the whole M to obtain Morse function fj; : M — R with the following
properties:

e 10 negative gradient trajectory 4 = —V fys leaves N,
e there are no critical points of f; in some neighbourhood of N in M,
e Morse complex of fx is identified with a subcomplex of fj,.

Indeed, let v := v(N U Tbyn(9N)) denotes a tubular neighbourhood of N U
Tby(ON) in M. This neighbourhood exists since N U Tby(ON) is an embed-
ded submanifold of M and it is possesses a (n — k)-dimensional vector bundle
structure of normal bundle (see [9, Corollary 2.3]; if necessary, we can shrink
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the fibres in Thy(9N) to obtain that the closure of N U Tbhy(ON) embeds as
a closed subset of M, which is assumed in [9]). We will identify the tubular
neighbourhood v with the corresponding normal bundle.

Let (-, -), be a Riemannian metric with associated quadratic form

() = (- v
Define
fo(pup) == f(p) + q(up).
The function f, is Morse function defined on v, the critical points of f, are

precisely the critical points of f, of the same Morse index. To define an extension
far of f,, we use the following fact.

LEMMA 3.1 ([28, Lemma 4.15]). Let M be a smooth manifold, let A be closed
and W open subset and fyy € C°(W,R) be a Morse function on the submani-
fold W, such that

Crit(fw) CAC AcC W C M.

Then there exists a smooth Morse function fy; defined on M which extends fw
meaning that fw|a = fala.

For our needs, we take any closed set A satisfying: N C AcCcAcuvand
W := v. (See also [28, Subsection 4.2.1] and [28, Subsection 4.2.3] for more
details.) For two Riemannian metrics g, and gy there is a canonical isomorphism

Gap: HM,(fn,N : go) > HM.(fn, N : gp)
satisfying
Goe = Gpe 0 Gy, Gy, = 1d.
This functoriality allows us to consider the set {HM.(fn, N : g.)} as a directed
system, indexed by the directed set of all generic Riemannian metrics {g,} with

the full relation as a preorder. We define Morse homology HM.,(fn,N) as
a direct limit:

HM*(fN7N) :@HM*(vaN : ga) = LlHM*(fN,N : gS)/N

where p, ~ pp if and only if G,c(pa) = Gpe(ps) for some c¢. The set HM,(fn, N)
obviously has a vector space structure and is isomorphic to all HM,(fn, N : gs).

Concerning the isomorphism between Floer homology HF.(H, N : M) and
Morse homology H M. (fn,N), we have the following theorem.

THEOREM 3.2. Let fny be admissible and H as in (2.6). There exists a PSS
type isomorphism

&: HM,(fn,N) — HF,(H,N : M).
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PRrOOF. We first define the PSS homomorphism for the approximations. Let
us fix the approximation Y. Let p € N be a critical point of fy and x be
a Hamiltonian path with 2(0) € Oy, (1) € T. The PSS homomorphism is
defined via the number of mixed objects

M(p,x) :=M(p,z,00,Y : fn,H,J,g)
:z{(%u) ‘ v: (=00,0] = N, u: [0,4+00) x [0,1] = T*M,
i(s) = =Vgfn(v(s)),
ou ou
s (81,‘ -
u(s,0),u(0,t) € Op, u(s,1) €T,
v(—00) = p, u(+oo,t) = x(t),

u(0,1) = v(0>},

XPRH(U) =0,

where pg: [0, +00) — R is a smooth function such that

1 for s > R,

PR(S) =
r(s) 0 fors<R-1.

The loss of the compactness of the manifolds M (p, z) manifests in a breaking
of gradient trajectories or holomorphic strips. The appearance of a bubbling is
excluded due to the exact Lagrangian boundary conditions. This in particular
means that the zero dimensional manifolds M (p, x) are compact, so the map

pr > n(p,x)z,  n(p,x):=fM(p,z) (mod2),
2ECF, (O, Y:H)

is well defined on the chain level. On the other hand, the description of the
boundary of one-dimensional manifolds of the same type provides the fact that
the above map descends on the homology level:

®T: HM,(fx,N : g) = HF.(On, Y - H, J).

The map ® turns out to be an isomorphism; by standard cobordism arguments
one can prove that its inverse is defined via the number of mixed objects of the
type (u,7y). All the above holds for generic choices of almost complex structure
J and Riemannian metric g. The details of the above construction are standard
(see [12] for the case of an open subset of the base).

In order to prove that ®Y defines a map between Morse and Floer homolo-
gies defined as the direct limits of approximations, one needs to check that it
commutes with the morphisms defining the direct limits. This means that, if we
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denote:
®%: HM, — HF,(Op, Yo : H, J,),
®°: HM, (fn,N : gy) — HF,(Oa, Yy 2 H, Jy),

for two approximations Y, and T, and (generically chosen) almost complex
structures J, and J, and Riemannian metrics g, and g, it holds

®’ 0 G,y =F,py 0 O

This also can be done using suitable one-dimensional auxiliary manifolds, simi-
larly to [12]. Let us denote by

®: HM,(fx,N)— HF,(H,N : M)

the induced homomorphism on the direct limits.
Now, if we denote by ¥ := (®%)~! we have the same arguments as above
for the maps W®. Therefore we have a well defined homomorphism

U: HF,(H,N: M) — HM.(fn,N).
From
Vo @ =Idpa. (fx.Niga): P00 =1dur O xaim )
we deduce:

\I/o@:IdHM*(fMN), (I)O“Ij:IdHF*(H,N:M)~ O

4. Spectral invariants

In order to define spectral invariants, we need to establish a filtered Floer
homology, both for approximations and for direct limit homologies.

