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SOME GENERALIZATIONS OF DISTALITY

JESUS APONTE — DANTE CARRASCO-OLIVERA
KEONHEE LEE — CARLOS MORALES

ABSTRACT. We incorporate the notion of a distal system into the contin-
uum theory [14] through the notion of the continuum-wise distal homeo-
morphism. Results concerning distal homeomorphisms will be generalized
to the case of cw-distal homeomorphisms. Notions of cw-distality for mea-
sures will be studied. We also analyze the variation of distality for flows
obtained by making the proximal cell [1] to depend on a given subset of
the full set of reparametrizations. Some properties of these reparametrized
distality will be obtained.

1. Introduction

1.1. Continuum-wise distal homeomorphisms. Let f: X — X bea ho-
meomorphism of a metric space (X, d). We say that f is expansive [19] if there is
€ > 0 such that if d(f™(x), f"*(y)) < € for every n € Z then z = y. Equivalently,
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if there is € > 0 such that

(1.1) C C X and supdiam(f"(C)) <e = diam(C) = 0.
nez

Here diam(C) = sup{d(z,y) : z,y € C} denotes the diameter of C. Notice
that C in this equivalence runs over the set of subsets of X denoted by 2.
By restricting C' to a given class of nonempty subsets ¥ C 2% containing the
single-point sets we obtain a corresponding notion of expansiveness. More pre-
cisely, given such a € we say that f is € -expansive if there is € > 0 such that
(1.1) holds whenever C' € ¥. Notice f is ¢-expansive if and only if it is ¢-
expansive where G = {6 : C € Cg} Clearly %-expansiveness coincides with
expansiveness if we take € as the set of all nonempty subsets (or equivalently
nonempty closed subsets) of X. Another important class € is the following:
a continuum is a nonempty compact connected metric space and a subcontinuum
is a subset which is itself a continuum under the induced topology. By taking
%. = 6.(X) as the set of subcontinua of X we obtain that %.-expansiveness is
precisely the continuum-wise expansiveness (or cw-expansiveness) introduced by
Kato [9]. This definition incorporated the expansive systems into the Continuum
Theory [14].

In this paper we pursue similar ideas but for the distal homeomorphisms
instead. Recall that a homeomorphism of a compact metric space f: X — X
is distal if :Lréfz d(f™(x), f*(y)) = 0 implies = y. This concept appears first in
Hilbert [21] where attempts to give a topological characterization of the rigid
group of motions were made. To be distal homeomorphism is then equivalent to
say that

(1.2) C C X and ian diam f*(C) =0 = diam(C) = 0.
ne

(The only difference between (1.1) and (1.2) is that the supremum in the former
was replaced by infimum in the latter.)

Again we observe that C' in the definition above runs over the set of all subsets
of X. By restricting C' to belong to a class € C 2% as above we obtain the
notion of ¥-distality. More precisely, f is called & -distal if (1.2) holds whenever
C € €. Again f is ¢-distal if and only if it is ¢-distal and %-distality with €
being the set of nonempty subsets of X coincides with the classical distality. By
restricting C' to belong to the class of subcontinua %, we obtain the following
definition incorporating the distal systems into the Continuum Theory.

DEFINITION 1.1. A homeomorphism of a compact metric space f: X — X
is cw-distal if it is €.-distal. More precisely, if every subcontinuum C C X
satisfying in% diam f™(C) = 0 is degenerated, i.e. reduces to a singleton.
ne
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We will obtain some properties of cw-distal homeomorphisms. For instance,
a cw-expansive homeomorphism of a compact metric space of positive topolog-
ical dimension cannot be cw-distal. Moreover, a homeomorphism of a compact
metric space is cw-distal if and only if its proximal cells [1] are all totally discon-
nected. Also, a cw-distal extension of a cw-distal homeomorphism is a cw-distal
homeomorphism. Moreover, the product of cw-distal homeomorphisms of com-
pact metric spaces is cw-distal, every extension of a cw-distal homeomorphism
under a light map of a compact metric space is cw-distal and every factor of a cw-
distal homeomorphism under a light weakly confluent map of a compact metric
space is cw-distal. We also introduce the notion of cw-distal measure. We prove
that a Borel probability measure is cw-distal if and only if the proximal cells are
totally disconnected relative to the measure. A homeomorphism of a separable
metric space is cw-distal if and only if every nonatomic Borel probability mea-
sure is cw-distal. We also consider the notion of strongly cw-distal measures. We
prove that every strongly cw-distal measure of f is cw-distal. In particular, if
every nonatomic Borel probability measure is strongly cw-distal for f, then f
is cw-distal. Finally we prove that the strongly cw-distal measures of a homeo-
morphism of a compact locally connected metric space constitute a F,5 subset
of the space of Borel probability measures equipped with the weak* topology.

The proofs of the mains results and some examples will be given in the
Section 3. The use of the continuum and hyperspace theories will be an important
tool. See the references [14] for the continuum theory and [1] for some basic
properties of distal homeomorphisms.

It is known that an expansive homeomorphism of an infinite compact metric
space cannot be distal (e.g. [19]). Likewise, it is natural to believe that a cw-
expansive homeomorphism of an infinite compact metric space cannot be cw-
distal. However, this is not true: Take for instance an expansive homeomorphism
of the ternary Cantor set of [0,1]. Nevertheless, such examples exist on the
Cantor set only. More precisely, we have the following result.

THEOREM 1.2. A cw-expansive homeomorphism of a compact metric space
of positive topological dimension cannot be cw-distal.

Next we present a characterization of cw-distal homeomorphisms in terms
of proximal cells. Given a homeomorphism of a metric space X and = € X, we
define the prozimal cell [1]

P(a) = {y e X : inf d(f" (@), ")) = 0.

