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MULTIPLE PERIODIC SOLUTIONS
FOR ONE-SIDED SUBLINEAR SYSTEMS:
A REFINEMENT OF THE POINCARE-BIRKHOFF APPROACH

ToBIA DONDE — FABIO ZANOLIN

ABSTRACT. In this paper we prove the existence of multiple periodic (har-
monic and subharmonic) solutions for a class of planar Hamiltonian systems
which includes the case of the second order scalar ODE z” + a(t)g(z) = 0
with g satisfying a one-sided condition of sublinear type. We consider the
classical approach based on the Poincaré—Birkhoff fixed point theorem as
well as some refinements on the side of the theory of topological horseshoes.
A Duffing-type equation and an exponential nonlinearity case are studied
as applications.

1. Introduction and statement of the main results

This work deals with the existence and multiplicity of periodic solutions to
sign-indefinite nonlinear first order planar systems of the form

(1.1) o =h(y), Y =—axru(t)g(z).
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Throughout the article, we suppose that h,g: R — R are locally Lipschitz con-
tinuous functions satisfying the following assumptions:

h(0) =0, h(y)y >0 forally=#£0,

9(0) =0, g(z)x >0 forall x#0,

ho := lim inf M >0, go:= liminfM > 0.
ly[=0 Yy lz]—0

(Co)

We also suppose that at least one of the following four conditions holds:

(h_) his bounded on R, (hy) his bounded on RY,
(g—) g is bounded on R™, (g4+) g is bounded on R*.

The assumptions on h and g allow to consider a broad class of planar systems:
we provide a couple of specific applications in Section 4.

The weight function ay ,(t) is defined starting from a T-periodic sign-chang-
ing map a: R — R by setting

an(t) = Aa*(8) = pa=(8), A > 0.

As usual, at := (a + |a|)/2 is the positive part of a(-) and ¢~ := a™ — a. Given
an interval I, by a > 0 on I we mean that a(t) > 0 for almost every t € I with
a > 0 on a subset of I of positive measure. Similarly, @ < 0 on I means that
—a = 0 on I. For sake of simplicity, we suppose that in a period the weight
function a(t) has one positive hump followed by one negative hump, i.e. there
are top € R and Ty € ]0, T such that

(a*) a>0 on[ty,to+T1] and a =<0 on [toc+T1,t0+ T

Actually, due to the T-periodicity of the weight function, it is not restrictive
to take tg = 0 and we shall assume it for the rest of the paper. As for the
regularity of the weight function, we suppose that a( - ) is continuous or piecewise-
continuous.

We denote by ® the Poincaré map associated with system (1.1). Recall that

DL (z) := (z(t;s,2),y(t; 5, 2))

where (z(-;s,2),y(-;s,2)) is the solution of (1.1) satisfying the initial condition
z = (z(s),y(s)). For convenience in the notation ®(z) := ®I'(z). System (1.1)
has a Hamiltonian structure, hence the associated Poincaré map is an area-
preserving homeomorphism, defined on a open set Q := dom® C R2?, with
(0,0) € Q. Thus a possible method to prove the existence (and multiplicity) of
T-periodic solutions can be based on the Poincaré-Birkhoff “twist” fixed point
theorem. A typical way to apply this result is to find a suitable annulus around
the origin with radii 0 < ry < Ry such that for some a < b the twist condition

(TC) rot,(T)>b forall z: |z|| = o, rot,(T) <a forall z:|z| = Ro
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holds, where rot, (T is the rotation number on the interval [0, T] associated with
the initial point z € R?\ {(0,0)}. We recall that a possible definition of rot, for
equation (1.1) is given by the integral formula

L (2 yh(y(t)) + ax . (t)z(t)g(x(t))
. 2200 + 20 !

where (z(t),y(t)) is the solution of (1.1) with (x(¢1),y(t1)) = z # (0,0). For
simplicity in the notation, we set rot,(7) := rot,(0,T). Notice that, due to the

(1.2) rOtZ(tl,t2> = t,

assumptions h(s)s > 0 and g(s)s > 0 for s # 0, it is convenient to use a formula
like (1.2) in which the angular displacement is positive when the rotations around
the origin are performed in the clockwise sense.

Under these assumptions, the Poincaré-Birkhoff theorem, in the version of
[10, Corollary 2|, guarantees that for each integer j € [a, b], there exist at least
two T-periodic solutions of system (1.1), having j as associated rotation number.
In virtue of the first condition of (Cp) it turns out that these solutions have
precisely 27 simple transversal crossings with the y-axis in the interval [0, T (see,
for instance, [8, Theorem A]). Equivalently, for any periodic solution (x(t),y(t)),
we have that = has precisely 25 simple zeros in the interval [0, T7[.

