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FRACTIONAL STOCHASTIC EVOLUTION
HEMIVARIATIONAL INEQUALITIES
AND OPTIMAL CONTROLS

YIRONG JIANG — QIONGFEN ZHANG — NANJING HUANG

ABSTRACT. This paper investigates the existence of mild solutions for frac-
tional stochastic evolution hemivariational inequalities and optimal con-
trols. An existence theorem concerned with the mild solution for the pre-
sented system is proved by means of the fractional calculation, stochastic
analysis theory, Bohnenblust—Karlin fixed point theorem and some proper-
ties of the Clarke subdifferential. Moreover, an existence result of optimal
control pair that governed by a fractional stochastic evolution hemivaria-
tional inequality is also obtained. Finally, an example is given for demon-
stration.

1. Introduction

It is well known that the hemivariational inequality (HVI) was first intro-
duced by Panagiotopoulos in 1981 as weak formulations for several classes of
mechanical problems involving nonsmooth and nonconvex energy functionals (su-
perpotentials) [34], [35]. Recently, many researchers have paid a lot of attentions
on the control problems of HVIs. In 2000, Migérski and Ochal [30] discussed the
optimal control problems of the parabolic HVIs via Galerkin method combined
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with a regularization procedure and the direct method of the calculus of varia-
tions. In 2007, Park and Park [37] proved the existence of optimal control pairs
to a hyperbolic quasi-linear HVI by using the Faedo—Galerkin method and the
direct method of the calculus of variations. Recently, Liu and Li [24] investigated
the approximate controllability for HVIs by applying a fixed-point theorem of
multi-valued maps. Very recently, Muthukumar et al. [33] applied fixed point
theorem of multi-valued maps and Balder’s theorem to deal with the optimal
control problem of second order stochastic evolution HVIs with Poisson jumps.
Harrat et al. [14] applied fractional calculus, fixed point technique, semigroup
theory and multivalued analysis to study solvability and optimal controls of im-
pulsive Hilfer fractional delay evolution inclusions with Clarke subdifferential.

On the other hand, fractional differential equations (FDEs) have been a hot
research topic due to their application for control theory, chemistry, engineering,
biology, mechanics, physics, viscoelasticity materials, electrical circuits, neural
networks and so on ([39], [15], [20], [9]). We note that FDEs also serve as an
excellent tool for the description of certain materials and processes [15], [20] and
there has been a significant development in FDEs over the past three decades
(see, for example, [5], [17]-[19], [21], [26], [46]). It is worth mentioning that
the study of fractional stochastic evolution equations (FSEEs) and their control
problems has become an active area of investigation because random environ-
mental effects should be considered in some real models. Recently, the solvability,
controllability, optimal control problems with applications have been studied ex-
tensively for various FSEEs in the literature; for instance, we refer the reader to
[1], [13], [25], [41]-]43], [45] and the references therein.

As mentioned above, great accomplishments have been made in the solvabil-
ity, controllability and optimal control problems of HVIs and FSEEs. It would
be interesting to study what happens to an optimal control problem if it does not
only include HVIs but also includes FSEEs. However, up to now, the solvability
and optimal controls for the fractional stochastic evolution hemivariational in-
equality (FSEHVI) are still untreated topics in the literature. In this paper, we
will focus on the solvability and optimal controls of the following control system
governed by FSEHVI:

< — D% (t) + Az (t) + Bu(t) + g(t) dt;f) , v> + IO, z(t);v) > 0,
(1.1) forallve H, te=1[0,b],

z(t) = xo,

where °Df* denotes the Caputo fractional time derivative of order 0 < o <1, H is
a separable Hilbert space with the inner product (-, ), A: D(A) C H — H
is the infinitesimal generator of a uniformly bounded Cy-semigroup {7'(t)}:i>0
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on H (this implies that there exists M > 0 such that sup ||T(¢)|| < M), B is
te[0,00
a continuous linear operators from a separable Hilbert space Y to H, the con-