(Notation Py(z) indicates dependence on f.) We define the continuum-wise
diameter of A C X by

diamey (A) = sup{diam(C) : C' is a subcontinuum and C' C A}.
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With this notation we can restate the definition of cw-expansive homeomor-
phism: a homeomorphism of a metric space f: X — X is cw-expansive if there
is 0 > 0 such that diam.y (T's(xz)) = 0 for every x € X, where

Ds(z) ={y e X :d(f"(x), ["(y)) <6, forall n € Z}.

Recall that a metric space is totally disconnected if every connected subset re-
duces to a single point. Equivalently, if it has zero continuum-wise diameter.
A subset A is a totally disconnected if it is totally disconnected with respect to
the induced topology. Equivalently, if diam, (A) = 0.

With these definitions we have the following result.

THEOREM 1.3. A homeomorphism f: X — X of a metric space is cw-distal
if and only if P(x) is a totally disconnected for every x € X, equivalently, if
diamey (P(x)) =0 for every x € X.

Let g: Y — Y be a homeomorphism of a compact metric space Y. A map
m: Y — X is distal if Tilréi%d(g”(yl), g™(y2)) > 0 for distinct y;,y2 € Y satisfying
m(y1) = w(y2). A homomorphism from g to a homeomorphism f: X — X is
a continuous onto map m: Y — X satisfying fom = mog. We say that g is
a distal extension of f if there is a distal homomorphism from g to f.

These definitions motivate the following ones: a map 7: Y — X is said to be
cw-distal if 711r€1fZ diam(g™(C)) > 0 whenever C is a nondegenerated subcontinuum

in 77 1(x) for some z € X. We say that g is a cw-distal extension of f if there is
a cw-distal homomorphism from g to f.

As noticed in [1], ¢ is distal if and only if it is a distal extension of the trivial
(one point) homeomorphism. Likewise, g is cw-distal if and only if it is a cw-
distal extension of the trivial homeomorphism. With these definitions we have
the following result.

THEOREM 1.4. A cw-distal extension of a cw-distal homeomorphism is a cw-
distal homeomorphism.

Let f: X — X and ¢g: Y — Y be homeomorphisms of compact metric
spaces X and Y. The product of f and ¢ is the map f x g: X xY — X x
Y defined by (f x g)(x,y) = (f(x),9(y)). The product f x g turns out to
be a homeomorphism of X x Y if we equip the latter space with the metric
d*((z,y), (2',y')) = max{d(z,2'),d(y,y’)}. On the other hand, we say that f is
a factor of g (or that g is an extension of f) if there is an onto continuous map
h:Y — X such that foh = hog. In such a case we say that f is a factor of g
(resp. g is an extension of f) under h.

It is known that the product of distal homeomorphisms as well as every factor
of a distal homeomorphism of a compact metric space are distal. In the sequel
we present a continuum-wise version of these facts. Recall that a continuous
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map h: Y — X is light if dim(h~!(x)) = 0 (i.e. h~1(z) is totally disconnected)
for every z € X; and weakly confluent if the induced map h: ¢.(Y) = €.(X)
defined by h(C) = h(C) is onto. Note that every factor of a cw-expansive home-
omorphism under a light weakly confluent map of a compact metric space is
cw-expansive too [9]. This motivates the result below for cw-distal homeomor-
phisms.

THEOREM 1.5. The following properties hold:

(a) The product of cw-distal homeomorphisms of compact metric spaces is
cw-distal.

(b) Every extension of a cw-distal homeomorphism under a light map of
a compact metric space is cw-distal.

(c¢) Ewvery factor of a cw-distal homeomorphism under a light weakly conflu-
ent map of a compact metric space is cw-distal.

Let us present some examples.

EXAMPLE 1.6. Given N € Nt we say that a homeomorphism f : X — X
is N-distal if P(x) has at most N elements for every z € X. It follows from
Theorem 1.3 that every N-distal homeomorphism is cw-distal. Since there are
examples of N-distal homeomorphisms which are not distal (e.g. Example 1.1
in [12]), it follows that there are cw-distal homeomorphisms which are not distal.

ExaMPLE 1.7. There are cw-distal homeomorphisms which are not N-distal
for every positive integer N.

ExaMPLE 1.8. Every distal homeomorphism of a compact metric space has
zero topological entropy. See [16] for an elementary proof. The continuum-wise
counterpart of this result is false. Indeed, every homeomorphism of a zero-
dimensional compact uncountable metric space is cw-distal and there are such
homeomorphisms with positive topological entropy (e.g. [2]). In particular, cw-
distal homeomorphisms with positive topological entropy on the ternary Cantor
set do exist.

The notion of cw-distality can be extended to Borel probability measures as
follows.

DEFINITION 1.9. A cw-distal measure of a homeomorphism f: X — X of
a metric space is a Borel probability measure p of X such that every subcontin-
uum C with p(C) > 0 satisfies

71lr€11%d13umf () >0.

This definition is the cw-counterpart of the notion of cw-expansive measure
introduced by Shin [18].
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Notice that every cw-distal measure is nonatomic (i.e. without points of
positive measures). For if p is a cw-distal measure of f: X — X and z € X,
then the subcontinuum C' = {z} clearly satisfies ian diam(f™(C)) = 0 and so

ne
u({z}) = u(©) =0,

The cw-part of a Borel probability measure p of X is the set function
tew (A) = sup{u(C) : C is a subcontinuum of X and C C A}, forall A C X.

We say that A is u-totally disconnected if picw(A) = 0. Similar to Theorem 1.3
we obtain the following result.

THEOREM 1.10. Let f: X — X be a homeomorphism of a metric space.
A Borel probability measure p of X is a cw-distal measure of f if and only if
P(z) is p-totally disconnected for every x € X.