If we look for mT-periodic solutions, it suffices to consider the m-th iterate
of the Poincaré map ®(™ = &7 and assume the twist condition

rot,(mT) > b forall z: |z|| = ro,
(TCyn)

rot,(mT) <a forall z:|z|| = Ro.
From this point of view, the Poincaré-Birkhoff theorem is a powerful tool to prove
the existence of subharmonic solutions having m7T as minimal period. Indeed,
if we have (TC,,) satisfied with a < j < b, then we find mT-periodic solutions
((t),y(t)) with z having exactly 2j simple zeros in [0, mT[. In addition, if j
and m are relatively prime integers, then it follows that these solutions cannot
be ¢T-periodic for some ¢ = 1,...,m — 1. In particular, if (z,y) is one of these
mT-periodic solutions, j is relatively prime with m and T is the minimal period
of the weight function ay ,(t), then mT will be the minimal period of (z,y).

Clearly, in order to apply this approach, we need to have the Poincaré map
defined on the closed disc D[Rg] of center the origin and radius Ry, that is
DI[Ry] C Q. Unfortunately, in general the (forward) global existence of solutions
for the initial value problems is not guaranteed. A classical counterexample can
be found in [4] for the superlinear equation x” + g(t)z*"*! = 0 (with n > 1),
where, even for a positive weight ¢(t), the global existence of the solutions may
fail. A typical feature of this class of counterexamples is that solutions pre-
senting a blow-up at some time 8~ will make infinitely many winds around the
origin as t — S~ . It is possible to overcome these difficulties by prescribing the
rotation number for large solutions and using some truncation argument on the



568 T. DONDE — F. ZANOLIN

nonlinearity. In our case, the boundedness assumption at infinity given by one
among (g4 ), (hy), prevents such highly oscillatory phenomenon and guarantees
the continuability on [0,7;]. The situation is even more complicated in the time
intervals where the weight function is negative. Unless we impose some growth
restrictions on the vector field in (1.1), for example that it has at most a linear
growth at infinity, in general we cannot prevent blow-up phenomena (see [3]).
Another possibility to avoid blow-up is to assume that both (h_) and (hy) hold
(or, alternatively, both (g_) and (g4 )). In fact, in this case we have 2’ bounded
and hence z(t) bounded in any compact time-interval and thus, from the second
equation in (1.1), 3’ is bounded on compact intervals too. With these premises,
the following result holds.

THEOREM 1.1. Let g,h: R — R be locally Lipschitz continuous functions sat-
isfying (Co) and at least one among the four conditions (hy) and (g+). Assume,
moreover, the global continuability for the solutions of (1.1). Then, for each pos-
itive integer k, there exists Ay > 0 such that for each X > Ay and j =1,... k,
the system (1.1) has at least two T-periodic solutions (x(t),y(t)) with x(t) having
exactly 2j-zeros in the interval [0, T].

Note that in the above result we do not require any condition on the parame-
ter > 0. On the other hand, we have to assume the global continuability of the
solutions, which in general is not guaranteed. Alternatively, we can exploit the
fact that the solutions are globally defined in the interval [0, 7] where a > 0 and,
instead of asking for the global continuability on [0, 7], assume that u is small
enough. Quite the opposite, for the next result we do not require the Poincaré
map to be defined on the whole plane, although now the parameter p plays a
crucial role and must be large enough.

THEOREM 1.2. Let g,h: R — R be locally Lipschitz continuous functions
satisfying (Co) and at least one between the four conditions (hy) and (g+). Then,
for each positive integer k, there exists Ax > 0 such that for each A > Ay, there
exists u* = p*(N\) such that for each p > p* and j = 1,...,k, the system (1.1)
has at least four T-periodic solutions (x(t),y(t)) with x(t) having exactly 2j-zeros
in the interval [0,T.

The proofs of Theorems 1.1 and 1.2 are given in Section 2. In the case of
Theorem 1.2 we will also show how the 25 zeros of z(t) are distributed between
the intervals |0, T1[ and |73, T[. Furthermore, we detect the presence of “com-
plex dynamics”, in the sense that we can prove the existence of four compact
invariant sets where the Poincaré map ® is semi-conjugate to the Bernoulli shift
automorphism on ¢ = ¢, > 2 symbols. A particular feature of Theorem 1.2
lies in the fact that such result is robust with respect to small perturbations.
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In particular, it applies to a perturbed Hamiltonian system of the form

OH oH
(13) x’:a—y(t,x,y)—i—Fl(t,x,y,&?), y/:—%(tﬂay)‘FFﬂt»%yﬁ)

with Fy, F» — 0 as e — 0, uniformly in ¢, and for (z,y) on compact sets. Observe
that system (1.3) not necessarily has a Hamiltonian structure and therefore it is
no more guaranteed that the associated Poincaré map is area-preserving.