trol function u takes values in Y, ¢g(t) € G(t,z(t)) (G(t,z(t)) is a multivalued
function to be specified later), and JO(¢, -, -) denotes the generalized directional
derivative (in the sense of Clarke) for a locally Lipschitz functional J: H — R.
Let K be another separable Hilbert space with the inner product (-, -)x and
norm || - ||x, {w(t)}i>0 a given K-valued Brownian motion or Wiener process
with finite trace nuclear covariance operator @ > 0 defined on a complete prob-
ability space (Q, AT }e>o, IE”) equipped with a normal filtration {I"; };>0, which
is generated by the Wiener process w; and xg a I'g measurable H-valued random
variable independent of w. Let E denote the expectation of a random variable
or the Lebesgue integral with respect to the probability measure P and A.q be
a set of all admissible state control pairs (z,u). The cost functional on the set
Aaq is given by

b
(1.2) T(@u) =E /0 L(t, 2 (1), u(t)) dt.

The plan of this paper is organized into six sections. We list some necessary
preliminaries in Section 2. We prove that problem (1.1) has a mild solution under
some suitable assumptions in Section 3. We treat the optimal control problem
governed by (1.1) under mild conditions in Section 4. An example is given to
illustrate our main results in Section 5. Finally, we provide some concluding
remarks in Section 6.

2. Preliminaries

Following [40], let (Q,I‘, {Ft}tZO,IP’) be a complete probability space with
a normal filtration {I'; };>0, in which a filtration {I';};c[o4) is said to be normal
if Ty contains all sets A € T with P(4) = 0 and

Iy=Ty=()I, =TI,
s>t

Let w = {w(t)}+>0 denote a K-valued Q-Wiener process definedc on space
(Q, ' {T}>o, IP’) with covariance operator @, that is,

]E<w(t)7x>K<w(8)7y>K = (t A S)<Qx7y>Ka for all T,y € K7

where () is a positive, self-adjoint, and trace class operator on K.

In order to define the stochastic integral with respect to the Q-Wiener pro-
cess w, we need to introduce a subspace Ky = QY?(K) of K which together
with the inner product

<U, /U>Ko = <Q_1/2uu Q_1/2/U>K
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becomes a Hilbert space. Assume that there exists a complete orthonormal
system {e, }°°; in K, a bounded sequence of nonnegative real numbers {\,, }22 ;
such that Qe, = A,e,, and a sequence [, of independent Brownian motions
such that

(w(t),e) = Vnlen,€)Bn, ec K, tel0,b],

and 'y = T'Y, where I'}’ is the o-algebra generated by {w(s) : 0 < s < ¢}.

Let L(K, H) be the space of all bounded linear operators from K to H and
L(H) denote the Hilbert space of all bounded linear operators mapping H into H.
Let L2 = Ly(Ky, H) be a space of all Hilbert—Schmidt operators from K, to H
endowed with a norm

||80||ig = Tr((@Qlﬂ) (4,0@1/2)*), for all € L3.

Obviously, for any bounded operators ¢ € L(K, H), this norm reduces to ||gp||2Lg
= Tr(p Qe*). Let LP(T'y, H) be a Banach space of all I'y-measurable p-th power
integrable random variables with values in the Hilbert space H and LP(T', H)
a Banach space of all strongly I'-measurable and H-valued random variables
satisfying El|jz||%, < co. For each t > 0, since the sub-o-algebra I'y is complete
and LP(Ty, H) is a closed subspace of LP(T", H). This shows that LP(T;, H) is
a Banach space. Let C(I, LP(T", H)) be the Banach space of all continuous maps
from I into LP(T', H) with the norm