Recall that the filtered Floer homology groups for approximations are defined
as homology groups of the filtered chain complex

CF)Ou, Y : H) = {x € CF,(Op, Y : H) | Af(z) <A},

where the effective action functional A} is defined in (2.8). Since A}; decreases
along the strips that define the boundary operator

Oym: CF.(Op, Y :H) = CF.(Op, Y : H),
the boundary operator descends to CF}(Oyps, Y : H) and defines
O CEMOn, Y : H) = CFNOp, Y @ H).
We denote the corresponding homology groups by HF (O, Y : H, Jy) and by
N, HENOn, Y - H, Jy) — HE. (O, Y 2 H, Jy)
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the homomorphism induced by the inclusion map 5. As usually, for a €
HM,(fn,N :gr) \ {0} define

er(a, H) :=inf {\ | " (a) € Im(+%,) }.

The proof of the following proposition is the same as the proof of [20,
Lemma 2.6].

PROPOSITION 4.1. If H and K are two Hamiltonian functions satisfying (2.6)
such that ¢t = ¢k, then it holds cy (o, H) = ey (a, K).

The spectral invariants for approximations actually do not depend on the
given approximation, assuming that it is good enough. More precisely:

PROPOSITION 4.2. Let o € HM,(fn,N : gv) \ {0}. (Here gy is a generic
metric chosen such that the corresponding PSS for approximation Y is well de-
fined.) There exists an approzimation Y such that all invariants cx(Gyw(a), H)

are equal for all T with T < Y. Here Gy is a canonical isomorphism between
HM*(fI\UN : gr) and HM*(fN,N : gf)

Proposition 4.2 will follow directly from Theorem 4.4 that we prove below.

Therefore, one natural way to define spectral invariants for Floer homology
of a singular Lagrangian 7* N is to take a limit of spectral invariant for approxi-
mations. Let us also mention another way to define them, via PSS isomorphism.

The filtered Floer homology for a manifold with boundary N is again defined
as a direct limit of corresponding filtered homologies of approximations. The
direct limit homomorphisms F; are defined via the number of elements in

(4.1) M(z,y: T,) = {u u: Rx[0,1] = T"M,

ou ~ [Ou
g + JS(@t —XH(U)) = 07

u(s,0) € Opg, u(s,1) € Ty,
u(—o0,t) = z(t), u(+oo,t) = y(t)}
Here TS is a monotone homotopy for s € R such that

- Y, ifs<-R,
T, =
Tb lfSZR

(By monotone homotopy we mean s; < so = T, < Tg,.) The corresponding
action functional AES decreases along perturbed holomorphic strips that define
F ., therefore

AR (u(+00,1)) < Af (u(—00,1))
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whenever there exists an v € M(z,y : TS) In particular, the homomorphisms
F,, descend to the filtered chain complex. By standard arguments one shows
that they are also well defined on filtered homology groups:
Fo,: HE}Own, Yo : H, J,) — HFNOw, Yy« H, Jp).
Now we define the filtered Floer homology for N as the direct limit:
HF)H,N : M) :=lim HF) Oy, Yo H, Jy).
—

A
ab’

.t HENON, Yo H, Jy) = HE (On, Yot H, Jy)

It is easy to see that Fop 04y, =13, o Fa,, where

denotes the inclusion-induced map for the approximations. Thus the induced
inclusion maps
0} HFMH,N : M) — HF,(H,N : M)

are also well defined.

DEFINITION 4.3. Let [a] € HM,(fn,N) \ {0}. By a class in [a] we assume
a class in the direct limit, so « € HM,(fn, N : g), for some metric g. A spectral
imwvariant for a manifold N with boundary is defined as

(4.2) en([e], H) := inf {\ | ®([a]) € Im () }.

A natural question is weather cy([a], H) equals to the limit of ey (o, H) in
the sense of Proposition 4.2. The answer is affirmative and it is given in the
following theorem.

THEOREM 4.4. Let o € HM,(fn, N : gv)\ {0}. There exists an approxima-
tion T such that, for all T with Y <Y it holds:

ex(Gyy(a), H) = en([a], H).
PROOF. Let [a] € HM,(fx,N)\ {0}, A € R and [2] € HF)H,N : M)

be such that ®([a]) = 1} ([z]). Let a« € HM.(fn,N : gv), © € HFE}Op, Y
H, Jy:) for some T and Y’. Since

o([a)) = [2¥ ()] = [, (2)] = [2],
we have F 5(®Y(a)) = Fy,5(4,(x)). We have the following commutative
diagram:
(4.3)

Gy Gyy
o — HM,(fn,N:gy) — HM.(fn,N:95) — HM.(fn,N:g3) — ---

¢Ti . J,':DT - J,cbf
s HF.(Y : Jy) — == HF.(Y : Jg) ——— HF,(Y : Jg) — - --

2] T2, T2,
e

Y
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In (4.3) we abbreviated HF, (O, Y : H, Jy) to HF.(Y : Jy) and so on. From
this commutativity we read

7 (Gy7(a)) = Frg(27(0) = Frp (@) = 3, (Fz(2),
implying oY (GTT(Q)) € Im(z%*). We conclude
(4.4) c3(Gyg(a), H) < cn([a], H).

If we take o € HM.(fn,N : gr) \ {0} and X € R such that ®¥(a) € Im(:3,),
then ®Y (a) =43, () for some x € HE} (Y : H, Jy). Therefore, we have

o([a]) = [@7 ()] = [1A.(2)] = 2]zl
so we obtain the inequality
(4.5) en (o], H) < cx(a, H).

The elements o and G5 () represent the same element in the quotient space
HM.(fn,N). From (4.4) and (4.5) we have

(4.6) 3 (Gyg(a), H) < en(la], H) = en ([Gyg(@)], H) < c5(Gyg(a), H),
so all inequalities become equalities. It also holds:
(4.7) cx (GYT(O[), H) <cr(a, H),

for every T < Y. Indeed, if ®¥(a) € Im(e},), for a # 0 € HM.(fn,N : gr),
we have

(4.8) ®T(a) =1, (2) = Frz (¥ (0) = Fyy (. (2)),
so, from the commutativity (4.3) it follows

A, (Fyz(@) = Frz (3,(0) 2 Frp(87(0) = 87 (Gyy(a).

