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ABSTRACT. Using the homological link theorem and iteration inequalities
of Maslov-type index, we prove the multiplicity of subharmonic solutions for
some variant subquadratic non-autonomous Hamiltonian systems. More-
over, the minimal period problem has also been considered for the variant
subquadratic autonomous Hamiltonian systems.

1. Introduction and main results

In this paper, we first consider subharmonic solutions of the following non-

autonomous Hamiltonian system

—Jz=H.(t,2),

(L) 2(k7) = 2(0),  keEN,
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where 7 > 0, H! denotes the gradient of H with respect to z € R?", and
J = (Oln 75") with I,, being the identity matrix on R”.

Let 2 = (D1, sPnsQ1s---,qn) € R? for p;, v; > 0 with p; +v; = 1
(t=1,...,n), define

V(Z) = (/ilplv sy MnPns V141, - - Vn‘]n)-

Assume H satisfies:

(H1) H € C?(R x R*",R) and 7-periodic in the first variable ¢,
(H2) there exist a;,3; >0 (i = 1,...,n) such that

H(t,z2)

=0 uniformly in ¢,

n

where w(z) = > (|pi‘1+ai//8i + |qi‘1+5i/ai),

=1

(H3) for V defined as above, there exists ¢1,¢2 > 0 and 8 € (1,2) such that
for (t,z) € R x R?", there holds

min {H(t,z), H(t,z) — H.(t,z) - V(2)} > c1]2]® — e
(H4) there exists A € [1,32/(8 + 1)) such that
‘H;’Z(t,z)‘ < cz(|z|A_1 + 1)7 (t,2) € R x R?",
(H5) H(t,0) =0, and H(t,2z) >0, |[H.(t,2)| > 0 for z # 0.
Note that (H4) implies that 8 € (v/5 +1/2,2).

REMARK 1.1. Conditions (H1)-(H5) are similar to those in [17] with minor
modifications, where H possesses C''-smoothness, and V() and w(z) are of the
forms V(p,q) = (up,vq) and w(p,q) = |p|*t7/™ + |q|**t7/7 for p,q € R", where
w,v,o,7 > 0 and p+ v = 1. Note that for p,q € R, the Hamiltonian function
in [17]

p|\te/m |g| 17/
(@ + P9 T jgE P70 1F0
pli+o/T
H(p,q) = ln|(1 T plE)’ p#0,¢=0,
|q|1+‘r/cr
(14 [q€) p=0, 470,
0, p=0, ¢=0,

satisfies (H2)—(H5) with u=7/(c +7),v=0/(c +7), 8 =7/c+1—-2 and A =
o/T+& where 0 >7>0,7/0>26>0and (1/0+1—28)2/(1)0+2—2£) >
o/7 + & (by continuity, the numbers o, 7, £ exist). Furthermore, by the trun-
cation techniques, we can redefine a Hamiltonian function satisfying (H1)—(H5)
which equals H outside some ball.
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In [17], the authors only obtain the existence reslut by the general link
thorem, however, using the Maslov-type index iteration theory and a homological
linking theorem, we verify the multiplicity of geometrically distinct subharmonic

solutions and the existence of minimal periodic solutions.

REMARK 1.2. There exists a classical subquadratic growth condition in [3]
stating that

H(z)>0H.(2)-2>0, |2/>R and H(z)>c1]z|® — ca,

where 1/2 < @ < 1 and s € (1,1/6). While in [13], define D(p, q) = (p/a, q/b),
z=(p,q) € R™ with 1 < a, b<2and 1/a+1/b> 2, the authors generalize the
above subquadratic growth condition, that is,

H(z) > Hi(2)  D(2) >0, |2/ >R and H(z) > cr(]p|” + lg[b) — 2,

where 1 <@ <aand 1 <b<b.

Finally, in [17], a variant subquadratic growth condition ((H2) and (H3) in
this paper) is developed, which in spirit is an isotropic growth condition having
some components growing more than 2 and other components growing less than
2 and generalizing the above subquadratic growth conditions. There exist other
types of subquadratic growth conditions, see [4], [5], [34].