1/p
Joll = (supElla(t) % )
tel

In what follows, for any operator B € Lo (I, L(Y, H)), let || Bl denote the
norm of operator B on Banach space Lo (I, L(Y, H)), where Lo (I, L(Y, H))
stands for the space of operator valued functions which are measurable in the
strong operator topology and uniformly bounded on the interval I. Let L (1,Y)
be a closed subspace of LY. (I x,Y), consisting of all measurable and I';-adapted,
Y -valued stochastic processes satisfying the condition

b
B [ lult)lf dt < oo
0
and equipped with the norm

b 1/p
wwmmz(ménwmwﬁ)

For more details, we refer the reader to [40].
In what follows, we need some concepts of the fractional calculus theory.
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DEFINITION 2.1 (]20], [39]). The fractional integral of order o with lower
limit zero for a function z(t) is defined as

1 /t .
— t—s)* "x(s)ds, a>0, t>0,
i [ =)

provided the right side is point-wise defined on [0, 00), where T" is the gamma

IMx(t) =

function defined by
T'(@) :/ to~ et dt.
0

DEFINITION 2.2 ([20], [39]). The Riemann—Liouville fractional derivative of
order o with the lower limit zero for a function z: [0,00) — R is defined as
follows
1 dar

L na
Dég=—
t® I(n—a)dt?

t
/(t—s)"‘a_lx(s)ds, t>0,0<n—-1<a<n.
0

DEFINITION 2.3 ([20], [39]). The Caputo fractional derivative of order o with
the lower limit zero for a function z: [0,00) — R is defined by
n—1
LA

‘Dx =LDg (z(t) - R
k=0

“mo, t>0,0<n—-1l<a<n.

REMARK 2.4 ([20], [39]).
(a) If z € C™[0,00), then

1 t
D%y — _ \n—a—1_/(n) — n—a (n)
t L F(TL o Oé) /(; (t 8) € (S) ds i T (t)7

fort>0,0<n—-1<a<mn

(b) The Caputo derivative of a constant is equal to zero;

(¢) If x is an abstract function which has values in H, then integrals which
appear in Definitions 2.1-2.2 are taken in Bochner’s sense (for Bochner’s
Theorem, one can see [8, p. 366]).

For a Banach space X, we use the following notations.
Prd,clev,ep(X) = {D C X : D is nonempty, bounded, closed, convex, compact}.

DEFINITION 2.5 ([7]). Let X be a Banach space. A multi-valued map
F: X — P(X) is said to
(a) have convex valued if F(x) is convex for every = € X;
(b) be bounded on the bounded sets if F(D) = |J F(x) is bounded in X
xz€D
for all D € Ppy(X), i.e. sup{sup{|ly|| : v € F(x)}} < o0;
xz€D

(¢) be upper semicontinuous (for short u.s.c.) at xg € X, if for any neigh-
bourhood O(F(zo)) of F(xo), there exists a neighbourhood; O(xg) of g
such that F(z) C O(F(z0)) for all x € O(xy);
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(d) be compact if F(D) is relatively compact for every any bounded subset
D of V;
(e) have a fixed point if there is an element x € X such that z € F(x).

DEFINITION 2.6 ([7]). Let X and Y be two Banach spaces. A multi-valued
map F: X — P(Y) is said to be closed if its graph Gr(F) = {(z,y) € X x Y
x € X, y € F(x)} is a closed subset of X x Y.

DEFINITION 2.7 ([7]). A multi-valued map F: I — Pna)(el)(cv) (H) is said to
be measurable if, for each z € H, the function ¢: I — R, defined by

Ht) = d(z, F(t)) = inf{||z — z|| : z € F(t)},
belongs to L!(I,R).
DEFINITION 2.8. A multi-valued map F: I X H — Pqy(c1)(ev) (H) is said to

be L2-Carathéodory if

(a) t+— F(t,v) is measurable for each v € H;
(b) v+ F(t,v) is upper semicontinuous for almost all ¢ € I;
(c) for each m > 0, there exists h,, € L'(I,R")such that

1700l = sup BNl < ()
S

t,v

for all ||v]|> < m and for almost every t € I.