This means that

Y (Gyz(a)) € Im(z%*),
so (4.7) holds.
From (4.6) and (4.7) we conclude that c5(Gyg(c), H) becomes equal to

en([o], H), for every T with T < . O

Proposition 4.2 now follows directly from Theorem 4.4. An immediate con-
sequence of Proposition 4.1 and Theorem 4.4 is the following.

COROLLARY 4.5. If H and G satisfy (2.6) and ¢}, = ¢, then cN([a},H) =
en([a], G).
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4.1. Continuity. Spectral invariants are continuous with respect to the
Hofer norm.

THEOREM 4.6. Let || - || denotes the Hofer’s norm:

I1H| := /01 {mj,XH(x,t) - minH(J;,t)} dt.

Relative spectral invariants for N
CN([O[LH) = CN([O[],H) - CN(LH)
are continuous with respect to || - || :
|Cn(la], H) — Cn([o], H')| < |H — H'|.

Here 1 denotes the generator of zero homology group HMy(fn,N).

PRrOOF. The first step is to prove the continuity of relative invariants for
approximations:

Cy(a,H) :==cy(o, H) — ex(1, H).

The proof of theorem then follows from the above inequality and Theorem 4.4.

To prove the continuity result for the relative invariants for approximation, we
consider the linear homotopy

H®*=(1-s)H+sH =H+s(H —H).
The canonical isomorphism SIE, g is defined by a number of the holomorphic

strips that connect a generator z of CF,.(Op, Y : H,Jy) and a generator y of
CF*(OJW, T . Hl, JT)Z

M(.T,y,OM,T : H H/ J’r)

{u R x[0,1] = T"M ‘ +Jr<?;: XHS(U)) =0

(870) EOM; ’LL( S, )ETa

wm¢>mw,m+m¢>mw}

If there exists u € M(z,y,O0n, Y : H,H', Jy), for the linear homotopy H?®, then
by direct computation we see that it holds
+oo d

@9 AL - AR = [ S )

<E.(H-H /maXH H') dt.

If the linear homotopy is not regular, we can approximate it by a C'-close regular
homotopy H® = H + o(s)(H' — H), and obtain:

Al (y) = Afy(2) < By (H — H') +¢
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for any £ > 0, so the estimate (4.9) holds for a regular homotopy H*. We have
(4.10) St () =) y; = Af(y;) < Afy(2) + B4 (H — H').
For x € HF,.(On, Y : H, Jy) define oy (z, H) := inf {\ € R | 2 € Im (13 ,) }
Obviously, it holds:
cxr(a, H) = oy (95 (a), H).
It follows from (4.10):
ox (Sig,pr (@), H') < ox(x, H) + E(H — H').

From SE’H, o ®L = ®%, we conclude
(4.11) cr(o, H') = or(®F, (), H') = ox (Sk g 0 @ (a), H')

< or (@} (a), H) + By (H - H')

=cy(o,H)+ EL(H — H'),

for all 0 # a« € HM,.(fn,N : gr). The proof now easily follows from the
inequality (4.11) and the same one applied to « =1 € HMy(fn, N : gv). O

4.2. Products in Morse and Floer homology. Products in the Morse
and Floer theory were studied by various authors, e.g., Abbondandolo and
Schwarz in [1], Auroux in [3], Oh in [23] and also in [13], [12].

Here we establish two products of pair of pants type. Note that, similarly to
the case of Morse homology H M, (f, N) and Floer homology HF,(H, N : M), we
can define Floer homology of the pair (O, ¢k (Opr)) as the direct limit of Floer
homologies HF.(Onr, ¢, (Opr) : H,J), by choosing the canonical isomorphisms
for different choices of J as the defining morphisms. We denote the obtained
Floer homology by HF.(H : M).

x(t)

> OM Z(t)

On

y(t)‘

FIGURE 3. Riemannian surface ¥ that defines the product o.

THEOREM 4.7. Let fy and H, Hj, for j = 1,2,3 be as in Theorem 3.2.
There exist pair-of-pants type products:

o: HF,(Hy,N: M)® HF,(Hy : M) — HF,(H3,N : M),
w: HM,(fn,N) © HF.(H,N : M) — HF,(H,N : M),
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that turns Floer homology HF.(H,N : M) into a HM.(fn,N)-module. The
above products satisfy:

©(aNB) = () 0 2(B)

where ® is a PSS type isomorphism and N denotes exterior intersection product
in Morse homology.

q € Crit(fv)

FIGURE 4. Mixed object that defines the product *.

PROOF. Both of the products are defined using the corresponding products
on homology groups for approximations (or for a fixed Riemannian metric). More
precisely, we first define:

o: HE,(Op, X : Hy, Jy) ® HF,.(Onr, ¢4(Ong) : Ha, Jy)
— HF*(OM,T : ]‘137 J’r),
x: HM,(fn,N :g) ® HF.(Op, Y - H, Jy) — HF.(Op, Y 2 H, Jy).

The above products are defined in a standard way, in the chain level, using the
mappings with domains depicted in Figure 3 and Figure 4.

p1
nCM
Y3 C N
b3

y2 C N
P2

FIGURE 5. Tree that defines the product M (negative gradient trajectories
~v2 and 3 are in N and ~; is in M).

Next we check that it holds:
Fg)s (Ta©Ya) = ngl (za) 0 Ffb2 (Ya),
- Gab

4.12
( ) (Pa) * Fap(q),

Fab(pa * xa)
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which enables us to have the products well defined on the direct limit levels. The
subscript letters H; indicate which Hamiltonian functions we have in mind.
Finally, we check:

(4.13) 3 (aNB) =) (@) o®)(B), (pNq)*z=p*(gxz),

forallpe HM,(f,M : g), g € HM.(fn,N : gn) and x € HF,(Op, Y : H, Jy).
The exterior intersection product in Morse homology is defined in a standard
way

N: HM,(f1, M) ® HM,(f2, N) = HM.(f3,N),
see Figure 5. This gives us the claimed properties of products, on the approxi-
mation level, hence, from (4.12), the claimed properties on the direct limit level.