The next result although simple yields the link between the cw-distal home-
omorphisms and the cw-distal measures. Recall that a metric space is separable
if it exhibits a dense sequence.

THEOREM 1.11. A homeomorphism of a separable metric space is cw-distal
if and only if every nonatomic Borel probability measure is cw-distal.

A related example is as follows. Recall from [12] that a distal measure of
a homeomorphism f: X — X of a metric space is a Borel probability measure u
satisfying p(P(x)) = 0 for every € X. By Theorem 1.10 every distal measure
is cw-distal.

EXAMPLE 1.12. There are homeomorphism of compact metric spaces ex-
hibiting cw-distal measures which are not distal.

Given a homeomorphism of a metric space X, x € X and § > 0, we define
the set

P(x,8) = {y € X : inf d(f"(2). f"(y)) < 3}.

We will also consider the following class of measures:

DEFINITION 1.13. A strongly cw-distal measure of a homeomorphism f: X —
X of a metric space is a Borel probability measure p of X such that for every
€ > 0 there is § > 0 such that p.,(P(z,d)) < € for every z € X.

About this class of measures we have the following result.

THEOREM 1.14. Let f: X — X be a homeomorphism of a compact metric
space. Then, every strongly cw-distal measure of f is cw-distal. In particular, if
every nonatomic Borel probability measure is strongly cw-distal for f, then f is
cw-distal.
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Inspired by [13] we study the set of strongly cw-distal measures of a home-
omorphism. For this we need some basic concepts. Let X be a compact metric
space. Denote by M(X) the set of Borel probability measures of X. This set
is a compact metric space if equipped with the weak™ topology defined by the
convergence fi,, — 1 if and only if [ ¢du, — [ ¢dp for every continuous map
¢: X - R.

A subset of a topological space is an F,, subset if it is the union of countably
many closed subsets [10]. It is an F,s subset if it is the intersection of countably
many F, subsets. A metric space is locally connected if the connected open
neighbourhoods of each point form a neighbourhood base at that point.

With these definitions we can state the following result.

THEOREM 1.15. The strongly cw-distal measures of a homeomorphism of
a compact locally connected metric space X constitute a F,s subset of M(X).

In particular, the set of strongly cw-distal measures M$_,(f) of a homeo-
morphism f: X — X of a compact metric space X is a Borel subset of M(X).
Denoting by M.cwa(f) the cw-distal measures of f we have MZ ,(f) C
Mewa(f) (by Theorem 1.14) and the question is about the relative size of
5 va(f) in Mcwa(f). More precisely, we are interested in finding necessary

and sufficient conditions for MZ_,(f) = Mcwa(f), or, for M2 ,(f) to be dense
in Mcwa(f). A partial answer is as follows.

We say that a homeomorphism of a metric space f : X — X is equicontinuous
if for every € > 0 there is 6 > 0 such that d(z,y) < ¢ implies d(f™(z), f"(y)) < e

for every n € Z.

THEOREM 1.16. If f: X — X is an equicontinuous homeomorphism of
a compact metric space, then M3 (f) = Mewa(f).

cwd

1.2. Distal flows with reparametrizations. In this subsection we will
present some generalized notions of distality for R-actions namely flows.

Recall that a flow of a metric space X is a continuous map ¢: R x X — X
satisfying ¢(0,x) = z and ¢(¢, ¢(r,x)) = ¢(t +r,x) for every ¢t,r € R and z € X.
We denote by ¢;: X — X the homeomorphism ¢:(x) = ¢(t,xz). A flow ¢ is
distal if x = y whenever z,y € X satisfy tlgﬂg d(¢e(x), ¢(y)) = 0. The distal flows

have been widely study in topological dynamics [1], [5], [6]. We can restate the
definition of distal flow as follows. A flow ¢ is distal if P(z) = {a} for every
x € X where P(z) is the prozimal cell defined by

P(a) = {y € X : inf d(gn(w), éx(y)) = 0}.

This definition suggests a similar one depending on a continuous map s: R - R
with s(0) = 0. More precisely, given a flow ¢ of X and such a map s we define
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the s-dependent proximal cell,
Py(@) = {y € X : inf d(64(2), 6.0 () = 0}.

Clearly, P(x) = Prq(z) where Id: R — R is the identity. Therefore, ¢ is distal if
and only if

Pu(z) ={z}, forallze X.
The natural question is: Which flows ¢ satisfy this equation but with the identity
Id replaced by another continuous map s: R — R given in advance? More
precisely, given s: R — R, we want to know which flows ¢ can satisfy

(1.3) Py(z) ={z}, forallze X.

How “distal” these flows are? Our first result gives an answer for this question.
We say that a flow ¢ is trivial (resp. closed) if ¢i(x) = = for every z € X and
every t € R (resp. every orbit O(z) = {¢¢(x) : t € R} is closed). We say that ¢
is uniformly closed if there is T # 0 such that ¢p(z) = = for every z € X.

Let C denote the set of reparametrizations i.e. the space of continuous maps
s: R — R fixing 0.

THEOREM 1.17. Let ¢ be a flow of a metric space X. If there is s € C\ {Id}
satisfying (1.3), then ¢ is uniformly closed. If additionally s is bounded, then ¢
1s trivial.

Another problem would be to consider the equation (1.3) but replacing {z} by
another set depending on . Of course, natural candidates for such a replacement
are the orbit O(x) or the orbit closure Cl1(O(x)) where CI( - ) denotes the closure
operation. The first of these candidates yields the following equation:

(1.4) Py(z) =0O(x), forall xe X.
Related examples are as follows.

