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Abstract. Using the homological link theorem and iteration inequalities
of Maslov-type index, we prove the multiplicity of subharmonic solutions for

some variant subquadratic non-autonomous Hamiltonian systems. More-

over, the minimal period problem has also been considered for the variant
subquadratic autonomous Hamiltonian systems.

1. Introduction and main results

In this paper, we first consider subharmonic solutions of the following non-

autonomous Hamiltonian system

(1.1)

−Jż = H ′z(t, z),

z(kτ) = z(0), k ∈ N,
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where τ > 0, H ′z denotes the gradient of H with respect to z ∈ R2n, and

J =
(

0 −In
In 0

)
with In being the identity matrix on Rn.

Let z = (p1, . . . , pn, q1, . . . , qn) ∈ R2n, for µi, νi > 0 with µi + νi = 1

(i = 1, . . . , n), define

V (z) = (µ1p1, . . . , µnpn, ν1q1, . . . , νnqn).

Assume H satisfies:

(H1) H ∈ C2
(
R× R2n,R

)
and τ -periodic in the first variable t,

(H2) there exist αi, βi > 0 (i = 1, . . . , n) such that

lim
|z|→+∞

H(t, z)

w(z)
= 0 uniformly in t,

where w(z) =
n∑
i=1

(
|pi|1+αi/βi + |qi|1+βi/αi

)
,

(H3) for V defined as above, there exists c1, c2 > 0 and β ∈ (1, 2) such that

for (t, z) ∈ R× R2n, there holds

min
{
H(t, z), H(t, z)−H ′z(t, z) · V (z)

}
≥ c1|z|β − c2

(H4) there exists λ ∈ [1, β2/(β + 1)) such that∣∣H ′′zz(t, z)∣∣ ≤ c2(|z|λ−1 + 1
)
, (t, z) ∈ R× R2n,

(H5) H(t, 0) = 0, and H(t, z) > 0, |H ′z(t, z)| > 0 for z 6= 0.

Note that (H4) implies that β ∈
(√

5 + 1/2, 2
)
.

Remark 1.1. Conditions (H1)–(H5) are similar to those in [17] with minor

modifications, where H possesses C1-smoothness, and V (z) and w(z) are of the

forms V (p, q) = (µp, νq) and w(p, q) = |p|1+σ/τ + |q|1+τ/σ for p, q ∈ Rn, where

µ, ν, σ, τ > 0 and µ + ν = 1. Note that for p, q ∈ R, the Hamiltonian function

in [17]

H(p, q) =



|p|1+σ/τ

ln(1 + |p|ξ)
+
|q|1+τ/σ

ln(1 + |q|ξ)
, p 6= 0, q 6= 0,

|p|1+σ/τ

ln(1 + |p|ξ)
, p 6= 0, q = 0,

|q|1+τ/σ

ln(1 + |q|ξ)
, p = 0, q 6= 0,

0, p = 0, q = 0,

satisfies (H2)–(H5) with µ = τ/(σ + τ), ν = σ/(σ + τ), β = τ/σ+1−2ξ and λ =

σ/τ + ξ, where σ > τ > 0, τ/σ > 2ξ > 0 and (τ/σ + 1− 2ξ)2/(τ/σ + 2− 2ξ) >

σ/τ + ξ (by continuity, the numbers σ, τ, ξ exist). Furthermore, by the trun-

cation techniques, we can redefine a Hamiltonian function satisfying (H1)–(H5)

which equals H outside some ball.
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In [17], the authors only obtain the existence reslut by the general link

thorem, however, using the Maslov-type index iteration theory and a homological

linking theorem, we verify the multiplicity of geometrically distinct subharmonic

solutions and the existence of minimal periodic solutions.

Remark 1.2. There exists a classical subquadratic growth condition in [3]

stating that

H(z) ≥ θH ′z(z) · z > 0, |z| ≥ R and H(z) ≥ c1|z|s − c2,

where 1/2 < θ < 1 and s ∈ (1, 1/θ). While in [13], define D(p, q) = (p/a, q/b),

z = (p, q) ∈ R2n with 1 < a, b ≤ 2 and 1/a+ 1/b > 2, the authors generalize the

above subquadratic growth condition, that is,

H(z) ≥ H ′z(z) ·D(z) > 0, |z| ≥ R and H(z) ≥ c1(|p|a + |q|b)− c2,

where 1 < a ≤ a and 1 < b ≤ b.
Finally, in [17], a variant subquadratic growth condition ((H2) and (H3) in

this paper) is developed, which in spirit is an isotropic growth condition having

some components growing more than 2 and other components growing less than

2 and generalizing the above subquadratic growth conditions. There exist other

types of subquadratic growth conditions, see [4], [5], [34].