The details of all above proofs are the same as in [5], [12], since the construc-
tions apply to the approximations. U

4.3. Triangle inequality. For two functions
Hy,Hy : T*M x [0,1] = R with Hy(z,1) = Ha(z,0),
we define their concatenation as:

Hl((E,t) 1ft§1,

HlﬁHQ = .
Hy(z,t—1) ift>1.

THEOREM 4.8. Let fi and f3 be admissible Morse functions on N and let
f2 be Morse function on M. Let [a] € HM,(f1,N), [8] € HM.(f2, M) be such
that HM,(f3, N) 3 [an B] # 0. It holds

C?V([aﬁﬂ]v HlﬁHZ) < C}V([a]’ Hl) + U2([ﬂ]vH2)u

where j in Cgv and o7 emphasizes the corresponding Morse function fj, and o?
is the invariant defined similarly as the invariant (1.1), using the direct limit
construction of HF, (Hy : M).

PROOF. One first proves the triangle inequality for approximations:
x(an B, HitHs) < cx (o, H1) + 0*(8, Ha).

Choose a regular Hamiltonian Hs with ||Hs — H1fHz||co < €. Denote by X the
Riemannian surface R x [—1,0] UR x [0, 1] in Figure 3 with the identification
(,07) ~ (5,0T) for s > 0, and by (s,t) the coordinates defined in three ends,
¥ & (—00,0] x [0,1], g &= (—00,0] x [0,1] and X3 & [0, +00) x [0, 1].
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Let K: T*M x ¥ — R be a smooth family of Hamiltonians such that

Hi(-,t+1) fors< -1, 0<t<1,
Hy(-,t) for s < -1, -1 <t <0,
K ©y8,t) = 1 t 1
( ) 2H3(-,—;> for s > 1,
0 for (S,t)%x\(Z]_UZgUZg);
e forse[-1,1],

H oK
— ] <
Os || —

0 elsewhere.
Let 7 = ® (o) and § = ®2(B3). Since aN B # 0 and
0# @3 (aNB) =} (a) o ®y(B) =T o7,

there exist x € CF) Oy, Y 2 Hy,J) and y € OF7 (O, Oy ¢ Ha, J) that partici-
pate in the formal sums defining Z and ¥ respectively, as well as z € CF,(Opr, Y -
Hs,J) and u: ¥ — T*M satisfying

Ok,v(u) =0,
u(s,—1) € Op, u(s,1) €Y, seR,
u(s,07),u(s,07) € Oy, 5 <0,
uy(—o0o,t) = x(t),
ua(—00,1) = y(1),
uz(+00,t) = z(t).
Since
/ a—u i dsdt > 0,
s || Os

/ uw = — /x*& + hy(z(1)) — /y*@ + hr(y(1)) + /2*9 — hy(2(1)),
b
it follows form properties of a Hamiltonian K and Stoke’s formula:
Afr, (2) < Aff, (2) + Ap, (y) + 4e.
The proof now follows from Theorem 4.6 and (4.13). O

4.4. Comparison with spectral invariants for periodic orbits in T"M.
Let us sketch the construction of spectral invariants for periodic orbit Floer ho-
mology. Since Floer homology for periodic orbits is not well defined for compactly
supported Hamiltonians in T* M, we need to consider Hamiltonians with a sup-
port in some fixed cotangent ball bundle. This is used in [7] and also in [20]. Fix
R >0, e > 0 and a smooth function h : (—¢,+00) — R such that:

o h(t)=0fort>0;
e B/(t) >0 for t <0
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e 1/ is small enough so that the flow of h(||p|| — R) does not have non
constant periodic orbit of period less or equal to 1 for ||p|| € (0,¢).
We choose H:(q,p) to be equal to h(||p|| — R) for ||p|| > R —e.

Let HF.(T*M : H,J) and HM,(F,T*M) denote Floer homology for peri-
odic orbits in 7% M and Morse homology for the Morse function F: T*M — R
respectively. The filtration in Floer homology for periodic orbits is given by the
standard action functional

an () :=/7*0—/01Hdt

which is well defined in the cotangent bundle setting. Denote by HF}(T*M :
H, J) the corresponding filtered group and by 72 the map induced by the inclusion
map. Let PSS stands for PSS isomorphism for periodic orbits, defined in a way
analogous to [27]:

PSS : HM,(F,T*M : g) — HF,(T*M : H,J)

and let o € HM,(F,T*M : g). Filtered Floer homology groups HFT*M :
H, J) are homology groups of a chain complex generated by

CFMNT*M : H):={a € CF.(T*M : H) | ag(a) < \},

where CF.(T*M : H) denotes the Zy—vector space over the set of periodic
Hamiltonian H —orbits in T* M.

Let ): HFNT*M : H,J) — HF,.(T*M : H,.J) denote the map induced by
the inclusion map. For « € HM, (F,T*M : g) \ {0} define

pla, H) := inf{\ | PSS(a) € Im(s})}.

We now choose a Morse function F': T*M — R in a specific way. Let fy be
an admissible Morse function on N and fj; be its extension to M as described
on the page 627. We can extend fj; to F': T*M — R in the same way as we
extended fy to F)y to obtain the Morse function F' on T*M with no negative
gradient trajectories leaving N. Now the Morse complex CM,(fn) is a subset
of the Morse complex CM,(F) with my, (p) = mp(p), for p € Crit(fn), and
the inclusion map of these complexes becomes the homomorphism 2, on the
homology level.

For two generic almost complex structures J, and J;, denote by D, a cano-
nical isomorphism of Floer homologies for periodic orbits:

D, : HF,(T*M : H,J,) — HF,(T*M : H, ;)

that satisfies Dy, 0 Dy = Dge..
We define a preorder on the space of compatible complex structures to be
the full relation and Floer homology for periodic orbits as a direct limit

HF,(T*M : H) := lim HF,(T*M : H, J,).
—
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a(t)

FIGURE 6. Chimney.