EXAMPLE 1.18. Clearly Py(z) = Cl(O(z)) for every = € X and every flow ¢
of a metric space X, where 0 here is the zero map (¢t € R+ 0). Then, the sole
flows ¢ satisfying (1.4) with s = 0 are the closed ones.

ExAMPLE 1.19. For every uniformly closed flow ¢ there is s € C bounded
satisfying (1.4) (take for instance s = 0).

These examples motivate the results below.

THEOREM 1.20. The following properties are equivalent for every flow ¢ of
a compact metric space X:

(a) ¢ is closed.
(b) ¢ satisfies (1.4) for every s € C bounded.
(c) ¢ satisfies (1.4) for some s € C bounded.
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We say that € X is a singularity of a flow ¢ if ¢;(z) = x for every t € R.

THEOREM 1.21. If a flow ¢ of a compact metric space X satisfies (1.4) with
s =1d, then ¢ has singularities.

The next step would be to consider flows ¢ satisfying (1.3) but with the orbit
closure C1(O(x)) instead of {z}, namely, satisfying the equation

(1.5) Pi(z) = Cl(O(x)), Vzxe X.
However, we have the following example.

EXAMPLE 1.22. Since Py(z) = Cl(O(x)) for € X and every flow ¢ of X
(e.g. Example 1.18), every flow ¢ satisfies (1.5) with s = 0.

This example suggests a different approach to obtain concrete results from
the Equation (1.5). To motivate it we recall the following definition.

Following Bowen and Walters [3], a flow ¢ is expansive if for every ¢ > 0
there is 6 > 0 such that y = ¢,.(x) for some —e < r < ¢ whenever z,y € X
satisfy d(¢¢(z), dst)(y)) < 0 for every t € R and some s € C.

Keynes and Sears [11] generalized this definition by replacing C by a subset F
of C. More precisely, given F C C we say that ¢ is F-expansive if for every € > 0
there is § > 0 such that y = ¢,.(z) for some —e < r < € whenever z,y € X satisfy
d(s(x), psy(y)) < 0 for every t € R and some s € F. (A similar approach for
Borel measures was considered recently by Villavicencio [20]).

In the light of these definitions it is natural to consider proximal cells de-
pending not on a single map s: R — R but rather on a subset F C C. More
precisely, given a flow ¢, z € X and F C C we define the F-depending proximal
cell

Pr(x) = {y €eX: ggﬂgd(¢t(x), b5ty (y)) = 0, for some s € ]-'}.
Precisely, Ps(x) = Pysy(x) when F consists of a single map s. Moreover,
Pr(z) = U Py(x), forallx e X.
scF

Natural candidates for F are C itself or else H, the set of homeomorphisms of R
fixing 0. The next result is about the latter set.

THEOREM 1.23. A flow ¢ of a compact metric space X is trivial if and only
if Py(x) = {x} for every x € X.

Finally we will consider equation (1.5) but for general subsets of reparame-
trizations F (instead of s). More precisely, given such an F we would like to
know which flows ¢ satisty

(1.6) Pr(z) = Cl(O(x)), forallxze X.
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To state a concrete result we introduce the following basic concepts. A subset
A C R is syndetic if there is K C R compact such that R = {a + k : (a,k) €
A x K}. We say that € X is an almost periodic point of ¢ if {t € R: ¢¢(z) €
U} is syndetic for every neighbourhood U of x. A flow ¢ is pointwise almost
periodic (also called semisimple flow [15]) if every € X is an almost periodic
point of ¢. Every distal flow is pointwise almost periodic but not conversely
(c.f. Remark 2.24 in [4]).

With these definitions we can state the result below.

THEOREM 1.24. The following properties are equivalent for every flow ¢ of
a compact metric space X:

(a) @& is pointwise almost periodic.

(b) ¢ satisfies equation (1.6) with F = C.

(¢c) ¢ satisfies equation (1.6) with F = H.

This paper is organized as follows. In Section 2 we introduce some notations
and prove some preliminary lemmas. In Section 3 we prove our results.

2. Preliminary lemmas for flows

To prove theorems 1.17 and 1.20 we will use the following notations and
related lemmas. Given a flow ¢ of a metric space X, x € X and s : R = R we
define

ws(x) {y €X: nl;ngo d(¢t,, (%), @s(t,)(y)) = 0 for some sequence t,, — oo},

as(z) = {y eX: nh_}n@lo d(¢1,, (), @s(t,)(y)) = 0 for some sequence t,, — —oo}

and

Os(x) = {qbtfs(t)(x) ite R}
If s = 0 is the zero map, then wy(z) = w(z), Og(x) = O(z) and ag(z) = a(z),
where w(z) and a(z) are the classical omega and alpha limit sets,

w(z) = {y € X :y= lim ¢, () for some sequence t,, — oo}7
n— oo

alz) = {y € X :y= lim ¢, () for some sequence t,, — —oo}.
n—oo

Both the alpha and the omega-limit sets are closed, invariant (i.e. ¢+(I) = I for
all t € R and I = w(x), a(z)) and satisfy the formula

(2.1) Cl(O(z)) = a(z) UO(z) Uw(x), forall x € X.
For general maps s € C we obtain a related formula.
LEMMA 2.1. For every flow ¢ of a metric space X one has

Py(z) = as(z) UOs(x) Uws(z), for allz € X and all s € C.
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ProOF. It follows easily from the definitions that as(z) Uws(z) C Py(x). If
t € R, the constant sequence t,, = t satisfies

1 d(6, (2), Gugey) (Brsi(@)) = lim_d(y(x), b4(x)) = 0.
Hence ¢;_()(2) € Ps(x) and so

as(z) U Og(x) Uws(z) C Ps(x).
Now take y € Ps(x). Then, there is a sequence t,, € R such that

(2:2) Jim_d(¢r,, (2), dur,) (y) = 0.