We remind the readers that the generalization process of the subquadratic

growth condition resembles that of the superquadratic growth condition, see [2],

[3], [16], [28]. Moreover, the subharmonic solution problems and the minimal

periodic solution problems have been considered for the superquadratic case

in [28].

Given j ∈ Z and a kτ -periodic solution (z, kτ) of the system (1.1), we define

the phase shift j ∗z of z by j ∗z(t) = z(t+jτ). Recall that two solutions (z1, k1τ)

and (z2, k2τ) are geometrically distinct if j ∗ z1 6= l ∗ z2 for all j, l ∈ Z.

The goal of the present article is to obtain the multiplicity of geometrically

distinct subharmonic solutions for the system (1.1) under the above subquadratic

condition. Furthermore, the minimal periodic solutions of the following au-

tonomous Hamiltonian system

(1.2)

−Jż = H ′z(z),

z(τ) = z(0)

is also considered. Our main results are as follows.

Theorem 1.3. Suppose H satisfies (H1)–(H5). Then there exists τ0 > 0

such that, for any τ ≥ τ0 and any integer k ≥ 1, the system (1.1) possesses a

nontrivial kτ -periodic solution zk with its Maslov-type index satisfying

ikτ (zk) ≤ n ≤ ikτ (zk) + νkτ (zk).
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Moreover, if ikτ (zk) + νkτ (zk) > n and p > 2n/(ikτ (zk) + νkτ (zk)− n), then zk
and zpk are geometrically distinct.

Remark 1.4. Suppose B(t) is a τ -periodic continuous strictly positive defi-

nite martix function, consider the following Hamiltonian system−Jż = B(t)z(t),

z(τ) = z(0),

then there exists a periodic solution z satisfing iτ (z) ≥ n and ντ (z) ≥ 1 (see

Proposition 2.3), then iτ (z)+ντ (z) > n. Thus the assumption ikτ (zk)+νkτ (zk) >

n in Theorem 1.3 is reasonable.

If H contains a quadratic term, i.e. H(t, z) =
(
B̂(t)z, z

)
/2 + Ĥ(t, z), then we

have the following result.

Theorem 1.5. Suppose Ĥ satisfies (H1)–(H4), H satisfies (H5) and B̂ sat-

isfies

(H6) B̂(t) is a τ -periodic, symmetric and continuous matrix function with(
B̂(t)z, z

)
= 2(B̂(t)z, V (z)), (t, z) ∈ R× R2n,

(H7) there exists an unbounded sequence {ρm} ⊂ (0,+∞) such that

(B̂(t)Bρz,Bρz) = ρ%−2(B̂(t)z, z), (t, z) ∈ R× R2n,

where Bρ is defined in Section 3 for ρ ∈ {ρm} (since it is complex, we

do not give it here).

Let w = max
t∈R
|B̂(t)|. Then there exists τ0 > 0 such that for any τ ≥ τ0 and for

any integer 1 ≤ k < 2π/(wτ), the system (1.1) possesses a nontrivial kτ -periodic

solution zk with its Maslov-type index satisfying

ikτ (zk) ≤ n ≤ ikτ (zk) + νkτ (zk).

Furthermore, if ikτ (zk) + νkτ (zk) > n, then zk and zpk are geometrically distinct

provided p > 2n/(ikτ (zk) + νkτ (zk)− n) and pk < 2π/(wτ).

Below is the minimal periodic solution result.

Theorem 1.6. Suppose the autonomous Hamiltonian H(z) satisfies (H1)–

(H5) and

(H8) H ′′zz(z) is strictly positive for every z ∈ R2n \ {0}.