DEFINITION 2.9 ([4], [32]). Let X be a Banach space with the dual space
X* and J: X — R be a locally Lipschitz functional on X. The generalized
directional derivative (in the sense of Clarke) of J at the point € X in the
direction v € X, denoted by J(z;v), is defined by

J%(x;v) = lim sup Ty +Av) - J(y)

A—0t y—T )\

The Clarke subdifferential or generalized gradient in the sense of Clarke of J at
x € X, denoted by 9J(x), is a subset of X* given by

dJ(z) = {z* € X* : J%(z;v) > (z*,v), for allv € X}.

LEMMA 2.10 ([11, Proposition 14.5]). Let X and V be two Hausdorff topo-
logical spaces. Assume that F: X — P(V) is a multi-valued map such that
F(X) C K and the graph of F is closed, where K is a compact set. Then F is
u.S.c.

LeMMA 2.11 ([3]). Let (X, | - |) be a Banach space and D € Prg el ev(X).
Suppose that F: D — Ppacev(D) is a u.s.c. multi-valued map and F(D) is
relatively compact in X. Then F admits a fixed point in D.
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3. Existence of mild solutions

In this section, we study the existence of mild solutions for problem (1.1).
To this end, we convert to consider the following fractional semilinear stochastic
inclusion:
dw(t)

°Dix(t) € Ax(t) + Bu(t) + g(t) —— + 0J(t,x(t)), te€I=1]0,b],

(3.1) dt

z(t) = xo,

where the symbol 0J stands for the Clarke subdifferential of a locally Lipschitz
functional J(t, - ): H — R, the control function u( - ) is a stochastic process given
in L2(1,Y) of admissible control functions, Y is a Hilbert space, B: Y — H
is a continuous linear operator, g(t) € G(t,z(t)) (G(t,x(t)) is a multivalued
function to be specified later), and z( is a Ty measurable H-valued random
variable independent of w.

We show that every solution of (3.1) is also a solution of (1.1). For each
x € H, let us define the set of selections of G by

g€ S ={g€L*([0,b],LY) : g(t) € G(t,x(t)) for ae. t €I}
We say that z € C(I,L*(T', H)) is a solution of (3.1) if there exist a selection
g € Sg.» of G(t,z) and a function n(t) € 8.J(t,z(t)) such that n € Li(I, H) and

‘Dix(t) = Az(t) + Bu(t) + g(t) dqu(ft) +n(t), tel=]|0,0],

x(t) = xo,

which implies that

(= Drae) + Aol) + Butw) +0) P00} + (0 0)r =0
H
fort € I, for allv € H,
I(t) = Zg-
Since n(t) € dJ(t,x(t)) and (n(t),v)g < JO(t,z(t);v), we get

dw(t)
dt

< — °Dgx(t) + Az(t) + Bu(t) + g(t) ,v> + JO%t, z(t);v) > 0,
H

fort €I, for all v e H,

x(t) = xo.

Therefore, in order to consider problem (1.1), it suffices to discuss problem (3.1).
Based on the work [46], [10], [38], we introduce definition as follows.

DEFINITION 3.1. For each uw € LP.(1,Y), a I'-adapted stochastic process
z € C(I,L*(T, H)) is called a mild solution of problem (3.1) if z(0) = o € H
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and there exist a selection g € S¢  of G(t,z) and a n(t) € 9J(¢, z(t)) such that
ne€ Li(I,H) ae. t €I and

(3.2) x(t) = Pa(t)zo + /o (t —s)* 7' Sa(t — s)[Bu(s) + n(s)] ds
+/0 (t = 5)" 15 (t — 5)g(5) du(s)

for t € I, where

/wa T(t*0) df —a/ O1bo (0)T(£26) df

with
wa(e) (]);9 1— 1/a (071/a) > 07
1 — n 1 noa—1 F(na + )
e (0) = Z 0~ — sin(nma), 6 € (0,00),

and 1), is a probability density function defined on (0, 00), i.e.
Yo (0) >0, 6€(0,00) and / Yo (0)do = 1.
0