If ¢,, is unbounded, we can assume by passing to a subsequence if necessary that
t, — oo or t, — —oo. Hence y € a,(x) Uws(xz). Otherwise, ¢, is bounded and
so we can assume that t, — ¢ for some ¢ € R by passing to a subsequence if
necessary. Then, (2.2) implies d(¢¢(x), ¢s4)(y)) = 0 ie. y = dr_sr)(z) € Os().
All together imply

Py(z) C as(x) UOs(x) Uws(x)

proving the result. O

LEMMA 2.2. If ¢ is a flow of a metric space X and s: R — R is bounded,
then

w(x) C U do(ws(z)) and a(z) C U dalas(x)) for every xe€ X.

acR a€eR

ProOOF. Fix ¢ € X. If y € w(x), there is a sequence t, — oo such that
d(¢s, (x),y) — 0 as n — oo. Since s is bounded, we can assume up to passing
to a subsequence if necessary that s(t,) — a for some a € R as n — co. Since

d(De,, (), bs(t,) (0-a(y))) < d(dr, (2), y) + d(y, Psr,.) (P—a(¥)));
d(¢s, (x),y) — 0 and
d(Y, Ds(t,) (D—a(y))) = d(y, da(P—a(y))) = d(y,y) =0
as n — 00, we obtain
Jimd(¢r,, (2), bur,) (P-a(y))) =0

and so ¢_,(y) € ws(z). Hence y € ¢,(ws(x)) proving the first inclusion. The
proof of the second inclusion is analogous. O

We have the following corollary.

COROLLARY 2.3. Let ¢ be a flow of a compact metric space X. If v € X
satisfies Ps(xz) = O(z) for some bounded function s: R — R, then O(z) is closed.
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PrOOF. By Lemma 2.1 one has wy(z) U as(z) € O(x). Then, Lemma 2.2
implies
w(@) Ua(@) € | 6a(0)) = O(x)
a€R
and so O(x) is closed by (2.1). O

LEMMA 2.4. For every flow ¢ of a compact metric space X and every con-
tinuous bounded function s : R — R one has

O(z) C Py(x) C Cl(O(x)), forallzeX.

PRrROOF. Fix 2 € X. Obviously O,(z) C O(x). Now take y € ws(z). Then,
there is a sequence ¢, — oo such that d(¢:,(z), ¢st,)(y)) — 0 as n — oo.
Since s is bounded, we can assume by passing to a subsequence if necessary that
5(tn) — a for some a € R as n — oo. Since X is compact, we can also assume
that ¢y, (x) — z for some z € X as n — oco. Clearly z € w(x). Since

d(za ¢a(y)) < d(Za ¢tn (CL')) + d(¢tn (CU), ¢s(tn,)(y)) + d(¢s(tn,)(y)’ ¢a(y)),
d(z, ¢, (x)) = 0, d(¢r, (7), ds(t,) (y)) — 0 and
dDst,)(y), a(y)) = d(Pa(y), Pa(y)) =0

as n — 0o, we obtain d(z, d,(y)) = 0, i.e. ¢ (y) = 2z € w(zx). Therefore, y € w(x)
proving wy(x) C w(x). Similarly we prove as(z) C a(z). By Lemma 2.1 and
(2.1) we conclude that

P.(z) € C(O(2)).

On the other hand, since s is bounded continuous, the map ¢t € R — ¢ — s(¢) is
onto. Take y € O(x). Then, y = ¢,(z) for some r € R. Taking ¢ € R such that
r=t—s(t) we get y = ¢p(x) = ¢r—s1)(x) € Os(x). Then, Lemma 3.1 implies

O(z) € Py(x)
and the proof follows. O

REMARK 2.5. Lemma 2.4 is false if s: R —+ R were unbounded. Take for
instance a minimal distal flow ¢ of a compact metric space with more than one
point and s = Id.

To prove Theorems 1.23 and 1.24 we use the following lemma.

LEMMA 2.6. The following properties hold for every flow ¢ of a compact
metric space X and every z € X:

(a) Ify € Py(z), then x € Py(y).
(b) ClO(x)) € Pu(x).
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PRroOF. To prove (a), take € X and y € Py(z). Then, there are a home-
omorphism s: R — R with s(0) = 0 and a sequence t,, € R such that

d(¢r, (), ds(e)(y)) = 0 as n — oo.

The homeomorphism s~1: R — R and the sequence t/, = s(t,,) satisfies s7(0) =
0 and d(¢w (y), ¢s—1(1)(x)) = 0 as n — o0 so x € Py (y). This proves (a).

To prove (b), we first observe that € Py(x) (just take s(¢t) = ¢ in the
definition of Py (z)). Now, take y € O(x) thus y = ¢, (z) for some r € R. By the
previous observation we can assume that r # 0. First suppose r > 0 and define

t ift <r,
1

s(t) = §(t+r) if r <t<3r,
t—r if 3r < t.