Similarly, by varying a Riemannian metrics, we define Morse homology as a direct
limit

HM,(F, T*M) := hngM*(F7 M : g).
It is not hard to check that the inclusion map

o HM (fn,N 1 g) = HM(F,T*M : g)
induces the map, denote it the same:

1ot HM(fn,N) — HM,(F,T*M).
THEOREM 4.9. Let [a] € HM.(fn,N)\ {0}. Then
en(al, H) = pla. (o)), H).

PRrROOF. The proof is divided to several steps, we only sketch them here and
refer the reader to [12, Section 4] for the detailed construction and technicalities.
The first step is to construct an Albers-type morphism:

x: HF.(Op, Y : H,J) = HF.(T*M : H,J),
for fixed parameters and approximations. This mapping is defined via the num-
ber of perturbed holomorphic “chimneys”, i.e. maps u defined on
II:=Rx[0,1]/~, where (s5,0) ~ (s,1) for s >0
that satisfy:
w: I —T*M,
Osu+ J(Opu — Xg ou) =0,
u(s,0) € Opr, u(s,1) € T for s <0,
u(foovt) = m(t)7 U(+Oo7t) = a(t)v
see Figure 6 (see also [2]).
The next step is to show that the maps x are also well defined on the filtered

groups:
X : HEMNOwn, Y - H,Jx) — HENT*M : H, Jy).
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This is easily done by inspection the change of the action functional along chim-
ney. Then, one shows that the diagrams

A

HF O, Y H, Jy) —— HFNT*M : H, Jy)

Zil lyi

(4.14) HF,(On,Y : H,Jy) —— HF,(T*M : H, Jy)

@TT lpssl

HM,.(fn,N : gy) — HM.(F,T*M : gv)
and

W HFMYW) S HEMTY) s HEMNY,) —— - --

(4.15) XQJ lxb ch

v —— HEMJ,) —— HF)MJy) —— HEMJ,) — -+

ab be

commute. This is technically the most demanding step and it can be done by
a careful choice of auxiliary one-dimensional manifolds.
The commutativity of the diagram (4.15) enables us to define a chimney-type
map
x: HF.(H,N : M) - HF,(T*M : H).
The commutativity of the diagram (4.14) implies the commutativity of

A

HFMH,N : M) —— HFNT*M : H)

1il JJ?

HF,(H,N : M) —— HF,(T*M : H)

4 Jpssl

HM,(f,N) ——— HM,(F,T*M)

which easily implies
en(le], H) = p(i([a]), H). O

5. The case of nested open subsets

Let U be an open subset of M, with OU a smooth (n — 1)-dimensional
manifold. Our construction applies in this situation (N = U, dim N = dim M),
in fact, this case is the subject of [12].

In [24] Oh considered a spectral invariant

ey (H,U) :=inf{A\ € R |2}: HF)NH,U : M) — HF,(H,U : M) is surjective}.
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If U SV oare two open subset of M and jyv.: H x (U) — H,(V) is
surjective, Oh proved that

(5.1) ey (H, V) < ey (H,U).

In [12] we proved a slightly more precise statement, the above inequality for any
homology class (with Zy coefficients), using the PSS isomorphism for an open
subset.

THEOREM b5.1. Let U=V be two open subsets of M and let
JUVx: HM*(f, U) — HM*(fa V)

(the homomorphism induced by inclusion jyyv: U < V) be surjective. Let
cu([e), H) be as in (4.2). For [o] € HM(f,U) \ {0} it holds:

cv uv([a]), H) < cu(la], H).
We generalize (5.1) in the following way. Define
ci(H,N):=inf {\ € R |2}: HF}H,N : M) — HF,(H,N : M) is surjective }
and, for a fixed approximation,

cr(H,Y) :=inf{N € R |} : HE}Opn, Y : H,J) — HF, (O, Y - H,J)

is surjective}.

REMARK 5.2. It follows from Proposition 4.2 that the invariants ¢, (H, T)
all become equal to c (H, N) for all sufficiently good approximations T¥ > Ty.

The natural arising question is whether spectral invariants are in some way
continuous with respect to a submanifold N C M? We will give an affirmative
answer in the case when NV is a framed submanifold in M. We say that a sub-
manifold N C M is framed if for some tubular neighbourhood Tby(ON), the
normal bundle ¥(N U Tby(0N)) of a submanifold N U Tby(9N) is trivial.

THEOREM 5.3. Suppose that a submanifold N C M is framed. Let U, be

a decreasing sequence of open subsets with smooth boundaries and (U, = N,
n

where N is a smooth submanifold with a smooth boundary. Then

lim ¢y (H,U,) =cy(H,N).

n—oo

Before proving Theorem 5.3, we first note that we can assume that U,, are
tubular neighbourhoods of N. Indeed, otherwise, since U,, are open and N is
compact, we can find a sequence V,, of tubular neighbourhoods, such that, for
n > ng it holds V,, C U, C V,,41.

We will divide the proof into several steps.
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The first step is to construct, for a fixed n € N and € > 0, an inclusion
mapping from HF;\(OM,TN : H, J) to HF*)‘“(OM,T” : H, J), where the
approximations YN of 7* N and Y" of 7*U,, are suitably chosen.

This is done in Lemmas 5.4-5.7. The proofs of Lemmas 5.4 and 5.5 follow
the ideas from [24] up to some point, with some specificities adapted to our case.
Therefore we expose them in details.

Let || - || be the norm induced by a fixed Riemannian metric on T*M. De-
note by

DoM :={(q,p) € T"M | ||p|| < a}.

Let R > 0 be such that all the solutions of (2.9) are contained in D}, M (this R
exists by standard C-estimates).

LEMMA 5.4. Fize > 0,6 > 0. There ezists a smooth function K: T*M — R
such that the Hamiltonian flow ¢}, has the following properties:

(a) ¢k leaves Oy and U*N invariant

(b) ¢k maps v*N N DLM into v*N N D;M

(c) ¢k leaves (T*M \ D3 M) U (T*M \ T*(N U Tby(dN))) fized.