Thanks to [29], direct calculation yields that
*° 1
014(0)d0 = ———.
/0 Yal8) I'l+a)
LEMMA 3.2 ([46, Lemmas 3.2-3.4]). The operators P, and S, admit the
ollowing properties:
followi '
(a) For any fixed t > 0, P,(t) and S, (t) are bounded linear operators such
that, for any x € H,
aM
I'a+1)
(b) {P.(t),t >0} and {S4(t),t > 0} are strongly continuous;
(¢c) IfT(t) is compact, then for any t > 0, P,(t) and S, (t) are also compact
operators .

[Pozl < Mzl [[Saz| < [l]l;

LEMMA 3.3 ([38, Theorem 2.3.2]). If {T'(t)}+>0 is a compact Cy-semigroup
fort > 0, then it is uniformly continuous for t > 0.

REMARK 3.4. A semigroup T'(¢) is uniformly continuous if | lirln IT(t) —
s—t|—0

T(s)]| = 0. Lemma 3.2 together with Lemma 3.5 proves that P,(t) and S, (t)
are uniformly continuous provided 7'(¢) is compact for ¢ > 0.

We also make use of the following hypotheses.

(HT) T'(t) is a compact operator for every ¢ > 0;
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(HG) G is an L?-Carathéodory multi-valued map satisfying the following con-
ditions:
(G1) foreacht € I, the function G(¢t, - ): H — Pha,clev(L(K, H)) is u.s.c.
such that, for each « € H, the function G(-,x) is measurable, and
each fixed x € C(I; L*(T', H)), the set

Sgo ={9€L*(I,LY) : g(t) € G(t,x(t)) for a.e. t € I}

is nonempty;
(G2) For each positive k > 0, there exists a positive function My(k)
independent on k such that

sup ||G(t,2)||? < My(k), forae. tel,
El|z||><k

where |G(t,2)|* = sup E|g|*;
geG(t,x)
(HB) The control u takes values in Y, for any operator B € Lo (I, L(Y, H)),

| Blloo is the norm of operator B on the Banach space Lo (I, L(Y, H));
(HJ) The functional J: I x H — R satisfies the following conditions:

(J1) J(-,x): I — R is measurable for each = € H;

(J2) J(t,-): H — R is locally Lipschitz continuous for a.e. ¢ € I;

(J3) there exist a function ¢ € L?(I,R*) and a constant ¢ > 0 satisfying

107 (¢, 2)||* = sup {[lyl|* : y € DI (t,2) } < (1) +c|=]?,

for all x € H and for almost everyt € I;
(HU) U(-): I — P(Y) is amulti-valued map with bounded, closed, and convex
values such that U(-) is graph measurable and U(-) C €, where Q C Y
is bounded.

Define the admissible set as follows:
Uaa = {u(-) € LE(I,Y);u(t) € U(t) ae. t € I}.

Then, by Proposition 2.1.7 and Lemma 2.3.2 of [16], we know that U,q # 0 and
Us.q is bounded, convex, and closed subset of LP(I,Y") with 1 < p < oo. Clearly,
Bu € LP(I,H) for all u € U,q. Define an operator W: LZ(I, H) — 2LE(LH) ag
follows:

U(z)={ne L, H):n(t) €dJ(t,x)ae tel}, forallzeLi(I,H).

LEMMA 3.5 ([25, Lemma 3.3]). If condition (HJ) holds, then the set U(z) is
nonempty weakly compact and convez for every x € LA(I, H).

LEMMA 3.6 ([31, Lemma 11]). Let condition (HJ) hold and f,, € ¥(x,) such
that x, — x € L&(I, H) and f, = f € LA(I,H). Then f € ¥(x).
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LEMMA 3.7 (][22, Lasota and Opial]). Let I be a compact interval and H be
a Hilbert space. Let G be a multi-valued map satisfying (HG). If T is a linear
continuous operator from L?(I, L*(T, H)) to C(I,L*(T',H)), then the operator
defined by

ToSq: C(I,L*(I, H)) = Pep.ov(C(I,L*(T, H))), x+ ToSg(z)="TSss
is a closed graph in C(I,L*(T',H)) x C(I,L*(T", H)).