Clearly s: R — R is a homeomorphism and s(0) = 0. Since

dD1(2), Ps1y (y)) = d(D1(2), i—r(¢r(2))) = d(P1(2), di(x)) = 0,  for all £ > 3r,

we get tuelﬂg d(¢¢(z), psy(y)) = 0 proving y € Py (x). Similarly, y € Py(z) when
r < 0 hence O(z) C Py(x). Now take y € w(z). Since X is compact, we can
choose ¢ € w(y). Hence ¢ € w(z) and so there is a sequence ¢, — oo such
that d(¢, (z),q) — 0 as n — oco. But ¢ € w(y) so there is another sequence
sp, — oo such that d(¢s, (y),q) — 0 as n — oco. Then, d(¢y, (), ¢s, (y)) — 0
as n — oo by the triangle inequality. Clearly, we can assume that both s, and
t,, converge monotonically to infinity as n — co. Hence, by defining s(t,) = s,
and extending linearly to all R we obtain a homeomorphism s: R — R with
5(0) = 0. This homeomorphism satisfies d(¢;, (), ds,)(y)) — 00 as n — oo
and so y € Py(z). Therefore, w(x) C Py(z). Similarly, a(z) C Py(z) and then
(b) holds by (2.1). O

3. Proof of the main results

PROOF OF THEOREM 1.2. We follow the arguments in [9]. Let f: X — X be
a cw-expansive homeomorphism of a compact metric space X with topological
dimension dim(X) > 0. Here we consider the hyperspace of X is the set 2X =
{A C X : Ais a compact subset of X}. Recall that 4. = {C € 2% : C is
a subcontinuum of X} denotes the set of subcontinua of X. Clearly C. C 2.
We endow 2X (and then C.) with the Hausdorff metric di (A, B) = inf{e > 0 :
A C U(B) and B C U.(A)} where U.(A) is the e-neighbourhood of A. It is
known that both 2X and €. are compact [14].

If € > 0, we define

W2 = {C € €, : diam f"(C) < ¢, for all n > 0}7
W = {C € €, : diam f*(C) < ¢, for all n < O},



546 J. APONTE — D. CARRASCO-OLIVERA — K. LEE — C. MORALES
We={Ce%.: Jim_diam f*(C) = 0},
W*={Ce€%.: lim diam f"(C)=0}.

n——oo

We claim that if ¢ is a cw-expansivity constant of f, then W7 C W* and
W C W for every 0 < € < ¢. Otherwise, there is A € W5\ W* (say). Since
A ¢ W* there are a sequence n(1) < ... <n(i) <...— oo and § > 0 such that

(3.1) diam (" (A)) >4, forall i € NT.

Since €, is compact, we can assume that f*()(A) — B for some B € %,. Because
of (2.1) we have

diam(B) > 4.

In particular, B is nondegenerated. On the other hand, fix n € Z. As n(i) — oo,
n(i) +n > 0 for all i large. As A € W2, diam(f7(A)) < ¢ for every j > 0. By
taking j = n(i) + n we get

diam(f"D+7(A)) <e, for i large.

Letting ¢ — oo above we obtain diam(f"(B)) < ¢ for every n € Z. Since B
is nondegenerated and € < ¢, we get a contradiction. Therefore, the claim is
proved.

We conclude the proof of the theorem once we prove that there is a non-
degenerated subcontinuum in W?® U W*. By the claim it suffices to prove that
there is a nondegfenerated subcontinuum in W7 U W where ¢ = ¢/2. Sup-
pose this is not true. Since dim(X) > 0, there are sequences of subcontinua
AD Ay D ... 2 A; D dots and of integers n(1) < ... < n(i) < ... — oo such
that

(3.2) diam(f7(A;)) <e and diam(f"V(4;)) > ¢,

forall 0 < j < n(i) —1 and all : € N*. Since % is compact, we can assume that
" (A;) — B for some B € %,.. As before the second inequality in (3.2) implies
diam(B) > e. In particular, B is nondegenerated. On the other hand, fix an
integer n > 1. As n(i) — oo, n < n(i) for every i large, and so 0 < n(i) —n <
n(z) — 1. Then, we can put j = n(i) — n to obtain

diam(f™D"(A;)) <e, for all i large.
Letting ¢ — oo we get
diam(f~"(B)) <e, foralln>1.

It follows that f~'(B) € W¥. As B is nondegenerated, f~!(B) also is contra-
dicting that there are no nondegenerated subcontinua in W7 U WZ. O
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PrOOF OF THEOREM 1.3. First suppose that f is cw-distal and take x € X.
Fix € > 0 and a subcontinuum C C P(x). It follows from the definition of P(x)
that there is a map N: C — N such that, for all y € C,

N(y) =sup{n € N:d(f'(z), f'(y)) > ¢, forall —n <i<n}.

Clearly, N is continuous and so N(y) = N is constant since C' is connected. It
follows that diam(f"(C)) < e proving

(3.3) 71Lr61fZ diam(f™(C)) = 0.

Since f is cw-distal, C reduces to a singleton and so P(z) is totally disconnected.

Conversely, suppose that P(x) is totally disconnected for every x € X. Then,
if C'is a subcontinuum satisfying (3.3), by taking = € C we get C C P(z). As
P(z) is totally disconnected, C reduces to a singleton proving that f is cw-
distal. (]

Let Z be any compact metric space. We denote by %.(Z) as the set of
subcontinua of Z.

Proor OoF THEOREM 1.4. Let X and Y be compact metric spaces. Let
g: Y — Y be a cw-distal extension of a cw-distal homeomorphism f: X — X.
Then, there is a cw-distal homomorphism 7: Y — X from g to X. We shall prove
that g is cw-distal. For this we take C' € €.(Y) such that diam(g*(C)) — 0 as
n — oo for some sequence i,, € Z. Since Y is compact, gi» (C) — y with respect
to the Hausdorff metric for some y € Y as n — oco. Since 7 is continuous,
7(g* (C)) = 7(y) as n — oo. As 7 is a homomorphism, 7 (g (C)) = fir (7 (C))
and so fi(w(C)) — w(y) with respect to the Hausdorff metric as n — oo.
Hence diam(f(7(C))) — 0 as n — oo and so 7(C) reduces to a point z
because f is cw-distal. Therefore, C C 7~ (x) is a subcontinuum of Y satisfying
diam(g™(C')) — 0 as n — oo and so C reduces to a singleton because 7 is
cw-distal. Then, g is cw-distal. U

PrOOF OF THEOREM 1.5. Let f: X — X and g: Y — Y be homeomor-
phisms of compact metric spaces X and Y. First suppose that f and g are
cw-distal. Denote by m1: X XY — X and m2: X XY — Y the natural projec-
tions and fix (z,y) € X x Y. It is easy to see that

Pryg(z,y) C Pr(x) x Py(y).