In Section 3, versions of Theorems 1.1 and 1.2 for subharmonic solutions are
given. Moreover, in the setting of Theorem 1.2, we show that any m-periodic
sequence on ¢ symbols can be obtained by a m-periodic point of ® in each of
such compact invariant sets (see Theorem 3.2).

2. Proof of the main results

Throughout the section, and consistently with Section 1, for each s € R
and z € R% we denote by (z(-;s,2),y(;s,2)) the solution of (1.1) satisfying
(x(s),y(s)) = z and, for t > s, we set ®L(2) := (x(t; s, 2), y(t; s, 2)) if the solution
is defined on [s, t].

We prove both Theorem 1.1 (Theorem 2.1) and Theorem 1.2 (Theorem 2.3)
assuming (g_). The proofs can be easily modified in order to take into account
all the other cases, namely (g ), (h_) or (hy). Concerning the T-periodic weight
function we suppose for simplicity that a: R — R is continuous and satisfies (a*),
although from the proofs it will be clear that all the results are still valid for
at € L>([0,T1]) and a~ € LY([Ty, T)).

THEOREM 2.1. Let g,h be locally Lipschitz continuous functions. Assume
(Co), (g—) and the global continuability of the solutions. For each positive integer
k there exists Ay > 0, such that for every A > Ax and j = 1,... k, there are at
least two T -periodic solutions for system (1.1) with x having exactly 2j-zeros in
the interval [0, T7.

PrOOF. We split the proof into some steps in order to reuse some of them
for the proof of Theorem 2.3.

Step 1. FEwvaluating the rotation number along the interval [0,Ty] for small
solutions.

Let € > 0 be sufficiently small such that gg —e > 0 and hg — ¢ > 0 and take
r® =r(e) > 0 such that, by virtue of (Cyp),

h(€)€ > (ho — )€, g(E)€ = (9o — €)%, for all ¢] < r°.

Let u(t) := (x(t),y(t)) be a solution of (1.1) such that 0 < ||u(¢)|| < 7 for
all t € [0,71]. We consider the modified clockwise rotation number associated
with the solution u(-) in the interval [0, T3] (which is the interval where a > 0),
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defined as

_ VP [T Ry@)y(®) + Aat (Dg(x(t)(t)
2m Jo py*(t) + 22(t)

where p > 0 is a fixed number that will be specified later. The key property of the

Rot?(u;0,T1) :

t

number Rot?(u) is that when for some p it assumes an integer value, that same
value is independent on the choice of p (see [1]). Moreover, as a consequence of
h(y)y > 0 for y # 0, we have that if 77 < 75 are two consecutive zeros of z(-),
then Rot?(u; 11, 72) = 1/2 (independently on p). Hence, one can suitably choose
the constant p in order to estimate in a simpler way the rotation number. In our

case, if we take
1 h() — &
A(go —e)lat|=om)

and recall that we are evaluating the rotation number on a “small” solution w

so that h(y(t))y(t) > (ho — )y?(t) and g(x(t))z(t) > (go — )a>(t), we find
VP [T (ho =€)y (8) + AaT (1) (90 — €) 2> (t)

Pl 0.Th) > Y2
R0 1) 2 5 ), PROE==0 ”
_ VP [T (Mgo — )lat lreo,m))py*(F) + Aa ()(go — €)2*(t)
21 J, py3(t) + 22(t)
Ago — T
> Algo )V 5 6)\/]3/ a*(t)dt = ;ﬁm(s),
T 0 ™
where

k() = (ULO_E)(QO_E))W /OTl at(t)dt > 0.

|a* | Lo (0,11)
Hence, given any positive integer k, we can choose

(2.1) Ay = (:(72))2(13 +1)?

so that for each A > Ay we obtain that Rot”(u;0,77) > k + 1 and therefore, by
[1, Proposition 2.2], rot,(0,71) > k + 1, for z = u(0) and rot, defined in (1.2).

Step 2. FEwvaluating the rotation number along the interval [0, T] for small
solutions.

Consider now the interval [17,T] where a(t) < 0. In this case, h(y)y > 0 for
y # 0 implies that rot,, (T1,T) > —1/2, for z; = u(T1). As a consequence, we
conclude that if u(t) := (x(t), y(t)) is a solution of (1.1) such that 0 < ||u(t)|| < r¢
for all ¢ € [0,T3] and A > Ay, then rot,(T) :=rot,(0,T) > k for z = u(0).

Step 8. Consequences of the global continuability.