We remind the readers that the generalization process of the subquadratic
growth condition resembles that of the superquadratic growth condition, see [2],
[3], [16], [28]. Moreover, the subharmonic solution problems and the minimal
periodic solution problems have been considered for the superquadratic case
in [28].

Given j € Z and a kr-periodic solution (z, k7) of the system (1.1), we define
the phase shift j*z of z by j*z(t) = z(t+j7). Recall that two solutions (z1, k17)
and (29, ko7) are geometrically distinct if j % 21 # [ * 29 for all j, [ € Z.

The goal of the present article is to obtain the multiplicity of geometrically
distinct subharmonic solutions for the system (1.1) under the above subquadratic
condition. Furthermore, the minimal periodic solutions of the following au-
tonomous Hamiltonian system

1.2
(1-2) z(1) = z(0)

is also considered. Our main results are as follows.

THEOREM 1.3. Suppose H satisfies (H1)—(H5). Then there exists 19 > 0
such that, for any T > 19 and any integer k > 1, the system (1.1) possesses a
nontrivial kT-periodic solution zy with its Maslov-type index satisfying

ihr(21) <0 < lpr(2k) + Vier (2)-
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Moreover, if ixr(zk) + vir(2k) > n and p > 2n/ (i (2x) + vir (21) —n), then zg
and zpi, are geometrically distinct.

REMARK 1.4. Suppose B(t) is a 7-periodic continuous strictly positive defi-
nite martix function, consider the following Hamiltonian system

—Ji = B(t)=(t),
(1) = 2(0),

then there exists a periodic solution z satisfing i-(z) > n and v.(z) > 1 (see

Proposition 2.3), then i, (z)+v,(z) > n. Thus the assumption g, (25 )+ (21) >
n in Theorem 1.3 is reasonable.

If H contains a quadratic term, i.e. H(t, z) = (E(t)z, z)/2 + H(t,z), then we
have the following result.

THEOREM 1.5. Suppose H satisfies (H1)—~(H4), H satisfies (H5) and B sat-
isfies

(H6) B(t) is a T-periodic, symmetric and continuous matriz function with
(B(t)z,2) = 2(B(t)z,V(2)), (t,2) € R x R*",
(HT) there exists an unbounded sequence {p;,} C (0,+00) such that
(B(t)B,z, B,z) = p? %(B(t)z,2), (t,2) € R x R¥",

where B, is defined in Section 3 for p € {pm} (since it is complex, we
do not give it here).
Let w = max |§(t)| Then there exists 19 > 0 such that for any T > 19 and for
te

any integer 1 < k < 2w /(wT), the system (1.1) possesses a nontrivial kt-periodic
solution zy with its Maslov-type index satisfying

ihr(21) <0 < lpr(2k) + Vier (21)-

Furthermore, if ixr(21) + Vir (21) > n, then zi, and zyk, are geometrically distinct
provided p > 2n/(ixr (2x) + Vir(21) — n) and pk < 27 /(wT).

Below is the minimal periodic solution result.

THEOREM 1.6. Suppose the autonomous Hamiltonian H(z) satisfies (H1)—
(H5) and

(H8) H!.(2) is strictly positive for every z € R®™ \ {0}.

Then there exists 1o > 0 such that for any 7 > 79, the system (1.2) possesses
a nontrivial periodic solution z with minimal period T.
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The first result for the existence of subharmonic periodic solutions of the sys-
tem (1.1) was obtained by Rabinowitz in [32]. Since then, many mathematicians
made their contributions in this topic, see for example [7], [10], [12], [18], [21],
[22], [28], [30], [34], [36]. For the brake subharmonic solutions of Hamiltonian
systems we refer to [19], [20]. For the P-symmetric subharmonic solutions we
refer to [27].

In the pioneer work [31], Rabinowitz proposed a conjecture on whether a su-
perquadratic Hamiltonian system possesses a non-constant periodic solution hav-
ing any prescribed minimal period. After paper [31], much work has been done
in this field. We refer to [8], [9], [11], [14], [15], [36] for the minimal periodic
solutions. For the minimal period problem of brake solutions of Hamiltonian
systems, we refer to [23]. For the minimal P-symmetric periodic solutions of
Hamiltonian systems, we refer to [24], [26], [35].