(d) C° norm of K is smaller than .

PRrROOF. Denote X := N UTby(IN). Since N is framed, so
(52)  Thby(X) =X xR" % = T*(Tby (X)) 2 T*(X) x R"* xR"F,
we can choose coordinates (g1, - --,qn,P1,---,Pn) € R?™ that satisfy both (2.3)
and

® (Qk+1,---»qns Pk+1,-- -, Pn) are globally defined,
e (qi,pi) are globally defined in T*(Tby(ON)), say for |gx| < do, where
0o is some constant that is smaller than d.

Recall that, in the coordinates (2.3), the set v* (ON) is locally described by

{(qla"'aqk—laoa"'aoaoa'"7Oapka"'7pn) |pk SO}

and v*(Int V) is described as

{(q17'~'7qk707'"70707‘"7O7pk+17~"7pn)|qk SO}
—— ——
n—k k

Let us first define a Hamiltonian diffeomorphism in the set |qx| < d9/2. Consider
a Hamiltonian vectorfield

(Qk7 <oy dqnsPky - - - 7pn) = ()\Qka .. 'a)‘qna _Apka cey _/\pn)

in the (qx,...,qn, Pk, - - -, Pn)-plane generated by the Hamiltonian function

(Qks -1 Gns Dy -+ Pn) = AQePE + - - - + AGnDn,
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where A is chosen to be large enough so that the corresponding Hamiltonian
diffeomorphism maps the set

{00,...,0,pks o, 0n) | 10, ..., 0,k - -0 || < R}
into
{(0,...,0,p8, - s0n) | [1(0y. .., 0, Dk, .., 0n)|| <6}

Outside |gx| < d, our diffeomorphism will be constructed similarly, but without
the coordinates (qx,pr). Therefore choose a cut-off function 8: [0, +o00) — [0, 1]
such that

0 fort e [2,+00),

1 fortel0,1].

For a > 0, denote by 53,(t) := B(t/a) and define

(5.3) K(q,p) := pr(q,P)Br([(@r+1,- - @) ) (Bse 2 (lar D Aakpr + - - - 4 Agnpn).

Here pg: T*M — [0,1] is a smooth cut—off function equal to 1 in D}, M and equal
to zero in T*M \ D3, M (In (5.3), as in the rest of the paper, by |[(gx,---,¢n)ll
we assume ||((0,...,0,qk,-,Gn,0,...,0)| etc.) By choosing r > 0 small enough

pt) =

we can obtain || K|co < €. O
In the following lemma we keep the notations from Lemma 5.4.

LEMMA 5.5. For given ¢ > 0, there exist an approzimation YN, 6; > 0
small enough and a Hamiltonian L such that for all 6 < 01 the corresponding
Hamiltonian isotopy ¢* satisfies

(a) ¢t maps YN N DiM into Op N'Tha (N UTby(ON)) C Oy, (for some
open subset U, C M),

(b) ¢} leaves T*M \ D3sM fized,

(©) I Llleo < c.

PRrOOF. Recall T¥ is of the form
™ = [a(ut (ON) N v*(Int V) x cg} U [v*N \ o(v* (ON) N v* (It N)) x C]
(see (2.5)) where C; is a smooth curve in (g, px), Suppose that ; > 0 is small
enough and YT is such that
TN N D; M C T*(Tby (N UTby (ON))),
Oan x Cc \ ({gr = 0} U{pr = 0}) C T*(Thbp(N UTby(ON))).

Since TV decomposes in two components, we will construct a Hamiltonian as

a sum of two Hamiltonians:

L(q1a <oy qnsP1-- - 7pn)
= Ll(lepk) + LQ(le v Qk—159k+15 - -5 4nsP1y - - -y Pk—15Pk+15 - - - 7pn)
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First we construct L;. We want ¢} to

e rotate the negative part of py-axis to the positive part of gi-axis
e leave the line (g — axis) N T fixed.

To get this, we can choose the Hamiltonian function of the form —n(q? + p)/4
in the region ¢; < 0, pr < 0 and multiply it with a suitable cut-off function, such
that it has a compact support and it is equal to zero at gi-axis N Y™V. Denote
the corresponding Hamiltonian diffeomorphism by ¢. It deforms the curve C
into some smooth curve, say C which coincide with qr-axis outside a compact
interval. If the curve C is not a graph of some map py = f(qx), we can deform C
in such way that both C and C become graphs. Note that the Hamiltonian dif-
feomorphism, say 1 with the differential of corresponding Hamiltonian function
equal to f maps C to the qr-axis. Again we cut-off this Hamiltonian suitably
and define ¢1L1 to be the composition of these two Hamiltonian isomorphisms,
o .

Let us now construct the Hamiltonian L,. Similarly to the construction
above, we first define a Hamiltonian L in (Qk+1s -+ +Gn, Pkt1, - - -, Pn)-Dlane such
that associated Hamiltonian diffeomorphism which

e rotates the negative part of pj-axis to the positive part of g;-axis,
e leave the line (g; — axis) N T fixed,

for all j =k +1,...,n. This can be done by choosing

~ ™
L(qr+1, -+, QnsPht1s -5 Pn) = 1

in the region ¢; < 0,p; <0, 5 =k+1,...,n and by multiplying it with a suitable

(Ghyr +Phsr + -+ a5 +12)

cut-off functions in (g;, p;)-planes, such that it has a compact support and it is
equal to zero at (g; — axis) N TV, Finally, we set

L2(Qk+17' s lny Pk41y - - - 7pn>
= /851 (H(plv ce s Pk—1,Pk+1,5- - - 7pn)‘|)lv;(11k+17 <oy Qny P41, - - - 7pn)

By decreasing §; > 0 we obtain (c). d

LEMMA 5.6. Let K be as in Lemma 5.4 and L be as in Lemma 5.5. Denote
T(t) = o o P (x(t)), (s, t) := ¢f o Pl (uls,1)),

(5.4) N ~
H:=L{K4H, T = (¢ 0 ¢%) . Ji-

Then, for given € > 0 we can choose &1, YN and Y™ from Lemma 5.5 such
that the mapping © +— T maps the generating set CF(Opr, YN : H,J) into
CF(Op, Y™ IA{T, j), where Y™ s an approzimation of v*U,. The mapping
u — U maps the set M(Op, YN H, J) into M(Opr, Y™ : ﬁ,j) Moreover, for
given € > 0, we can decrease 8, and choose approzimations Y™ and YV such
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that, for every x € M(On, YN 2 H, J), it holds
(5.5) AL (@) — AY (2)] < e
PrOOF. For a fixed TV and Y™, one can choose ¢; small enough such that
x € CF(Oy, YN H,J) = € CF(Oy,Y": H,J).