Hence 71 (C) C Py(x) and w2 (C) C Py(y) for every subcontinuum C C Pyy4(z,y).
Since f and g are cw-distal, both 71 (C) and m3(C) reduce to singleton. Hence
C reduces to a singleton too proving that Pyy,(z,y) is totally disconnected. As
(z,y) is arbitrary, f x g is cw-distal by Theorem 1.3.

Next we suppose that f is cw-distal and that g is an extension of f under
a light map h: Y — X. Take C € %.(Y) such that diam(g‘(C)) — 0 as
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n — oo for some sequence i, € Z. Since Y is compact, g'*(C) — y with
respect to the Hausdorff metric as n — oo for some y € Y. By continuity,
h(g(C)) — x = h(y) and so f»(h(C)) — z as n — oo with respect to the
Hausdorff metric too. In particular, diam(f (h(C)) — 0 as n — oo and then
h(C) = {2’} for some 2’ € X because f is cw-distal. It follows that C is
a subcontinuum of A~1(2’). Since h is light, C reduces to a point too and then
g is cw-distal.

Finally, suppose that g is cw-distal and that f is a factor of g under a light
weakly confluent map h: Y — X. Take C € %,.(X) such that diam(f(C)) — 0
as n — oo for some sequence i, € Z. Since h is weakly confluent, there is
A € %.(Y) such that h(A) = C. Since foh = hog, we have fin(C) =
fin(h(A)) = h(g*(A)) and so diam(h(g**(A))) — 0 as n — oo. Then, by passing
to a subsequence if necessary, we can assume that h(g'"(A)) — x with respect
to the Hausdorff metric n — oo. On the other hand, since 6,(Y") is compact (for
Y is), we can assume that there is Ao, € 6,.(Y) such that g (A4) — A with
respect to the Hausdorff metric as n — oo. But h(gi*(A4)) — x so Ase € h™1(2)
hence A, is degenerated because h is light. It follows that diam(g'"(A)) — 0 as
n — oo and then A reduces to a point since g is cw-distal. Therefore, C' = h(A)
reduces to a point too and the proof follows. O

PROOF OF EXAMPLE 1.7. A homeomorphism is countably distal if its prox-
imal cells are all countable. Consider X = [0,1] x C' where C is the ternary
Cantor set of [0,1]. By [7] there is a homeomorphism g: C — C such that
g(0) =0, g(1) =1 and {g"(y) : n € Z} is dense in C for every y € C'\ {0,1}.
Define f: X — X by f(z,y) = (x,9(y)) for (z,y) € X. Clearly, P(z,y) Cxz xC
and so P(z,y) is totally disconnected for every (z,y) € X. It follows that f is
cw-distal. On the other hand, since ¢(0) = 0 and {¢"(y) : n € Z} is dense in C
for every y € C'\ {0,1}, we get that P(x,0) = x (C'\ {0,1}) is uncountable for
every x € [0,1]. Therefore, f is not countably distal and so it is not N-distal for
every positive integer N. O

PrROOF OF THEOREM 1.11. Let f: X — X be a homeomorphism of a sepa-
rable metric space. First suppose that f is cw-distal. Take any nonatomic Borel
probability measure p and a subcontinuum C such that inf, ¢z diam(f™(C)) = 0.
Since f is cw-distal, C is degenerated (i.e. a singleton) and so u(C) = 0 since p
is nonatomic. Therefore, u is cw-distal.

Conversely, suppose that every nonatomic Borel probability measure is cw-
distal. If f were not cw-distal, there would exist a nondegenerated subcontinuum
C such that irellf\I diam(f™(C)) = 0. As C is nondegenerated and X separable,
Cis uncountgble and, since it is compact, there would exist a nonatomic Borel
probability measure p with ;(C) = 1. But then p is cw-distal and so pu(C) =0
a contradiction. (]
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PrOOF OF EXAMPLE 1.12. As in the proof of Example 1.7, take a home-
omorphism f: C' — C of the ternary Cantor set in [0, 1] such that f(0) = 0,
f(1) =1 and {f"(x) : n € Z} is dense in C for every x € C \ {0,1}. It fol-
lows that P(0) = C'\ {0,1} and so P(0) is not countable. Then, by Theorem 1.3
in [12], there is a nonatomic Borel probability measure p of C' which is non-distal
for f. Since C is totally disconnected, f is cw-distal and so p is cw-distal by
Theorem 1.11. (]

PRrROOF OF THEOREM 1.14. The second part of the theorem follows from the
first and Theorem 1.11. For the first part, let 1 be a strongly cw-distal measure
of f. Take a subcontinuum C' C P(z) for some z € X and fix e > 0. Let § > 0
be given by the strongly cw-distality of u for this €. Since C C P(z) C P(x,?),
1w(C) < pew(P(x,0)) < e. Since ¢ is arbitrary, u(C) = 0 proving the result. O

PROOF OF THEOREM 1.15. Let M?_(f) denote the set of strongly cw-distal
measures of a homeomorphism f: X — X. Given ¢,6 > 0 we define

C(e,8) = {p € M(X) : pew(P(,8)) > ¢, for some z € X }.

It follows easily from the definition that

(3.4) ME)\Mea(H)=1J N Cm ™ n™).

m=1n=1
We shall prove that C'(e,d) is open in M(X) for every £,6 > 0.