Linking theorems provide a simple but extremely powerful method to prove
the existence of critical points. We follow the ideas in [28] which use the homo-
logically link Theorem 2.9 (see [1]) to look for the critical points and estimate
the corresponding Morse index. Based on those, we study the subharmonic so-
lutions and minimal periodic solutions under subquadratic growth conditions by
the method in [22] respectively. The main difficulty is to construct two sets and
prove that they are homological linking which is the content of Lemma 2.8.

In Section 2, we briefly sketch some notions about the Maslov-type index
and the iteration inequalities developed by C. Liu and Y. Long in [25]. We also
recall the homologically link theorem in [1] from which we can find a critical
point of the corresponding functional together with Morse index information.
We prove that there is a homologically link structure for the functional under
the conditions of Theorem 1.3. The proofs of Theorems 1.3, 1.5 and 1.6 will be
given in Section 3.

2. Preliminaries

We first review the Maslov-type index and some iteration properties. Here
we use the notions and results in [25], [29].
Recall that the symplectic group is defined as

Sp(2n) = {M € L(R*") | MTJM = J},

where L£(R?") is the space of 2n x 2n real matrices. For 7 > 0, the set of
symplectic paths is defined by P,(2n) = {y € C([0,7],Sp(2n)) | v(0) = I}.

Let S, = R/7Z and £,(R?*") denote the set of all symmetric real 2n x 2n
matrices. For B(t) € C(S;, £,(R?")), suppose 7 is the fundamental solution of
the linear Hamiltonian systems

(2.1) y(t) = JB(t)y, ye€R™,
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Then the Maslov-type index pair of v is defined as a pair of integers
(iTvVT) = (ZT(’Y)ﬂVT(’Y)) € Z X {07 ]-a N .,271},
where i, is the index part and
vy = dimker(y(r) — I)

is the nullity. We also call (., v,) the Maslov-type index of B(t), just as in [25]
and [29]. If (z,7) is a 7-periodic solution of (1.1), then the Maslov-type index of
the solution z is defined to be the Maslov-type index of B(t) = H/, (¢, z(t)) and
denoted by (i,(z), v (2)).

For v € P.(2n), we define the m-th iteration path ~,,: [0, m7] — Sp(2n) of v
by

Y(t) =yt — jr)y(r), forall jr<t < (j+1)r, 0<j<m-—L

We denote the Maslov-type index of ™ on [0, m7] by (imr, Vimr)-

PRrROPOSITION 2.1 ([22]). If z is a kT-periodic solution of the system (1.1),
then igr (J * 2) = igr(2) and ve,(J * 2) = vir(2) for all integers 0 < j < k.

PROPOSITION 2.2 (]22], [25]). For m € N, there holds
mic +vr —n) = n <imr <mi; +n) + 1 — Vpr.

PROPOSITION 2.3 ([1]). Let B(t) € C(R, £,(R*")) be T-periodic and positive
definite for all t € [0,7]. Suppose that B(to) is strictly positive for some tg €
[0,7]. Then i,(B) > n.

PROPOSITION 2.4 ([9]). Let B(t) € C(R, £,(R*)) be 7-periodic. Suppose
there exists some m € Z such that iy, (B) <n+1, i;(B) > n and v(B) > 1.
Then m = 1.

Now we introduce some concepts and conclusions which are used later. For
S; =R/7Z, let E = W/%2(S.,R?). Recall that E consists of all the elements
z € L?(S,,R?*) satisfying
25wt
2(t) = Zexp (TJ) a;, aj € R™,
JEZL
217 = Tlaol® + 7> lilla;]* < +oc.
JEL