Taking into account the global continuability of the solutions and recalling
that nontrivial solutions never hit the origin, we obtain that

(iy) for each r; > 0 there exists ro € ]0,71[ such that ||z|| < ro implies
0 < ||®h(2)]| <7y forall t € [0,T];
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(iz) for each R; > O there exists Ry > Ry such that ||z|] > Ry implies
|®§(2)|| > Ry for all t € [0,T].

Step 4. Rotation numbers for small initial points.

Suppose now that e > 0 and A > Ay are chosen as in Step 1 and let p > 0
be fixed. Using (i1) in Step 3 we determine a small radius 7o = ro(e, A, ) > 0
such that for each initial point 2z € R? with ||z|| = rg it follows that the solution
u(t) = (x(t),y(t)) of (1.1) with w(0) = z satisfies 0 < |Ju(t)|| < r° for all
t € [0, Ty]. Hence, by Step 2 we conclude that

(2.2) rot,(T) >k, for all z with ||z|| = ro.

Step 5. Ewaluating the rotation number along the interval [0,T] for large
solutions.

Suppose, from now on, that A and p are fixed as in Step 4. Let u(t) =
(z(t),y(t)) be any nontrivial solution of (1.1) which crosses the third quadrant
in the phase-plane. If this happens, we can assume that there is an interval
[, B] C [0,T] such that z(t) < 0 for all ¢t € [a, 8] with 2(«) = 0 = y(B) and
x(t) < 0 for all ¢ €, 8] as well as y(t) < 0 for all ¢ € [a, B]. Note that, from the
first equation in (1.1), when y(t) = 0, also 2’(t) = 0. Assumption (g_) implies
that there exists a constant M > 0 such that |g(z)| < M for all x < 0. Thus,
integrating the second equation in system (1.1) we get that, for all ¢ € [«, 3], the
following estimate holds:

()] = \ym n /5 aru(8)g(a(s)) ds

gM/jaA,M(s)dng(A/oTl a+(t)dt+u/Ta—(t)dt> M,

T

Now, integrating the first equation of the same system, we obtain the estimate
below, for all ¢ € [a, f]:

6] = [ole) + [ hy(s)ds

< My = (B — o) max{|h(y)]; |y| < Mi}.

With a similar argument, it is easy to check that the same bounds for |y(¢)| and
|z(¢)| hold if the solution crosses the second quadrant instead of the third one.
Hence, any solution that in a time-interval [«, 5] crosses the third quadrant, or
the second quadrant, is such that |y(¢)| < M; and [2(t)| < M for all ¢ € [a, B].

In view of the above estimates and arguing by contradiction, we can then
conclude that if the solution u satisfies

()] > My =1+ (M2 + M2)"? . for all t € [0, ],

then for u(-) is impossible to cross the second or the third quadrant.
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Step 6. Rotation numbers for large initial points.

Using (iz) in Step 3 we determine a large radius Ry = Ro(A, 1) > 0 such
that for each initial point z € R? with |z|| = Rg it follows that the solution
u(t) = (x(t),y(t)) of (1.1) with u(0) = z satisfies ||u(t)|| > M3 for all ¢ € [0,T].
Hence, by Step 5 we conclude that

(2.3) rot,(T) < 1, for all z with ||z|| = Ryp.

Indeed, if by contradiction rot.(7T") > 1, then the solution u(t) of (1.1) with
u(0) = z must cross at least once one between the third and the second quadrant
and this fact is forbidden by the choice of Ry which implies that ||u(t)|| > M3
for all ¢t € [0, 7).

Step 7. Applying Poincaré—Birkhoff fixed point theorem.

At this point we can to conclude the proof. From (2.2) and (2.3) we have the
twist condition (TC) satisfied for b = k and a = 1 and the thesis follows as ex-
plained in the introductory discussion preceding the statement of Theorem 1.1.0J

REMARK 2.2. In view of the above proof, a few observations are to be made.
(a) We think that the choice of Ay in (2.1), although reasonably good, is
not the optimal one. One could slightly improve it, by using some comparison
argument with the rotation numbers associated with the limiting linear system

z' = hoy, Y = —Agoa™ (t)z.

We do not discuss further this topic in order to avoid too many technical details
in the proof.