The next lemma contains a Burkholder-Davis—Gundy-type inequality and is
a special case of [40, Lemma 7.2].

LEMMA 3.8 ([40, Lemma 7.2]). For anyp > 1 and arbitrary L3(K, H)-valued
predictable process (- ), one has

2p

s B[ [ etmavin)| "< iz vp( [ @1eiz ) rer

s€[0,t]

H

In the rest of this paper, we set C), = (p(2p — 1))P.

THEOREM 3.9. If conditions (HT), (HG), (HB), (HJ) and (HU) hold, then
for each u(t) € Uaqa and some p with pa > 1, problem (1.1) has a mild solution
z € C(I,L*(T, H)).

PROOF. For any « € C(I,L*(I',H)) C L*(I,L*(, H)), from Lemma 3.5,
we can define a multi-valued map F: C(I, L*(T', H)) — P(C(I, L*(T", H))) by

Flx) = {y e C(I,H) : y(t) = Pa(t)xzo
+ / (t — 5)* 1S, (t — 5)[Bu(s) +n(s)] ds
0

—|—/O (t—8)*71S,(t — 5)g(s) dw(s), g € Scu, NE \I/(x)}

In order to show that problem (1.1) has a mild solution, we only need to prove
that F admits a fixed point in C(I, L*(T, H)). Now we divide our proof into
four steps.

Step 1. In view of Lemma 3.5 and (HG), it is easy to verify that F(x) is
convex.
Step 2. We show that F(B,) is a bounded subset of C'(I, L*(I', H)) for any
r > 0, where
B, ={zeC(I,L*I,H)): |z|* <r}.
We claim that there exists a number [y > 0 such that, for each y € F(x) with
z € By, ||y||*> < lp. In fact, for any y € F(z), there exist a selection g € Sg .



FRACTIONAL STOCHASTIC EVOLUTION HEMIVARIATIONAL INEQUALITIES 503

of G(t,x) and a function n(t) € dJ (¢, z(t)) such that

y(t) = Pa(t)zo + / (t — )2 180t — 5)[Bus) + n(s)] ds

+ /O (t— )7 Salt — $)g(s) du(s),

for t € I. By conditions (HB), (HG), (J3), Lemma 3.2 (a), Lemma 3.8 and
Holder’s inequality, one has

(3.3) Elly(®)]* <4E[Pa(t)zo?]

) ’ /Ot(t )18, (E— 8)n(s) ds

t

2

t
+4E ( 5)2@=1) ds / S, (t — s)Bu(s) ds
0

+ 4E)| / )28 (t — 8)g(s)duw(s)|?

aM| Bl
INa+1)

(famarerera) T (o [l a)
" 4<F<ZA+41>>2 /ot“ — e ds (E / ) ds)

4 4tr(Q) (péﬂfn)?

< [a= et as(e [ fatsieas)

2
alM
< AMPE ||z + 4())

<AM?E||zo||* + 4(

MNa+1
X <p1;_11>(2p2)/pb2a2/p||B||go||U||2Lf;(1,y)
+4<r(zﬂf1)> bia_11</< ds+/ Bl (s )||2ds>
(@) (22 1)) YA
< AMPE||zo|? + 4(%)2

p—1 (2p72)/p2 2 2 2
(ZL) B
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aM 2 anfl
Jr4(1"(@—1—1)) 200 — 1
x (VBIIC| L2(rmeey + ber + tr(Q) M, (k).