Then there exists τ0 > 0 such that for any τ ≥ τ0, the system (1.2) possesses

a nontrivial periodic solution z with minimal period τ .
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The first result for the existence of subharmonic periodic solutions of the sys-

tem (1.1) was obtained by Rabinowitz in [32]. Since then, many mathematicians

made their contributions in this topic, see for example [7], [10], [12], [18], [21],

[22], [28], [30], [34], [36]. For the brake subharmonic solutions of Hamiltonian

systems we refer to [19], [20]. For the P -symmetric subharmonic solutions we

refer to [27].

In the pioneer work [31], Rabinowitz proposed a conjecture on whether a su-

perquadratic Hamiltonian system possesses a non-constant periodic solution hav-

ing any prescribed minimal period. After paper [31], much work has been done

in this field. We refer to [8], [9], [11], [14], [15], [36] for the minimal periodic

solutions. For the minimal period problem of brake solutions of Hamiltonian

systems, we refer to [23]. For the minimal P -symmetric periodic solutions of

Hamiltonian systems, we refer to [24], [26], [35].

Linking theorems provide a simple but extremely powerful method to prove

the existence of critical points. We follow the ideas in [28] which use the homo-

logically link Theorem 2.9 (see [1]) to look for the critical points and estimate

the corresponding Morse index. Based on those, we study the subharmonic so-

lutions and minimal periodic solutions under subquadratic growth conditions by

the method in [22] respectively. The main difficulty is to construct two sets and

prove that they are homological linking which is the content of Lemma 2.8.

In Section 2, we briefly sketch some notions about the Maslov-type index

and the iteration inequalities developed by C. Liu and Y. Long in [25]. We also

recall the homologically link theorem in [1] from which we can find a critical

point of the corresponding functional together with Morse index information.

We prove that there is a homologically link structure for the functional under

the conditions of Theorem 1.3. The proofs of Theorems 1.3, 1.5 and 1.6 will be

given in Section 3.

2. Preliminaries

We first review the Maslov-type index and some iteration properties. Here

we use the notions and results in [25], [29].

Recall that the symplectic group is defined as

Sp(2n) =
{
M ∈ L(R2n) |MTJM = J

}
,

where L(R2n) is the space of 2n × 2n real matrices. For τ > 0, the set of

symplectic paths is defined by Pτ (2n) = {γ ∈ C([0, τ ],Sp(2n)) | γ(0) = I}.
Let Sτ = R/τZ and Ls(R2n) denote the set of all symmetric real 2n × 2n

matrices. For B(t) ∈ C(Sτ ,Ls(R2n)), suppose γ is the fundamental solution of

the linear Hamiltonian systems

(2.1) ẏ(t) = JB(t)y, y ∈ R2n.
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Then the Maslov-type index pair of γ is defined as a pair of integers

(iτ , ντ ) ≡ (iτ (γ), ντ (γ)) ∈ Z× {0, 1, . . . , 2n},

where iτ is the index part and

ντ = dim ker(γ(τ)− I)

is the nullity. We also call (iτ , ντ ) the Maslov-type index of B(t), just as in [25]

and [29]. If (z, τ) is a τ -periodic solution of (1.1), then the Maslov-type index of

the solution z is defined to be the Maslov-type index of B(t) = H ′′zz(t, z(t)) and

denoted by (iτ (z), ντ (z)).

For γ ∈ Pτ (2n), we define the m-th iteration path γm : [0,mτ ]→ Sp(2n) of γ

by

γm(t) = γ(t− jτ)γ(τ)j , for all jτ ≤ t ≤ (j + 1)τ, 0 ≤ j ≤ m− 1.

We denote the Maslov-type index of γm on [0,mτ ] by (imτ , νmτ ).

Proposition 2.1 ([22]). If z is a kτ -periodic solution of the system (1.1),

then ikτ (j ∗ z) = ikτ (z) and νkτ (j ∗ z) = νkτ (z) for all integers 0 ≤ j ≤ k.

Proposition 2.2 ([22], [25]). For m ∈ N, there holds

m(iτ + ντ − n)− n ≤ imτ ≤ m(iτ + n) + n− νmτ .

Proposition 2.3 ([1]). Let B(t) ∈ C
(
R,Ls

(
R2n

))
be τ -periodic and positive

definite for all t ∈ [0, τ ]. Suppose that B(t0) is strictly positive for some t0 ∈
[0, τ ]. Then iτ (B) ≥ n.