(b) In the statement of Theorem 2.1 we have explicitly recalled the assump-
tions on g and h to be locally Lipschitz continuous functions so to have a well
defined (single-valued) Poincaré map. With this respect, we should mention that
there is a recent version of the Poincaré-Birkhoff theorem due to Fonda and
Urena [6] which, for Hamiltonian systems like (1.1), does not require the unique-
ness of the solutions for the initial value problems and just the continuability of
the solutions on [0,77] is needed. In our case, even if we apply the Fonda—Urena
theorem, we still need to assume at least an upper bound on g(x)/x and h(y)/y
near zero, so to avoid the possibility that a (nontrivial) solution wu(-) of (1.1)
with u(0) # (0,0) may hit the origin at some time ¢t € ]0,7T], thus preventing
the rotation number to be well defined. Another approach, based on an approx-
imation and smoothing procedure, was considered in [5], in order to avoid the
uniqueness for the initial value problems. If we apply the same approach of [5]
to the present situation, we could ensure the existence of at least one T-periodic
solution (for any given rotation number), since a priori we could not guarantee
that the two fixed (initial) points that we find for any approximating problem
do not converge to the same initial point. This problem was not evident in [5]
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as in the superlinear case therein analyzed infinitely many T-periodic solutions
were obtained, but here the situation is more delicate.

Now we are in position to give the proof of Theorem 1.2 (which is presented
as Theorem 2.3 below). For the next result we do not assume the global con-
tinuability of the solutions. Accordingly, both h (at £oo) and g (at +00) may
have a superlinear growth.

For the foregoing proof we recall that we denote by D(R) and D[R] the
open and the closed disc in R? of center the origin and radius R > 0. Given
0 < r < R, we denote by A[r, R] the closed annulus Alr, R] := D[R]\ D(r).
Let also Q; for i = 1,2, 3,4 be the usual quadrants of R? counted in the natural
counterclockwise sense starting from Q; := {(z,y) : x > 0, y > 0}.

THEOREM 2.3. Let g, h be locally Lipschitz continuous functions satisfy-
ing (Co). Suppose also that (g—) holds. For each positive integer k there exists
A > 0, such that for every A > Ay there exists u* = p*(\) such that for each
w>up* and j=1,...,k, there are at least four T-periodic solutions for system
(1.1) with x having exactly 2j-zeros in the interval [0, T

PROOF. For our proof, we will take advantage of some steps already settled
in the proof of Theorem 2.1. First of all, we consider system (1.1) on the interval
[0,T1], so that the system can be written as

(2.4) ' =hly), Y =-Xa"(t)g(x)

and recall that, as observed in Section 1, a consequence of (Cp) and (g_) is that
all the solutions of (2.4) are globally defined on [0, T1].

Now, we repeat the same computations as in the Steps 1, 3—6 of the preceding
proof (with only minor modifications, since now we work on [0,7}] instead of
[0,77) and, having fixed A > Ay, (with the same constants A, as in (2.1)), we are
in the following setting:

(TC.) There are constants ro = ro(e,A) and Ry = Ro(\), with 0 < 79 < Ry
such that rot,(71) > k+ 1, for all z suh that ||z|| = ro and rot,(7T7) < 1,
for all z such that ||z|| = Ro.

By a classical compactness argument following by the global continuability of
the solutions of (2.4) we can determine two positive constants sg = so(\, 79, Ro)
and &y = 60()\77’0,Ro) with 0 < 59 < 1rg < Ry < &y, such that

(2.5) 50 < || @5 (2)|| £ &g, forallt € [0,Ty],
for all z such that 7o < ||z|| < Ro.

We introduce now the following sets, which are all annular sectors.

P1 = A[To, Ro] NQh, Po = A[T07 RO] NQs,
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My = Alsy, o] N Qy, My = Alsg, So] N Q2.

To each of these sets we give an orientation, by selecting a set [-]~ which is the
union of two disjoint arcs of its boundary, as follows:

—

732-_ = ’Pl N 8A[T0,R0], Pi = (Pi,Pi_), 1= 1,2,
M = M n{(z,y) oy =0}, M= (M;, M), i=1,2.

To conclude the proof, we show that for each integer j = 1,...,k and i = 1,2

there is a pair of compact disjoint sets H; ;, H;'; C P; such that

7,77
(2.6) (H,®): Pres P, i=1,2,

where H stands for H]; or H]'; and ® := ®f. Along the proof we will also
check that the 4k sets H; ; and H;'; for i = 1,2 and j = 1,...,k are pairwise
disjoint. A fixed point theorem in [9, Theorem 2.1] ensures the existence of at
least a fixed point for the Poincaré map ® in each of the 4k sets H; ; and H}';.

For the reader convenience, we recall that the notation (H,V): A= B
means that the following property is satisfied: any path 7y, contained in A and
joining the opposite sides of A~, contains a sub-path o in H such that the image
of o through V is a path contained in B which connects the opposite sides of B™.
We also write U: A= B when H = A. By a path v we mean a continuous map
defined on a compact interval. When, loosely speaking, we say that a path is
contained in a given set, we actually refer to its image 7.