This is possible since the set CF(Op, YN : H,J) is finite. Then, one easily
checks

we MO, YN 1 H,J) = Ge M(Op, Y™ : H,1J).
To prove (5.5), we estimate
(56) |AL (@) - AEN(x)‘ <Az @) = Au(@)| + [hrn (B(1))] + [Py (2(1))]
where

1
An(y) = / - / H(t), 1) dt.

The last two terms in (5.6) can be made smaller than €/4 by choosing good
enough approximations.
Next, as in [24], note that

1
Az (@) — An(z) :/0 %[As(LuK)uH(Qﬁ(LﬁK)(x))]
and

d
Ts [AsLix)sm (¢Z(L § K)(I))]

o9}, (2) !
=dAsLsK) i H <(L8ﬁSK)> - /0 LﬁK(d)g(LuK)(x)) dt.

By decreasing §; and r from (5.3), we can obtain

1
‘/0 LHK(¢§(LuK)(x))dt‘ < 2

To finish the proof, recall

A (7)(€) = / Wl — X(1),E)dt 1 (€, 0(v(1))) — (€.0(3(0)).

Since s — ¢§(LﬁK) (x(t)) is a Hamiltonian orbit of L# K with the initial point
z(t) and
0631,y 1) (2(0))
<H8;79(¢S(Lum($(0)))> =0

we have

V414 1) (1')) _ <a¢;(LﬁK)(‘T(1))

(5.7) dAs(LﬂK))iH( D5 Ds a9(¢i(LuK)(x(1)))>'
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Let us check that the right side of (5.7) can be made arbitrarily small, by de-
creasing 1. Since
06,1,y 1y (x(1))
ds
which is basically X + X, let us estimate the form 6 at the latter vector field.

Firstly, since the support of L is contained in D3; M, by decreasing 41, we can

=Xk

obtain
lpdq(X.)| <

o~ m

Secondly, we have

0K
5. = Prll(@s - a)l)
Pj
Ipr
X ﬁ(q, P)(Bs, /2(lax)Aqkpr + - - - + Agnpn) + pr(q, P) - a(q, P)
b
where
Bs,j2(lae)) g for j =k,
a(q,p)) == .
Ag, forj=k+1,...,n.
Since
IR < ) - comst
— < (gk,...,qn)| - const,
apj
we can decrease r so we obtain
oK €
00Xi0)| = IpdatXi| = S | < 5 .
Pj
LEMMA 5.7. It holds
(5.8) oz = O7.

and, for every e > 0, the mapping
(5.9) U =10y pny: HFNOa, YN 2 H, J) = HFA(On, Y™ 2 H, J)
is well defined.

PROOF. The proof of (5.8) is similar to the proof in [24, Chapter 3]. We
sketch the key steps for the sake of completeness.
For, ; > 0, denote by

Us, == {q € Tbpy (N UTby(ON)) | 1(@rt1s---5an)]l < (51},

where (qk+1,-..,qn) are global coordinates from (5.2). For a exact Lagrangian
manifold Y, denote by

M(Opn, Y :H,J) := {u u: Rx[0,1] = T*M,

B(u) = /||8Su\|2dtds < 400,
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ou ou
s +J<3t —XH(U)) =0,

u(s,0) € On, u(s,1) € T.}

For some d§; > 0 and A sufficiently large (rescaling factor that we use in proof of

Lemma 5.4) every & € M(Op, Y™ : H, J) satisfies:
(5.10) u(—o00,1) € Us, = u(s,1) €Us, forallseR.

The proof of this claim follows from our construction in Lemmas 5.4-5.6 and it
is the same as the proof of [24, Proposition 3.2]. Note that at some point the
proof of [24, Proposition 3.2] uses the fact that H = 0 near t = 0 and ¢t = 1. This
is not a loss of generality, since, according to [24, Lemma 3.1], we can perturb
our Hamiltonian to satisfy this condition with the change in the filtration as
small as desired. The condition (5.10) implies (5.8). Indeed choose A such that
u(s,1) € Us, for all u € M(On, YN ¢ H,J). Together with (5.10), this means
that for every u € M(Oyr, YV : H, J), @ participates in the computation of 7.
Again from (5.10) and the fact the mappings x — Z, u — u are bijections from
M(Op, YN 2 H,J) to the set

{uGM(OM,T”:ﬁ,j) | u(s, 1) € Us, }

(since it is constructed using Hamiltonian diffeomorphism), we conclude the
reverse: every u participating in dx comes from some u € M(Op, YN - H, J),
for every & with Z(1) € Us,. This implies (5.8).

Now we compose our map = — T with a canonical continuation homomor-
phism (see, for example [10]):

HFENOwn, Y™ - H,J) — HFEX?(00, 0" H, J)

and finish the proof. This canonical isomorphism exists for a given € since the
norms | K||co and ||L||co can be made arbitrary small. O

LEMMA 5.8. For U, a tubular neighbourhood of N, it holds
c+(H,N) > ¢ (H,U,).