Proposition 2.4 ([9]). Let B(t) ∈ C
(
R,Ls

(
R2n

))
be τ -periodic. Suppose

there exists some m ∈ Z such that imτ (B) ≤ n + 1, iτ (B) ≥ n and ντ (B) ≥ 1.

Then m = 1.

Now we introduce some concepts and conclusions which are used later. For

Sτ = R/τZ, let E = W 1/2,2
(
Sτ ,R2n

)
. Recall that E consists of all the elements

z ∈ L2(Sτ ,R2n) satisfying

z(t) =
∑
j∈Z

exp

(
2jπt

τ
J

)
aj , aj ∈ R2n,

‖z‖2 = τ |a0|2 + τ
∑
j∈Z
|j||aj |2 < +∞.

The inner product in E is given by

〈z1, z2〉 = τa1
0 · a2

0 + τ
∑
j∈Z
|j|a1

j · a2
j for zk =

∑
j∈Z

exp

(
2jπt

τ
J

)
akj , k = 1, 2.

Lemma 2.5 ([33]). For each s ∈ [1,+∞), the space E is compactly embedded

in Ls
(
Sτ ,R2n

)
. In particular, there is a constant Cs > 0 such that ‖z‖Ls ≤

Cs‖z‖ for all z ∈ E.
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Let Ls(E) and Lc(E) denote the spaces of bounded self-adjoint linear opera-

tor and compact linear operator on E, respectively. For B(t) ∈ C
(
Sτ ,Ls

(
R2n

))
,

we define two operators A,B ∈ Ls(E) by extending the bilinear forms:

(2.2) 〈Ax, y〉 =

∫ τ

0

−Jẋ(t) · y(t) dt, 〈Bx, y〉 =

∫ τ

0

B(t)x(t) · y(t) dt

on E. Then B ∈ Lc(E). For m ∈ N, set E0 = R2n,

Em =

m∑
j=−m

exp

(
2jπt

τ
J

)
R2n, E± =

∑
±j>0

exp

(
2jπt

τ
J

)
R2n,

and E+
m = Em ∩ E+, E−m = Em ∩ E−. Obviously, E = E+ ⊕ E0 ⊕ E− and

Em = E+
m ⊕ E0 ⊕ E−m. It is easy to check that E+, E0, E− are respectively

the subspaces of E on which A is positive definite, null, and negative definite,

and these spaces are orthogonal with respect to A. For z = z+ + z0 + z− with

z± ∈ E± and z0 ∈ E0, we have

〈Az, z〉 = 〈Az+, z+〉+ 〈Az−, z−〉,

‖z‖2 = |z0|2 +
1

2
(〈Az+, z+〉 − 〈Az−, z−〉).

Let P0 be the orthogonal projection from E to E0 and Pm be the orthogonal

projection from E to Em for m ∈ N. Then {Pm}∞m=0 is a Galerkin approximation

sequence with respect to the operator A.

For S ∈ Ls(E) and d > 0, we denote by M+
d (S), M−d (S) and M0

d (S)

the eigenspace corresponding to the eigenvalue belonging to [d,+∞), (−∞,−d]

and(−d, d), respectively, and denote by M+(S), M−(S), and M0(S), respec-

tively, the positive definite, negative definite, and null subspace of S. Set

S] = (S|ImS)−1, and PmSPm ≡ (PmSPm) |Em : Em → Em.

In [15], Fei and Qiu studied the relation between the Maslov-type index and

the Morse index by the Galerkin approximation method and got the following

theorem.

Theorem 2.6 ([15]). For B(t) ∈ C(R,Ls(R2n)) with the Maslov-type index

(iτ , ντ ) and any constant 0 < d ≤ ‖(A−B)]‖−1/4, there exists an m0 > 0 such

that for m ≥ m0, there holds

(2.3)

dimM+
d (Pm(A−B)Pm) =

1

2
dimEm − iτ − ντ ,

dimM−d (Pm(A−B)Pm) =
1

2
dimEm + iτ ,

dimM0
d (Pm(A−B)Pm) = ντ ,

where the operator B is the defined by (2.2) corresponding to B(t).
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Definition 2.7 ([1], [6]). Let M be a Hilbert manifold. Suppose that Q

is a closed q-dimensional ball topologically embedded into M and S is a closed

subset such that ∂Q ∩ S = ∅. We say

(a) ∂Q and S homotopically link if ϕ(Q)∩S 6= ∅ for each ϕ ∈ C(Q,M) with

ϕ|∂Q = id|∂Q.