To prove (2.6) we proceed with two steps. First we show that, for any fixed

J €{1,...k} there are two compact sets Hj ;, H{'; C Py such that

(2.7) (Hy,, @) Pres M, (H{'

T A o
1,ja‘I)01)1P1—>v Ma.

In the same manner we also prove that there are disjoint compact sets Hé,j,
Hé’j C Ps such that

(2.8) (Hy ;@) Poes My, (Hy;,@01): Poss M, .
Next, we prove that
(2.9) of : Mi== Py, forall ,i=1,2, forall £=1,2.

Clearly, once all the above relations have been verified, we obtain (2.6), using the
composition ® = CI%1 o @gl and counting correctly all the possible combinations.

Proof of (2.7). We choose a system of polar coordinates (6, p) starting at
the positive y-axis and counting the positive rotations in the clockwise sense so
that, for z # 0 and ¢ € [0, T3], 0(¢, z) denotes the angular coordinate associated
with the solution u = (z,y) of (2.4) with u(0) = z. For z € P; we already know
that u(t) € Alsg, S¢] for all t € [0,T}]. For any fixed j € {1,...,k} we define

Hy ;j:={z2€P1:0(Th,2) € [(n/2) + 2jm, 7 + 2jn]}.
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Note that an initial point 2 € Py belongs to Hj ; if and only if ol (2) e My
with z(-) having precisely 2j zeros in the interval ]0,71[. Then it is clear that

Hi,jl N Hi,jQ = for ji # jo.
Let v: [ag,a1] — P1 be a continuous map such that ||y(ap)|| = 7o and
|[7v(a1)|| = Ro, that is v is a path contained in (with values in) P; and meeting

the opposite sides of P; . For simplicity in the notation, we set

(¢, &) == 6(t,7(£))-
As we have previously observed ®f(y(¢€)) € Alsg, S for all ¢ € [0,71] and
€ € lag, a1]. From property (TC,) we have that
’19(T1, ao) > ?9(0, ao) + Q(k + 1)7‘(‘ > 2(]{} + 1)7‘(‘ > 2(j + 1)7‘(,
while
DTy, a1) < 90, ag) + 27 < g + 2.

The continuity of the map ¢: [ag,a1] 3 & — ¥(T1,€) implies that the range of
¢ covers the interval [(7/2) + 2jm,m + 2jm]. Therefore there exist bg,b; with
ag < by < b1 < ay such that 19(T1,b0) =7+ 2jm, 19(T1,b1) = (7T/2) + 257 and

I(Ty,€) € g—|—2jﬂ',7r+2j7r, for all £ € [by, by].

If we denote by o the restriction of the path v to the subinterval [bg, b1], we have
that o has values in H {’j and, moreover the path <I>(:)Fl o ¢ has values in M7 and
connects the two components of M7 . Thus the validity of the first condition
n (2.7) is checked.

The proof of the second condition is essentially the same as above, by defining

HY ;:={2€P1:0(Th,z) € [(3n/2) +2(j — 1)m, 2jn]}
and observing that an initial point z € P; belongs to Hy'; if and only if dl(2) €
My with () having exactly 25 — 1 zeros in the interval ]0, T} [.

Proof of (2.8). We follow a completely symmetric argument by defining
a family of pairwise disjoint compact subsets of P respectively as

Hyj:={z € Py : 0(Th, 2) € [(3n/2) + 27, 2(j + D)7},

Hy ;= {2 € P> 0(Th, 2) € [(7/2) + 2jm, 7 + 2]}
Note that we consider an initial point z € P, with an associated angle 6(0, z) €
[, (3/2)m].

Proof of (2.9). We have four conditions to check, but it is clear that it will
be sufficient to prove

(2.10) @%1 : M=+ P, and <I>§1 : My P,
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the other case being symmetric. In this situation, we have only to repeat step by
step the argument described in [9, pp. 85-86] where a similar situation is taken
into account. There is however a substantial difference between the equation
considered in [9] and our equation, which in the interval [Ty, T] can be written
as

(2.11) ' =nly), Y =npa (t)g(@)

Indeed, in our case we cannot exclude that some solutions are not globally defined
on [Ty, T], due to the presence of possible blow-up phenomena in some quadrants.
To overcome this difficulty, we follow a standard truncation argument. More
precisely, recalling the “large” constant &¢ introduced in (2.5), we define the
truncated functions

g(—6g) for all x < —&g,
g(z) := < g(x) for all z € [-&g, &g,
9(So) for all x > &y,
and
h(—=6o) +y+ 6o forall y < -6,
h(y) = h(y) for all y € [—-&g, &),
hMSo)+y—69 forally > &Sy,
which are locally Lipschitz continuous with g bounded and h having a linear

growth. Now the uniqueness and the global existence of the solutions in the
interval [T7, T for the solutions of the truncated system