The inner product in F' is given by

1. 2 g1 2 2jmt k
(z1,22) = Tag - ag —|—sz€% ljlaj - aj for z = ]Ze%exp (TJ>aj, k=12
LEMMA 2.5 ([33]). For each s € [1,+00), the space E is compactly embedded
in L*(S;,R?"). In particular, there is a constant Cs > 0 such that |z|[: <
Cs||z|| for all z € E.
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Let £,(F) and £.(F) denote the spaces of bounded self-adjoint linear opera-
tor and compact linear operator on E| respectively. For B(t) € C(ST, L (Rzn)),
we define two operators A, B € £,(F) by extending the bilinear forms:

(22)  (Aw.y) = / Ji)-ytydt,  (Bry) = / "Byl () de

on E. Then B € £.(F). For m € N, set EY = R?",

= 2jmt 2jmt
E'm — Z exp (WJ>R2”’7 Ei — Z exp <‘77TJ>R277,’

. T - T

j=—m +5>0
and Ef = E,,NEY E,. = E, NE~. Obviously, E = E* ® E' ® E~ and
E, = E ®E°® E,,. It is easy to check that ET, E° E~ are respectively
the subspaces of E on which A is positive definite, null, and negative definite,
and these spaces are orthogonal with respect to A. For z = 2+ 4+ 20 + 2~ with

2zt € E* and 2° € E°, we have

(Az,2) = (AzT 21) + (A2, 27),
el = 20 + 5 (A=*, 2%) — (4z7,27)).
Let Py be the orthogonal projection from E to E° and P,, be the orthogonal
projection from E to E,, for m € N. Then {P,,}55_, is a Galerkin approximation
sequence with respect to the operator A.

For S € £,(F) and d > 0, we denote by M (S), M;(S) and MYJ(S)
the eigenspace corresponding to the eigenvalue belonging to [d, +00), (—oo0, —d|
and(—d, d), respectively, and denote by M*(S), M~(S), and M°(S), respec-
tively, the positive definite, negative definite, and null subspace of S. Set
S* = (S|ims)~ Y, and PSPy, = (PSPy) |E,,: Em — Em.

In [15], Fei and Qiu studied the relation between the Maslov-type index and

the Morse index by the Galerkin approximation method and got the following
theorem.

THEOREM 2.6 ([15]). For B(t) € C(R, £5(R?")) with the Maslov-type index
(ir,vr) and any constant 0 < d < ||(A — B)*|| =1 /4, there exists an mo > 0 such
that for m > mg, there holds

1
dim M} (P, (A — B)P,,) = 3 dim E,, — i, — v,,

(2.3) dim M (P,,(A— B)P,,) = %dim Ep +ir,
dim M{(P,,(A — B)P,,) = vy,

where the operator B is the defined by (2.2) corresponding to B(t).
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DEFINITION 2.7 ([1], [6]). Let M be a Hilbert manifold. Suppose that @
is a closed g-dimensional ball topologically embedded into M and S is a closed
subset such that 0Q NS = (. We say

(a) 9Q and S homotopically link if p(Q)NS # O for each ¢ € C(Q, M) with

elaq = id|ag-

(b) 9Q and S homologically link if 9Q is the support of a non-vanishing

homology class in Hy_1(M \ S).

The following lemma is a new linking structure which is different from those
in [28], [34].

LEMMA 2.8. Let M = My & My be a Hilbert space with dim My = ¢q and
Py: M — Ms be the orthogonal projection. For 9 > 0, let By be such a bounded
linear invertible operator on M that PoBy: My — My is invertible and 9 >
|(PyBy)~t||. Suppose S = My + ug with ug € My and |lugl| = 1, Q = {Byz |
z € My, ||z|| <9}. Then 0Q and S are homologically link.

PrOOF. By Theorem II.1.2 in [6], we only need to prove that 0Q and S
homotopically link.

First we prove that @ NS # 0. It suffices to prove that ¥o(v) = 0 has
a solution in @, where

Po(v) = BoBglv —ug, vEQ.

Note that v = B@Bgluo (e @\ 0Q) is the unique solution of ¥y in @, where
By = P,By and Bal denotes the inverse of By|p,. Therefore Q NS = @, and
we have deg(1p, @,0) = £1 via the Brouwer’s degree.