(b) ∂Q and S homologically link if ∂Q is the support of a non-vanishing

homology class in Hq−1(M \ S).

The following lemma is a new linking structure which is different from those

in [28], [34].

Lemma 2.8. Let M = M1 ⊕M2 be a Hilbert space with dimM2 = q and

P2 : M →M2 be the orthogonal projection. For ϑ > 0, let Bϑ be such a bounded

linear invertible operator on M that P2Bϑ : M2 → M2 is invertible and ϑ >

‖(P2Bϑ)−1‖. Suppose S = M1 + u0 with u0 ∈ M2 and ‖u0‖ = 1, Q = {Bϑz |
z ∈M2, ‖z‖ ≤ ϑ}. Then ∂Q and S are homologically link.

Proof. By Theorem II.1.2 in [6], we only need to prove that ∂Q and S

homotopically link.

First we prove that Q ∩ S 6= ∅. It suffices to prove that ψ0(v) = 0 has

a solution in Q, where

ψ0(v) = B0B
−1
ϑ v − u0, v ∈ Q.

Note that v = BϑB
−1
0 u0 (∈ Q \ ∂Q) is the unique solution of ψ0 in Q, where

B0 = P2Bϑ and B−1
0 denotes the inverse of B0|M2

. Therefore ∂Q ∩ S = ∅, and

we have deg(ψ0, Q, 0) = ±1 via the Brouwer’s degree.

It remains to show that ϕ(Q)∩S 6= ∅, where ϕ ∈ C(Q,M) with ϕ|∂Q = id|∂Q.

We define ψ : Q→M2 as

ψ(v) = P2ϕ(v)− u0

and hence it is sufficient to prove ψ(v) = 0 has a solution in Q. Since ψ = ψ0

on ∂Q, by the Brouwer’s degree theory, we have deg(ψ,Q, 0) = deg(ψ0, Q, 0) =

±1. Thus ψ(v) = 0 has a solution in Q. �

Let f be a C2 functional on a Hilbert manifold M . Denote by D2f the

Hessian of f . Recall that the Morse index m(x) of f at a critical point x is the

dimension of a maximal subspace on which D2f(x) is strictly negative and the

large Morse index m∗(x) of x is m(x) + dim kerD2f(x).

In order to find the critical points and get the corresponding Morse index

estimates, we need the following homologically link theorem which was proved

in [1].

Theorem 2.9 ([1]). Let M be a Hilbert manifold. Let Q ⊂M be a topologi-

cally embedded closed q-dimensional ball and let S ⊂ M be a closed subset such
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that ∂Q ∩ S = ∅. Assume that ∂Q and S homologically link. Let f ∈ C2(M) be

a function with Fredholm gradient such that

(a) sup
∂Q

f < infS f ;

(b) the functional f satisfies (PS) condition on some open interval contain-

ing
[

inf
S
f, sup

Q
f
]
.

Then, if Γ denotes the set of all q-chains in M whose boundary has support ∂Q,

the number

c := inf
ξ∈Γ

sup
|ξ|

f

belongs to
[

inf
S
f, sup

Q
f
]

and is a critical value of f , where |ξ| denotes the support

of the chain ξ. Moreover, f has a critical point x such that f(x) = c and the

following estimate on Morse index and the large Morse index of x holds

m(x) ≤ q ≤ m∗(x).

3. Proof of the main results

Firstly, we give a detailed proof of Theorem 1.3, so we assume H satisfies

(H1)–(H5). Define

G(z) =

∫ τ

0

H(t, z) dt− 1

2
〈Az, z〉 for z ∈ E.

By (H4), we have G ∈ C2(E,R). Hence looking for τ -periodic solutions of (1.1)

is equivalent to looking for critical points of G on E. Moreover, set Gm = G|Em .

Lemma 3.1. The functional G satisfies (PS)∗ condition w.r.t. {Ej}j∈Z, i.e.

any sequence {zj} ⊂ E satisfying zj ∈ Ej, Gj(zj) is bounded and G′j(zj)→ 0 as

j → +∞ possesses a convergent subsequence in E.