Step 8. {F(z) : * € B,} is equicontinuous. Indeed, for any € > 0, when
t;1 =0 and 0 < 3 < §p, similar to the proof of (3.3), we obtain

Elly(t2) — ya(t)* = lly(t2) — zoll* < 4E|| Pa(t)zo — ol

I LA
Tla+1)) \pa—1 0 oo llUllLe(1,y)

aM 2 seet
+ 4<F(a ¥ 1)) 20 — 1 (\/%HCHLQ(UM) + ber + tr(Q)Mg(lg)),

This together with uniform continuity of P,(t2) (see Remark 3.4) infers that
E|y(t2) — y(t1)||* tends to zero independently of z € B, as g — 0.
In what follows, for any x € B, and d§p/2 < t; < t2 < b, one has

(3:4)  Elylta) -yt < 4| Pat2)an — Pa(tr)aol
ra(e] M9 - 970 - o) s
+ [0 =97 @alta = 5) = Qults — s)n(s) ds
0
)

/0 1((7f2 —5)* 7 = (t1 — $)* HQalta — s)Bu(s) ds

+ / 2(t2 —8)27 Q4 (ty — 5)n(s) ds

ty

+4<]E‘

+/0 (t1 = )% (Qults — ) — Qu(ts — ) Buls) ds

/0 (2= 977 = (11— ) ) Qultz — 8)(5) du(s)

+ / 2(152 —8)*71Qu(ty — s)Bu(s) ds

t1

+4<]E‘

+ / (t — )" (Qults — 5) — Qults — 5))g(s) du(s)
0

)

+ / (b2 — 9)* 1 Qultz — )9(s) du(s)

=AM+ A+ Az + Ay
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It yields from condition (J3), Lemma 3.2, Holder’s inequality and same methods

used in the proof of Lemma 3.1 in [44] that
t1 9
(35) Ay < 12|:/ [(tz — 5)0‘_1 _ (tl _ S)a—l] ds
0
t1
x / 1Qatz — )[2E|ln(s)| ds
t1 131
4 / (ty — )2 gy / 1Qaltz — 5) — Qultr — )2 Elln(s) | ds
0

to to
b [t [ IIQa(tz—8)||2Elln(8)ll2d8}

tl tl
aM
<
2 (s )
2 f
/ (ta —8)* " — (t1 —s)o‘fl] ds/ E||n(5)||2ds
0
t2a 1 t1
! sup [|Qa(t2 —s) — Qa(t1*5)||2/ Eln(s)|* ds
0

200 — 1 SE[O tl]

() R [ o o]

Similar to the proof of (3.5), we get

aM 2
(3.6) Az <12 [(M) 1B]I% HU”QL{i(I,Y)
t (2p—2)/p
% (/ [(tz B S)ocfl i (tl _ S)ozfl]P/(Pfl) d8>
0

2p—2
p—1 )\ 2a-2/p) 12 )
pa—1 2 I1BI% ||“HL1€'(1,Y)

X sup ||Qa(t2 - S) - Qa(tl - 5)”2
se[O,tl]

. aM 2 p—1 (2p—2)/p
IMNa+1) pa—1

(b — )22 B2, ||u||%;(1,y>]

and

37)  As< 12[(%)2

[ s b
< [a=s == s [ Bl s
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2a0—1

t1
L s [Quta—5) - Qulti— 9 [ El(o)3;

2a0 =1 sep0,4]

aM 2 (t2 B tl)Qa—l to ,
E ds|.
* <F(0‘+1)> 200 — 1 /t1 HQ(S)HLg S

It is easy to see that Ay, Az, A4 tend to zero independently of x € B,. as to — t;.

Moreover, by uniform continuity of P,(t) (see Remark 3.4), we deduce that Ay
tends to zero independently of x € B, as ty — t1.
Summarizing the above, we know that {F(z) : z € B,} is equicontinuous.