Take a sequence p, € M(X) converging to u € C(g,0) for some €,§ > 0.
Since 1 € C(g,d), there are x € X and a subcontinuum A C P(z,d) such
that p(A) > e. Since P(z,0) is open, contains A and X is locally connected,
there is a connected open subset O C X such that A C O C O C P(x,9) (e.g.
Corollary 9.13 in [8, p. 112]). Since O is open, well known properties of the weak*
convergence (e.g. [17]) imply

liminf 41, (0) > u(0) > u(A) > e

n—oo
Therefore, pu,(O) > € for n large. Since O C P(x,d), p, € C(g,0) for n large
proving that C(e,d) is open as asserted. Then, (3.4) implies that M2 _,(f) is
F,s and the result follows. O

PROOF OF THEOREM 1.16. Since every cw-distal measure is nonatomic,
Theorem 1.11 implies that Mcwa(f) = Mua(X) where My, (X) is the set of non-
atomic Borel probability measures of X. Then, it suffices to show M?_,(f) =
Mo (X) for every equicontinuous homeomorphism f: X — X.

Fix g € Mua(X) and € > 0. Since p is nonatomic, there is g > 0 such
that diam(A) < g implies u(A) < e for every measurable subset A. Let dy be
given by the equicontinuity of f for £y/2. Take y € P(x,0) for some z € X.

It follows that d(fi(x), fi(y)) < do for some i € Z. By the choice of §y we get
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d(f™(fi(x)), f*(fi(y))) < eo/2 for every n € Z. Replacing n = —i we obtain
d(z,y) < €0/2. Since y € P(x,0¢) is arbitrary, diam(P(xz,dy)) < e¢ for every
x € X. By the choice of g we get u(P(z,d0)) < & hence pew(P(z,00)) < &
for every x € X proving Mp,(X) C M3 _4(f). Since every strongly cw-distal

measure is cw-distal (hence nonatomic), we obtain M$_,(f) € Mpa(X) proving

the result. O

PROOF OF THEOREM 1.17. Let ¢ be a flow of a metric space X. Suppose
that there is s € C\ {Id} satisfying (1.3). Then, Lemma 2.1 implies O,(x) C {z}
and so ¢y_s1)(x) = x for every x € X and every t € R. Since s # Id, T =
t—s(t) # 0 for some ¢t € R. For this 7" we obtain ¢ (z) = z for every z € X and
then ¢ is uniformly closed. Finally, if s is bounded, then O(z) = {z} for every
x € X by Lemma 2.4 and so ¢ is trivial. O

PrOOF OF THEOREM 1.20. Let ¢ be a flow of a compact metric space X. If
¢ is closed, C1(O(z)) = O(z) and then Py(z) = O(x) for every x € X and every
s € C bounded by Lemma 2.4. Therefore, item (a) implies (b). Obviously item
(b) implies (c) and (c) implies (a) by Corollary 2.3. O

PrROOF OF THEOREM 1.21. Suppose by contradiction that there is a flow
without singularities ¢ of a compact metric space X satisfying (1.4) holds with
s = Id. Since ¢ has no singularities, and X is compact, there is 7 > 0 such that
¢r(x) # x for every © € X. Otherwise, it would exist sequences r; — 07 and
z; € X with ¢,,(x;) = x;. By compactness we can assume x; — x for some
x € X. Then, given t > 0 we write t = k;r; + [; for some k; € Nand 0 <[; < r;
so d(¢pe(x), z) < d(pe(z), de(x;)) + d(¢y, (x;),2) — 0 as i — oo thus ¢¢(x) = x for
every t > 0 proving that x is a singularity which is absurd.

Now, take any =z € X. It follows from (1.4) with s = Id that there is
a sequence t,, € R such that d(¢¢, (z), ér, +-(x)) = 0 as n — co. By compactness
we can assume that ¢; (z) — z for some z € X as n — oo. Then, ¢,.(z) = z
which is impossible since ¢ has no singularities. O

PRrROOF OF THEOREM 1.23. Clearly Py (x) = {z} for every x € X whenever
¢ is trivial. Conversely, if Py(x) = {z} for every x € X, then CI(O(x)) = {z}
for every z € X by Lemma 2.6 and so ¢ is trivial. O

PROOF OF THEOREM 1.24. As is well-known [4], a point z € X is almost
periodic for ¢ if and only if the orbit closure C1(O(%)) is minimal (i.e. compact,
nonempty, invariant and no proper subset of it is compact nonempty invariant).

First we prove that item (a) implies (b). Take z € X and y € Pe(z). Then,
there are s: R — R continuous with s(0) = 0 and a sequence ¢, € R such that
d(¢1, (), ds(t,)(y)) — 0 as n — oo. Since X is compact, we can assume by
taking a subsequence if necessary that ¢, (z) — z as n — oo for some z € X.
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It follows that ¢g,)(y) — z as n — oo thus z € CI(O(x)) N CI(O(y)). Then,
Cl(O(z)) N CL(O(y)) # B and so Cl(O(x)) = CL(O(y)) since both Cl(O(z)) and
Cl(O(y)) are minimal sets. In particular, y € C1(O(z)) and so Pe(x) C Cl(O(x)).
Since Cl(O(z)) C Py(x) (by Lemma 2.6) and Py (x) C Pe(z) (by definition
because H C C), we obtain Cl(O(z)) C Pe(z). Then, Cl(O(x)) = Pe(x) for
every x € X proving (b).

By Lemma 2.6 we have that item (b) implies (c).

Finally we prove that (c) implies (a). Take y € Cl(O(z)) for some z € X.
Then, y € Py(x) and so x € Py(y) = C1(O(z)) by Lemma 2.6. It follows that
Cl(O(z)) C CL(O(y)) hence Cl(O(x)) is minimal thus x is almost periodic. Since
x is arbitrary, item (a) holds. O
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