Proof. Let {zj} be such a sequence with |G(zj)| ≤ K1 and G′j(zj) → 0 as

j →∞, where K1 > 0. It suffices to show that {zj} is bounded. For large j we

have

K1 + ‖zj‖ ≥ G(zj)−G′j(zj)V (zj)(3.1)

=

∫ τ

0

(
H(t, zj)−H ′z(t, zj) · V (zj)

)
dt

≥
∫ τ

0

(
c1|zj |β − c2

)
dt = c1‖zj‖βLβ − τc2

via (H3). Then there exists K2 > 0 such that

(3.2) ‖zj‖Lβ ≤ K2

(
1 + ‖zj‖1/β

)
.
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Set zj = z+
j + z0

j + z−j , for large j we have

‖z+
j ‖ ≥ ‖G

′
j(zj) · z+

j ‖ =

∣∣∣∣ ∫ τ

0

[
H ′z(t, zj) · z+

j − (−Jżj · z+
j )
]
dt

∣∣∣∣.
By (H4), Hölder’s inequality and Lemma 2.5, we obtain

‖z+
j ‖

2 =
1

2

∫ τ

0

−Jżj · z+
j dt(3.3)

≤
∣∣∣∣ ∫ τ

0

H ′z(t, zj) · z+
j dt

∣∣∣∣+ ‖z+
j ‖

≤
∫ τ

0

c3(|zj |λ + 1)|z+
j | dt+ ‖z+

j ‖

≤ c3
(∫ τ

0

|zj |β dt
)λ/β(∫ τ

0

|z+
j |
β/(β−λ) dt

)(β−λ)/β

+ c3‖z+
j ‖L1 + ‖z+

j ‖

≤K3(1 + ‖zj‖λLβ )‖z+
j ‖,

where c3,K3 > 0 are suitable constants. Combining (3.2) and (3.3), we have

(3.4) ‖z+
j ‖ ≤ K4

(
1 + ‖zj‖λ/β

)
,

where K4 > 0. Similarly, we have

(3.5) ‖z−j ‖ ≤ K4

(
1 + ‖zj‖λ/β

)
.

Next we estimate the boundedness of {z0
j }. Set ẑj = zj − z0

j = z+
j + z−j . Since

λ < β, by (H4), (3.4), (3.5) and Lemma 2.5, we obtain∣∣∣∣ ∫ τ

0

[
H(t, zj)−H

(
t, z0

j

)]
dt

∣∣∣∣(3.6)

=

∣∣∣∣ ∫ τ

0

∫ 1

0

H ′z(t, z
0
j + sẑj) · ẑj ds dt

∣∣∣∣
≤
∫ τ

0

2λc3
(
|z0
j |λ + |ẑj |λ + 1

)
|ẑj | dt ≤ K5

(
1 + ‖zj‖λ+λ/β

)
,

where K5 > 0 is a suitable constant. From (3.4)–(3.6), we see

(3.7)

∫ τ

0

H
(
t, z0

j

)
dt = G(zj) +

1

2
〈Azj , zj〉 −

∫ τ

0

[
H(t, zj)−H

(
t, z0

j

)]
dt

≤ K6

(
1 + ‖zj‖λ+λ/β

)
,

where K6 > 0. From (H3), it follows that

(3.8)

∫ τ

0

H
(
t, z0

j

)
dt ≥

∫ τ

0

(
c1|z0

j |β − c2
)
dt.

From (3.7) and (3.8), we see that

(3.9)
∣∣z0
j

∣∣ ≤ K7

(
1 + ‖zj‖(λ+λβ)/β2)

,
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where K7 > 0. From (H4), (3.4), (3.5) and (3.9), we see {zj} is bounded. �

Choose a constant % > 0 such that α̃i = %αi/(αi + βi) ≥ 1 and β̃i =

%βi/(αi + βi) ≥ 1, where αi and βi are given by (H2). For ρ > 0 and z =

(p1, . . . , pn, q1, . . . , qn) ∈ E, we define an operator Bρ : E → E by

Bρz =
(
ρβ̃1−1p1, . . . , ρ

β̃n−1pn, ρ
α̃1−1q1, . . . , ρ

α̃n−1qn

)
.

It is easy to see that Bρ is a linear bounded and invertible operator and ‖Bρ‖ ≤ 1

if ρ ≤ 1.