ProOF. The following diagram

1,)‘
HEMOp, YN - H,J) —— HF(Op, X" : H, J)

A A+
JN*J( J]Uni

HF,(Op, YN : H,J) —=— HF,(Op, X" : H, J)

1 —1
F(H,Nl lFm,U)

H,(N) H,.(U)

INUp,*
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commutes. Indeed, the upper diagram is obvious, and the commutativity of
the lower one is proved in [24] in the similar situation (for U C V open). The
vertical mappings F(g ) and F(z ) are isomorphisms between singular and
Floer homologies defined in [10] (without the use of PSS).

Since N is a deformation retract of U,,, the map

INU,+: Ho(N) — H*(Un)

induced by the inclusion jnp,: N — U, is an isomorphism. Note that in this
case, the mapping ¢, for A = oo in (5.9) is also an isomorphism.
We claim:

(5.11) cr(H,Y") < ey (H, YY) + e

To prove (5.11), denote by a := c;(H,T") and choose a € HF,(Op, Y™ :
H,J). Since 1, is an isomorphism, there exists § € HF) (OM7 TV . H, J) with
1,(8) = a, an since 7%, is surjective, there exists v € HF®(On, YN : H, J) such
that %, (v) = 8. We have:

a+t¢e ° a ate/ a

@ =1,(B) =1 0 g5 (v) = 55 0 (V) = a5 = (i (7)),

S0 a € Im(]?]:tg). Therefore ]aUJ;E is surjective, so (5.11) holds.

Since the invariants c; all become equal, starting from some approximation
(Remark 5.2), it follows from (5.11) that

C+(H7 U) S C+(H7N) +e€

for every ¢, so the proof is complete.
Note that in this lemma we only used the surjectivity of jn,«, and not the
injectivity. t

PROOF OF THEOREM 5.3. In the same way as in the proof of Lemma 5.8
we can prove that ¢y (H,U,) < ¢y (H,Uy,41). Therefore, we need to show that,
given € > 0 there exists ng such that

c+(H,N) < ¢y (H,Uy,) +¢.
Choose ng such that N is a deformation retract of U,, and d; > 0, TN, Yno
such that, for H and Z from Lemma 5.6 it holds
. ‘Ag"“ @) — A% (2)| < £/2 (Lemma 5.6),
e ¢ (HYN)=cy(H,N), cy (HY™) =c;(H,Up,,) (Remark 5.2),
o ¢y (H,T™) < cy(H,T™) +¢/2.

The last item can be achieved by choosing ¢ and r from the proof of Lemma 5.4

small enough so that ||[H — H| co norm is small enough; this fact can be proved
by tracking the change of the action functional associated to the homotopy of
Hamiltonians (see [22, Theorem 7.2] or [10, Proposition 4.4]).
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Note that
cy (H, YY) = max {AEN(x) | [z] € HF,(On, YN - H, J)}
and similarly, for ¢, (H,Y™). For every [z] € HF, (O, YN : H, J), we have
AL (z) < AT (7) + % < ey (H,T™) + % <y (H,T™) + ¢
By taking a maximum over [z] € HF,(On, YV : H, J) we conclude
cr (H,XN) < ey (H,X™) +e. O
REMARK 5.9. In the same way we can prove that the invariants
c_(H,N)=sup{NeR |«}: HF}H,N : M) — HF,(H,N : M) is trivial}

are continuous with respect to a decreasing sequence U, (U, = N, therefore
the same holds for the invariants:

Y(H,N):=c4(H,N) —c_(H,N).

QUESTION 5.10. An interesting question is whether there is a similar conti-
nuity result for spectral invariants for a single homology class, defined in (4.2).
If this is true, then the inequality

cv (1ol H) < en([a], H)
would easily follow from the commutativity of the following diagram:

N
HM, (. N = g) 255 HE (00, TN - H,J) <2 HFNOw, YN : H,J)

ziwl lz(TNYTU) lZ?TN‘TU)

M, (fu,U : g) — HF.(Om, TV : H,J) ¢—— HF}**(On, YV - H, J)
]A-%—s
REMARK 5.11. The previous results apply to the case when the boundary
of a submanifold is empty. Consider two closed framed submanifolds (with or
without boundary) N; and Ny such that N; C Ny. Choose two sequences of
open sets U,, and V,, that satisfy:

e U, is a tubular neighbourhood of Ny, V;, is a tubular neighbourhood
of Ny,

e Uyy1 CU,, Viy1 CV,,

. ﬂU = N, ﬂVn = Ny,

° 8U and BV are smooth submanifolds of M of codimension one,

o V, CU,.
Suppose that 2.: Hy(N1) — H,.(Ns) is surjective, then u,: H,(V,) — H.(U,) is
surjective. It follows from Theorem 5.1 that

C+(H, Vn) < C+(H, Un)
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By taking the limit when n — co and using Theorem 4.6 we conclude
c+(H,N1) < ey (H, Na).

If the inclusion map u.: H,(N1) — H.(N2) is injective (hence .: H.(V,) —
H,(Uy) is injective), Oh showed that

c_(H,V,) >c_(H,U,)
(see [24, Theorem 4.3 (2)]). Therefore
(5.12) c—(H,Ny) > c_(H, Na).
Finally, if ¢.: H,.(N1) — H,.(N3) is a bijection, it holds
Y(H,N1) <v(H, Na).

Consider the special case when No = N, N; = ON. Suppose that N is framed,
this implies that ON is framed too, since

v(ON) = v(N)|ony @ Thy(ON).
If 1.: H.(ON) — H,(N) is surjective, then
C+(H78N) < C+(H7 N)

Since we deal with Zs-coefficients, then 2,.: H,(ON) — H,(N) is never an in-
jection, for * = k = dim N. Indeed, since Hy(N) = {0} and Hy(N,0N) = Z,,
using the long exact sequence for the pair (N,9N) we have that

Ker(z*) = ZQ, Tyt kal(aN) — kal(N).

However, if N is not orientable and if we deal with Z-coefficients, the above
reasoning does not apply, and it is possible for 2, to be injective. In order
to prove the inequality (5.12) one needs to consider a coherent orientation of
mixed moduli spaces and construct a PSS morphism from Theorem A with Z-
coeflicients. This will be the subject of a further research.
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