(2.12) o' =hy), Y =pa(t)g(z)
is guaranteed. Apart for few minor details we can closely follow the proof of [9,
Theorem 3.1] for the interval when the weight function is negative. Of course,

now the result will be valid for the Poincaré map C/I;%1 associated with system
(2.12) for the time-interval [T}, T]. If we treat with such technique the Poincaré

~

map @%, we can prove that any path v in M; joining the two sides of M7

contains a sub-path o with @ C M7 such that
d%, (7) C D[0,&p) for all t € [T, T]
and such that &\)Tl oo is a path in P; joining the opposite sides of P; . This in
turn implies
(bgzl : Ml% Pl.
On the other hand, the condition
®Y, (7) C D[0,&] for all t € [T1,T]

implies that
®Y, (7) = @4, (7) for all t € [11,T]
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and therefore we have that

@%:1 : //\/1\1% 7/3\1
All the other instances of (2.9) can be verified in the same manner. This com-
pletes the proof of the theorem. O

As a byproduct of the method of proof we have adopted, we are able to
classify the nodal properties of the four T-periodic solutions as follows.

PROPOSITION 2.4. Let g, h be locally Lipschitz continuous functions satisfy-
ing (Co) and at least one between the four conditions (hy) and (g+). For each
positive integer k there exists A > 0, such that for every A > Ay there exists
w* = p*(X) such that for each p > p* and j = 1,...,k, there are at least four
T-periodic solutions for system (1.1) which can be classified as follows:

e one solution with x(0) > 0,2'(0) > 0 and with x(-) having ezactly 2j
zeros in |0, T1[ and no zeros in [T1,TY;

e one solution with £(0) > 0,2’ (0) > 0 and with z(-) having exactly 25 —1
zeros in |0, T1[ and one zero in [Ty, T];

e one solution with x(0) < 0,2'(0) < 0 and with x(-) having ezactly 2j
zeros in |0, T1[ and no zeros in [T1,T);

o one solution with x(0) < 0,z'(0) < 0 and with z(-) having exactly 25 —1
zeros in |0, T1[ and one zero in [T1,T)].

REMARK 2.5. We propose some observations regarding the proof of Theo-
rem 2.3.
(a) In view of the results in [9], our proof implies that

ol PPy, i=1,2,

which means that there are at least 2k pairwise disjoint compact subsets of P;,
H,,..., Hy, such that

(H;, ®T): P> P; forall j=1,...,2k.

As a consequence, there are two compact invariant sets contained in P; and
Pa, respectively, where @' induces chaotic dynamics on 2k symbols. Also, for
any periodic sequence of symbols, subharmonic solutions associated with that
periodic sequence do exist (see [9]).

(b) In principle, our approach could be extended to planar differential systems
in which the weight function displays a finite number of positive humps separated
by negative ones. Although the feasibility of this study is quite clear, we have
not pursued this line of research in this article for sake of conciseness.

(¢) A comparison between Theorems 2.1 and 2.3 suggests that it could be
interesting to present examples of differential systems in which there are exactly
two (respectively four) T-periodic solutions with given nodal properties and then
discuss the change in the number of solutions using u as a bifurcation parameter.
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3. Subharmonic solutions

In this section we briefly discuss how to adapt the proofs of Theorems 1.1
and 1.2 to obtain subharmonic solutions. Throughout the Section we suppose
that a: R — R is a continuous T-periodic weight function satisfying (a*). As
before, more general regularity conditions on a(-) can be considered.

Speaking of subharmonic solutions, we must observe that if v = (x,y) is
a mT-periodic solution of (1.1), then also w;(-) := u(- — ¢T) is a mT-periodic
solution for all4 = 1,...,m—1. Such solutions, although distinct, are considered
to belong to the same periodicity class.

First of all, we look at the proof of Theorem 2.1 and give estimates on the
rotation numbers on the interval [0, mT] for some integer m > 2. Iterating the
argument in Steps 1-4 and taking a smaller r( if necessary, we can prove that
for A > Ay as in (2.1), we obtain

(3.1) rot,(mT) > mk, for all z with ||z|| = ro.

Repeating the computation in Steps 56 for the interval [0,mT] and taking
a larger Ry if necessary, we get

(3.2) rot,(mT) <1, for all z with ||z|| = Ro.