For z = z+ + z0 + z− ∈ E, we have

(3.10) 〈ABρz,Bρz〉 = ρ%−2〈Az, z〉 = ρ%−2
(
‖z+‖2 − ‖z−‖2

)
.

Set Xm = E−m ⊕ E0 and Ym = E+
m. For u0 ∈ Y1 with ‖u0‖ = 1, define S =

E− ⊕ E0 + u0 and Q = {Bϑz | z ∈ E+, ‖z‖ ≤ ϑ}, where ϑ > 0 is determined

below.

Lemma 3.2. There exists ϑ > 1 large enough such that sup
∂Q

G < 0.

Proof. By (H2), for any ε > 0, there exists Mε such that

(3.11) H(t, z) ≤ ε
n∑
i=1

(
|pi|1+αi/βi + |qi|1+βi/αi

)
+Mε, (t, z) ∈ R× R2n.

For Bϑz ∈ ∂Q, from (3.10) and (3.11), we have

(3.12) G(Bϑz) =

∫ τ

0

H(t, Bϑz)−
1

2
〈ABϑz,Bϑz〉

≤ ε
n∑
i=1

∫ τ

0

(
ϑ(β̃i−1)(1+αi/βi)|pi|1+αi/βi + ϑ(α̃i−1)(1+βi/αi)|qi|1+βi/αi

)
dt

+Mετ − ϑ% ≤ (2nεK8 − 1)ϑ% +Mετ,

where K8 > 0 is the embedding constant.

Choose ε > 0 such that 2nεK8 < 1, then for ϑ > 1 large enough, we have

sup∂QG < 0. �

Lemma 3.3. There exists τ0 > 0 such that for τ ≥ τ0, there holds inf
S
G ≥ 1.

Proof. For z ∈ S, we have

G(z) =

∫ τ

0

H(t, z) dt+ ‖z−‖2 − ‖u0‖2

= λ

∫ 2π

0

H(λt, z(λt)) dt+ ‖z−‖2 − ‖u0‖2,

where λ = τ/(2π). Then the proof follows the lines of [3], [17] by (H5). �

Lemma 3.4. For ϑ > 1, we have ∂Qm and Sm homologically link.
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Proof. Since ϑ > 1, ϑ > ‖B−1
ϑ ‖ = ‖B1/ϑ‖. Let P : E → E+ denote the

orthogonal projection. Then PBϑ : E+ → E+ is linear bounded and invertible

(see [2], [16]). Note that Bϑ(Em) ⊂ Em and Bϑ|Em : Em → Em is linear bounded

and invertible. Then P̃mBϑ|Em : Ym → Ym is also linear bounded and invertible,

where P̃m : Em → Ym is the orthogonal projection. The assertion follows by

Lemma 2.8. �

Theorem 3.5. Suppose H satisfies (H1)–(H5). Then there exists τ0 > 0

such that for τ ≥ τ0, the system (1.1) possesses a nontrivial τ -periodic solution

z satisfying

(3.13) iτ (z) ≤ n ≤ iτ (z) + ντ (z).

Proof. For any m ∈ N, Lemma 3.1 shows that Gm satisfies (PS) condition.

And Lemmas 3.2–3.4 show that Gm satisfies other hypotheses of Theorem 2.9.

Then Gm has a critical point zm satisfying

(3.14) inf
S
G ≤ G(zm) ≤ sup

Q
G and m(zm) ≤ dimYm ≤ m∗(zm).

By Lemmata 3.1 and 3.3, when τ ≥ τ0, we may assume zm → z ∈ E as m →
+∞ with G(z) ≥ 1 and G′(z) = 0. By (H5), the only trivial solution of the

system (1.1) is z(t) ≡ 0. Therefore, for τ ≥ τ0, the critical point z of G is

a classical nontrivial τ -periodic solution of the system (1.1).

Now we show (3.13) holds. The proof is similar to that in [22]. Let B be the

operator for B(t) = H ′′zz(t, z(t)) defined by (2.2). Direct computation implies

(3.15) ‖G′′(x)− (B −A)‖ → 0 as ‖x− z‖ → 0, x ∈ E.

Let d = ‖(A−B)]‖−1/4. By (3.15), there exists r0 > 0 such that

‖G′′(x)− (B −A)‖ < d

2
, x ∈ Vr0 = {x ∈ E | ‖x− z‖ ≤ r0}.