It remains to show that p(Q)NS # 0, where ¢ € C(Q, M) with p|sg = id|sq-
We define 9: Q — Ms as

Y(v) = Pap(v) — uo

and hence it is sufficient to prove ¥ (v) = 0 has a solution in Q. Since 1 = g
on 0Q), by the Brouwer’s degree theory, we have deg(¢, Q,0) = deg(wo, Q,0) =
+1. Thus ¢ (v) = 0 has a solution in Q. O

Let f be a C? functional on a Hilbert manifold M. Denote by D2f the
Hessian of f. Recall that the Morse index m(z) of f at a critical point x is the
dimension of a maximal subspace on which D?f(z) is strictly negative and the
large Morse index m*(z) of z is m(z) + dimker D? f(x).

In order to find the critical points and get the corresponding Morse index
estimates, we need the following homologically link theorem which was proved
in [1].

THEOREM 2.9 ([1]). Let M be a Hilbert manifold. Let Q C M be a topologi-
cally embedded closed q-dimensional ball and let S C M be a closed subset such
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that 0Q N S = (). Assume that OQ and S homologically link. Let f € C*(M) be
a function with Fredholm gradient such that

(a) sup f < infg f;
oQ

(b) the functional f satisfies (PS) condition on some open interval contain-
ing {inf f,sup f]

SQ
Then, if I' denotes the set of all q-chains in M whose boundary has support 0Q,
the number

¢ := inf su
ger \s\pf

belongs to [igf f,sup f} and is a critical value of f, where |£| denotes the support
Q

of the chain £&. Moreover, f has a critical point T such that f(T) = ¢ and the

following estimate on Morse index and the large Morse index of T holds

m(z) < ¢ < m*(T).

3. Proof of the main results
Firstly, we give a detailed proof of Theorem 1.3, so we assume H satisfies
(H1)—(H5). Define
T 1
G(z) = / H(t,z)dt — 3 (Az,z) for z € E.
0

By (H4), we have G € C?(E,R). Hence looking for 7-periodic solutions of (1.1)
is equivalent to looking for critical points of G on E. Moreover, set G,,, = G|g,, .

LEMMA 3.1. The functional G satisfies (PS)* condition w.r.t. {E;};ez, i.e.
any sequence {z;} C E satisfying z; € Ej, Gj(z;) is bounded and G';(z;) — 0 as
J — 400 possesses a convergent subsequence in E.

PROOF. Let {z;} be such a sequence with |G(z;)| < K and G’(z;) — 0 as
j — oo, where Ky > 0. It suffices to show that {z;} is bounded. For large j we
have

(3.1) Ki+ [zl > G(25) — G5(2)V (25)

— [ () - Hit.) V) de
0
2 / (01|Zj|ﬁ—02) dt201‘|2j||§ﬁ — TC2
0
via (H3). Then there exists K > 0 such that

(3-2) l2jlle < Ka(1+ |1z]'7).
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Set z; = zﬂ' + zQ + z;, for large j we have

02 165 ) =| [ ez of = (550 ],
By (H4), Holder’s inequality and Lemma 2.5, we obtain

1 T
(33) )P = 5/0 T5 et

< ‘/ H.(t,z;) - z;r dt‘ + ||zj+||
0

0
A
g/o es(|z1 + )] | dt + |27 |

T /B s (B=X\)/8
<a( [la) ([ Epea)
0 0

+esllzf o + 1127
< Ks(1+ [lzll7) 1121,
where ¢3, K3 > 0 are suitable constants. Combining (3.2) and (3.3), we have
(3-4) 257 < Ka (1 +11241M7),
where K4 > 0. Similarly, we have
(3:5) 571 < B (14 [12]27).