In this manner we have condition (TC,,) satisfied for b = mk and a = 1. Now,
if we fix an integer j € {1,...,mk} which is relatively prime with m, we obtain
at least two mT-periodic solutions of system (1.1) with z(-) having exactly 2j
simple zeros in the interval [0, mT[. As m and j are coprime numbers, these
solutions cannot be ¢T-periodic for some ¢ € {1,...,m —1}. Since, by (a*), T is
the minimal period of a(-), we conclude that mT is the minimal period of the
solution (z,y) of (1.1). In this manner, the following result is proved.

THEOREM 3.1. Let g,h: R — R be locally Lipschitz continuous functions
satisfying (Co) and at least one between the four conditions (hy) and (g1). As-
sume, moreover, the global continuability for the solutions of (1.1). Let m > 2
be a fized integer. Then, for each positive integer k, there exists Ay > 0 such that
for each A > Ay and j = 1,... ,mk, with j relatively prime with m, the system
(1.1) has at least two periodic solutions (z(t),y(t)) of minimal period mT, not
belonging to the same periodicity class.

Also for Theorem 3.1 the same observation as in Remark 2.2 (b) applies,
namely, using Fonda—Urena version of the Poincaré-Birkhoff theorem, we can
remove the local Lipschitz condition outside the origin.

Looking for an extension of Theorem 1.2 to the case of subharmonic solutions,
in view of Remark 2.5 (a) and [9], the condition

ol Pt Py, i=1,2,
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implies the following property with respect to periodic solutions:

o Let P = P; for i = 1,2; there exists 2k pairwise disjoint compact sets
S1,...52 C P such that, for each m-periodic two-sided sequence & :=
(&n)nez, with &, € {1,...,2k} for all n € Z, there exists a fixed point z*
of @7 such that ®p7(2*) € S, , for all n € Z.

In this case we say that the trajectory associated with the initial point z* follows
the periodic itinerary (..., Sey, - .., S¢, .. .). From this observation, the following
result holds.

THEOREM 3.2. Let g,h: R — R be locally Lipschitz continuous functions
satisfying (Co) and at least one between the four conditions (hy) and (g+). Let
m > 2 be a fized integer. Then, for each positive integer k, there exists Ay > 0
such that for each X\ > Ay there exists u* = p*(\) such that for each pu > p* the
following property holds:

e Given any periodic two-sided sequence (&n)nez, with &, € {1,...,2k}
for all n € Z, with minimal period m, the system (1.1) has at least
two periodic solutions (x(t),y(t)) of minimal period mT, following an
itinerary of sets associated with (&,)nez and not belonging to the same
periodicity class.

A simple comparison of the two theorems shows that when m grows, the num-
ber of different subhamonics found by Theorem 3.2 largely exceeds the number
of those obtained by Theorem 3.1.

4. Applications

We propose two examples of equations, coming from the literature, which fit
into the framework of our theorems.

As a first case, we consider the following Duffing type equation with rela-
tivistic acceleration

(4.1) (e(u") +ax,(t)g(u) =0, where p(s) =s/v/1— s2.

A variant of (4.1) in the form of (¢(u'))" + g(t,u) = 0 is considered in [2] where
pairs of periodic solutions with prescribed nodal properties are found by means
of the Poincaré-Birkhoff theorem for a function g(¢,u) having at most linear
growth in u at infinity. Equation (4.1) can be equivalently written as

d=90"y), ¥ =-aru(t)g(x)

which is the same as system (1.1) with h = ©~!. In this case, since ! is

bounded, both (h_) and (hy) are satisfied and the global existence of the solu-
tions is guaranteed. Moreover, all the other assumptions required for A in (Cp)
are satisfied with hy = 1. Hence, all the results of the paper apply to (4.1)
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once we assume that (Cgp) holds for g. Notice that we do not need any growth
assumption on g.

Our second example is inspired by the work of Le and Schmitt [7] where
the authors proved the existence of T-periodic solutions for the second order

equation
(4.2) W+ k(t)e" = p(t),

with k, p T-periodic functions, with k changing sign, p with zero mean value and
such that

T
/ E(t)er® dt < 0,
0

where ug(t) denotes a T-periodic solution of u” = p(t). If we call u(t) the T-
periodic solution of (4.2) whose existence is guaranteed by [7, Remark 6.4], and
set u(t) = x(t) + u(t), then (4.2) is transformed to the equivalent equation

2 +qt)(e® —1)=0

with ¢(t) := k(t)e™® which changes sign if and only if k() changes sign. Thus
(g—) is satisfied and Theorem 1.2 can be applied. Note that in general in an
interval where k£ < 0 we may have blow-up of the solutions in the first quadrant
of the phase-plane and thus the Poincaré map cannot be defined on a whole
(large) annulus surrounding the origin. Clearly, in order to apply our theorem,
we will just need to adapt the conditions given on the weight ay ,(t) to the
coefficients k(t) and p(t).
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