Hence, for m large enough, there holds

(3.16) ‖G′′m(x)− Pm(B −A)Pm‖ <
d

2
, x ∈ Vr0 ∩ Em.

For x ∈ Vr0 ∩ Em and w ∈M−d (Pm(B −A)Pm) \ {0}, (3.16) implies that

〈G′′m(x)w,w〉 ≤ 〈Pm(B −A)Pmw,w〉

+ ‖G′′m(x)− Pm(B −A)Pm‖ · ‖w‖2 ≤ −
d

2
‖w‖2 < 0.

Then

(3.17) dimM−(G′′m(x)) ≥ dimM−d (Pm(B −A)Pm), x ∈ Vr0 ∩ Em.

Similarly, we have

(3.18) dimM+(G′′m(x)) ≥ dimM+
d (Pm(B −A)Pm), x ∈ Vr0 ∩ Em.



Subharmonic Solutions and Minimal Periodic Solutions 529

Note that

(3.19)
dimM−d (Pm(B −A)Pm) = dimM+

d (Pm(A−B)Pm),

dimM0
d (Pm(B −A)Pm) = dimM0

d (Pm(A−B)Pm).

By (3.14), (3.17)–(3.19) and Theorem 2.6, for large m, we have

1

2
dimEm − n = dimYm ≥ m(zm)(3.20)

≥ dimM+
d (Pm(A−B)Pm) =

1

2
dimEm − iτ (z)− ντ (z)

and

(3.21)
1

2
dimEm − n ≤ m∗(zm)

≤ dimM−d (Pm(B −A)Pm) + dimM0
d (Pm(B −A)Pm)

=
1

2
dimEm − iτ (z).

Thus we obtain (3.13) by (3.20) and (3.21). �

Proof of Theorem 1.3. Since H is kτ -periodic, Theorem 3.5 implies the

system (1.1) possesses a nontrivial kτ -periodic solution zk satisfying

(3.22) ikτ (zk) ≤ n ≤ ikτ (zk) + νkτ (zk).

If zk and zpk are not geometrically distinct, then there exist integers l and m

such that l ∗ zk = m ∗ zpk by definition. It follows from Proposition 2.1 that

ikτ (l ∗ zk) = ikτ (zk), νkτ (l ∗ zk) = νkτ (zk),

ipkτ (m ∗ zpk) = ipkτ (zpk), νpkτ (m ∗ zpk) = νpkτ (zpk).

By (3.22), we have ipkτ (zpk) ≤ n and ikτ (zk) + νkτ (zk) > n. Proposition 2.2

shows that

p ≤ 2n

ikτ (zk) + νkτ (zk)− n
which contradicts with the assumption

p >
2n

ikτ (zk) + νkτ (zk)− n
. �

Proof of Theorem 1.5. At the moment, H(t, z) is defined by

H(t, z) =
1

2

(
B̂(t)z, z

)
+ Ĥ(t, z).

Since (H6) and (H7) hold, we have

G(z)−G′(z)V (z) =

∫ τ

0

(Ĥ(t, z)− Ĥ ′z(t, z) · V (z)) dt

and 〈
B̂Bϑz,Bϑz

〉
= ϑ%−2〈B̂z, z〉, z ∈ E,
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where Bϑ is the operator defined by Bϑ(t), Bϑ for ϑ ∈ {ρm} is defined as in this

section and then we can complete the proof by applying the same arguments as

above. �

Proof of Theorem 1.6. By Theorem 3.5, there exists τ0 > 0 such that

for any τ ≥ τ0, the system (1.2) possesses a nontrivial τ -periodic solution z with

(3.23) iτ (z) ≤ n.

The rest proof is almost the same as that in [25]. For readers’ convenience, we

estimate the iteration number of the solution (z, τ).

Suppose (z, τ) has minimal period τ/k, i.e. its iteration number is k ∈ N.

Since the Hamiltonian system in (1.2) is autonomous and the condition (H8)

holds, it follows by Proposition 2.3 that

(3.24) ντ/k(z) ≥ 1 and iτ/k(z) ≥ n.

Thus by (3.23), (3.24) and Proposition 2.4, we obtain k = 1 and complete the

proof (see [28]). �
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