Next we estimate the boundedness of {z9}. Set Z; = z; — 29 = 2z + 2} . Since
A < B, by (H4), (3.4), (3.5) and Lemma 2.5, we obtain

(3.6) ’/ (t,z) — H(t, 2))] dt‘

/0 H.(t, 2] + 52;) - 2 ds dt’

< [ Pa(SP 4B + DB de < KoL ),
0
where K5 > 0 is a suitable constant. From (3.4)—(3.6), we see
T 1 T
(3.7) /O H(t,25) dt = G(z)) + 5 (A2, 25) —/O [H(t,2;) = H(t, 27)] dt

< Ko(1+[|z]*7),
where K > 0. From (H3), it follows that

(3.8) /O H(t,29)dt > /0 (c1]291P = e2) dt.
From (3.7) and (3.8), we see that
(3.9) [29] < Kr (14 [}z AH2977),
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where K7 > 0. From (H4), (3.4), (3.5) and (3.9), we see {2;} is bounded. O

Choose a constant ¢ > 0 such that &; = oa;/(c; + ;) > 1 and Ez =
0Bi/(a; + Bi) > 1, where o; and 3; are given by (H2). For p > 0 and z =
(P1s- s Pns@1s- -5 qn) € E, we define an operator B,: E — E by

BPZ = (p5171p17 e apﬁnilpnv palil(_h, e 7p(~¥"71qn> .

It is easy to see that B, is a linear bounded and invertible operator and || B,|| < 1

if p<1.
For z = 2zt + 2% 4+ 2~ € E, we have
(3.10) (AByz, Byz) = p?~ 3 (Az,z) = p (12712 = =7 ]1?).

Set X,, = E,, ® E and Y,, = E. For ug € Y1 with |lug|| = 1, define S =
E-®E° +uy and Q = {Byz | 2 € ET, ||z|| < ¥}, where ¥ > 0 is determined
below.

LEMMA 3.2. There exists ¥ > 1 large enough such that sup G < 0.
oQ

ProoF. By (H2), for any € > 0, there exists M, such that
(3.11)  H(t,z) e (Ipsl'T/P 4 g TF/o) + ML, (t,2) € R x R

i=1
For Byz € 0Q, from (3.10) and (3.11), we have

(312) G(Bgz) == /OT H(t, BﬁZ) - % <AB79,Z7 B§Z>

< 5Z/T (ﬁ(gifl)(lﬂﬂli/ﬁi)
i=170

pi|1+ai/ﬁi + Y@= (A+8i /i)

qi‘1+5i/ai> dt

+ M. — 92 < (2neKg — 1)9° + M.,

where Kg > 0 is the embedding constant.
Choose € > 0 such that 2neKg < 1, then for ¥ > 1 large enough, we have
supyg G < 0. U

LEMMA 3.3. There exists 19 > 0 such that for 7 > 1y, there holds iréfG > 1.

PRrROOF. For z € S, we have

G:) = [ Htz) de+ 7 = o
0

2w
=X [ HOL2(A))dE+ 277 = [luoll?,
0

where A = 7/(27). Then the proof follows the lines of [3], [17] by (H5). O

LEMMA 3.4. For 9 > 1, we have 0Q,,, and S,, homologically link.
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PROOF. Since ¥ > 1, ¥ > ||B;'|| = || By/s||. Let P: E — ET denote the
orthogonal projection. Then PBy: E* — ET is linear bounded and invertible
(see [2], [16]). Note that By(E,,) C E,, and By
and invertible. Then ﬁmBﬂ‘ E
where ]Sm: E,, — Y, is the orthogonal projection. The assertion follows by
Lemma 2.8. (|

E,, . Em — Eg, is linear bounded
: 'Y, — Y, is also linear bounded and invertible,

m

THEOREM 3.5. Suppose H satisfies (H1)—(H5). Then there exists 79 > 0
such that for T > 79, the system (1.1) possesses a nontrivial T-periodic solution
z satisfying

(3.13) ir(2) <n<i(z)+v-(2).

PROOF. For any m € N, Lemma 3.1 shows that G,,, satisfies (PS) condition.
And Lemmas 3.2-3.4 show that G,, satisfies other hypotheses of Theorem 2.9.
Then G,, has a critical point z,, satisfying

(3.14) irslfG < G(zm) <supG and m(zy) < dimY, <m*(z;,).

Q
By Lemmata 3.1 and 3.3, when 7 > 79, we may assume 2, = 2 € F as m —
+oo with G(z) > 1 and G'(z) = 0. By (H5), the only trivial solution of the
system (1.1) is z(t) = 0. Therefore, for 7 > 79, the critical point z of G is
a classical nontrivial 7-periodic solution of the system (1.1).

Now we show (3.13) holds. The proof is similar to that in [22]. Let B be the
operator for B(t) = H/ (t,2(t)) defined by (2.2). Direct computation implies

(3.15) |G"(z) — (B—A)|| -0 asl|z—2z]| =0, z€E.
Let d = ||(A — B)#|| 7' /4. By (3.15), there exists ro > 0 such that
16"(@) ~ (B~ A) < 2. we Vi, ={we B[z~ 2] <.

Hence, for m large enough, there holds
(3.16) |G () — Pp(B — A) P, || < g, zeV,,NE,y,.
For x € V;, N Ey, and w € M (P,,(B — A)P,,) \ {0}, (3.16) implies that

(G (@)w,w) < (P (B = A)Prow, w)

G (@) = Pn(B — A) Py - w]? < *gllwﬂz <0.

Then
(3.17) dim M~ (Gl (z)) > dim M (P, (B — A)P,,), z €V, NE,,.
Similarly, we have

(3.18) dim M1 (G () > dim M (P (B — A)Py), x € Vey N Ey,.
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Note that
dim M (P, (B — A)P,,) = dim M (P,,(A — B)P,,),
dim M?(P,,(B — A)P,,) = dim MY(P,,(A — B)P,,).
, (3.17)—(3.19) and Theorem 2.6, for large m, we have

(3.19)

By (3.14

~—

(3.20) dim E,, — n =dimY,, > m(z,)

DN | =

> dim M (P (A — B)P,,) = %dim E,, —i:(2) —v:(2)
and
1 . N
(3.21) 3 dim E,, — n <m*(z;,)
< dim M} (P, (B — A)P,,) + dim M3(P,,(B — A)Py,)
_ %dimEm —i(2).
Thus we obtain (3.13) by (3.20) and (3.21). O

PRrROOF OF THEOREM 1.3. Since H is k7-periodic, Theorem 3.5 implies the
system (1.1) possesses a nontrivial k7-periodic solution z; satisfying

(322) ik'r(zk) <n< ik'r(zk) + l/k-,—(Zk).
If z;; and z,, are not geometrically distinct, then there exist integers [ and m
such that [ * 2z, = m * 2z, by definition. It follows from Proposition 2.1 that
ik (I % 2k) = ikr (21), Ukr (0% 21) = Upr (21),
ipkr (M % 2pk) = dpr (2pk ) Vpkr (M % 2pk) = Vpkr (2pk)-

By (3.22), we have ik, (zpr) < n and g (25) + vg-(25) > n. Proposition 2.2

shows that
2n

ke (2k) F Ve (21) — 10
which contradicts with the assumption

S 2n
ikr (1) + Vir(21) — 10

PROOF OF THEOREM 1.5. At the moment, H(t, z) is defined by
1,~ ~
H(t,z) = i(B(t)z,z) + H(t, z).

Since (H6) and (H7) hold, we have

~

G(z) - G'(2)V(z) = /OT(H(t,z) - ﬁ;(t,z) “V(2))dt

and
<./B\B§Z7B§Z> = 199_2<§z,z>7 z€E,
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where By is the operator defined by By(t), By for ¥ € {p,,} is defined as in this
section and then we can complete the proof by applying the same arguments as
above. O

PrROOF OF THEOREM 1.6. By Theorem 3.5, there exists 7y > 0 such that
for any 7 > 79, the system (1.2) possesses a nontrivial 7-periodic solution z with

(3.23) ir(2) < n.

The rest proof is almost the same as that in [25]. For readers’ convenience, we
estimate the iteration number of the solution (z, 7).

Suppose (z,7) has minimal period 7/k, i.e. its iteration number is k € N.
Since the Hamiltonian system in (1.2) is autonomous and the condition (H8)
holds, it follows by Proposition 2.3 that

(3.24) vep(2) > 1 and  ipjp(2) > n.

Thus by (3.23), (3.24) and Proposition 2.4, we obtain kK = 1 and complete the
proof (see [28]). O
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