Step 4. The multi-valued map F is compact. We shall show that, for any
t € [0,0], II(t) = {y(t) : y € F(B,)} is a relatively compact subset of H.
Obviously, IT(0) = {zo} is compact. So it suffices to consider ¢ > 0. Let 0 <t <b
be fixed. Then, for any x € B,, there exist a selection g € Sg, of G(t,z) and
a function n(t) € ¥U(z) satisfying

y(t) = Pa(t)ao + / (t— )18, (t — )[Bu(s) + n(s)| ds

+/O (t— )" Sa(t — s)g(s) dw(s),

for t € I. For any § € (0,t) with 0 < t < b and = € B,, define II5(t) = {ys(¢) :
ys € F(By)}, where

=5
ys(t) = Py(t)xo + /o (t — 5)* 1S, (t — 5)[Bu(s) +n(s)] ds

t—48
+ /0 (t—5)* 1 Su(t — s)g(s) dw(s),

for t € I. Since

t—6
/0 (t— s)a_lSa(t — 5)[Bu(s) +n(s)] ds
and
t—6
/0 (t — )7 LS, (t — 5)g(s) du(s)

are bounded, it follows from the compactness of P,(t) and S, (t) that IIs(¢) is
a relatively compact subset of H for any § € (0,¢). Furthermore, one has

(38) Ellys(t) — y(®)]* < 3E H | = sate - ot ds

+3E H /t;(t 18t — syn(s) ds]|

2

+3E H /tt5(t —8)*7LS,(t — 8)g(s) dw(s)
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aM 2 p— 1 (2p—2)/p ) )
a—2/p 2 2
<s(pony) (B225) By,

aM 2 52a-1
+3

MNa+1)) 2a—1
The last inequality tends to zero as § — 0.

(VOlI¢ll 21 ) + ber + tr(Q) My ().

The discussion above shows that there are relatively compact sets arbitrarily
close to the set II(¢). Thus, we know that II(t), ¢ > 0 is also a relatively compact
subset of H. By Steps 1-3, the relative compactness of II(¢), ¢ > 0 and Ascoli—
Arzela theorem (see [6, Proposition 1.7.3]), we deduce that {F(z) : = € B,}
is relatively compact subset of H. This shows that the multi-valued map F is
compact.

Step 5. F has a closed graph. Let z,, — ., in C(I, L*(T', H)) and y,, € F(z,,).
We shall show that y, € F(z). The fact y, € F(x,) C B, implies that there
exist g, € Sg 2, and n, € ¥(z,) such that, for every t € I,

(39) yalt) = Pa(t)zo + / (t = )2 8u(t — 5)[Bu(s) + 1 (5)) ds

+ /0 (t— s)o‘_lSa(t — 5)gn(s) dw(s).

According to (J3) and (HG), we obtain the boundedness of {n,} and {g,}. In
view of the reflexivity of LZ(I, H) and L3, without loss of generality, we can
suppose that

weakl
(3'10) (nnagn) —y> (77*79*) € L%‘(LH) X L%

Define an operator Y: L — C(I, L*(T', H)) by

Y= [ (=9 70u( — gl dus), forall g€ I3

Obviously, Y is linear and continuous. Moreover, similar to the proof of (3.3),
condition (HG) infers

2 1201
By ET@OP < (5o ) g QM.

By the compactness of Sy, it follows from (J3), (HG), (3.9)—(3.11) that
¢
(3-12)  ya(t) = Pa(t)zo + / (t— )" Sa(t — s)[Bu(s) + n.(s)] ds
0

—+ -/0 (t — 5)* 1S4 (t — 5)g.(s) dw(s).

We note that y, — v« in C(I,L*(T,H)), gn € Sg.z, and 1, € ¥(z,) from
Lemmas 3.6 and 3.7, (3.10), we have 1, € ¥(z,) and g, € Sg.,. Hence, y, €
F(z), which shows that graph F is closed.
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According to Steps 4 and 5, it yields from Lemma 2.10 that F is u.s.c.
Therefore, due to Steps 1-5, we prove that the multivalued map F is compact
and u.s.c. and has convex closed values. Therefore, summarizing the above, we
deduce that the multi-valued map F fulfills all the conditions of Lemma 2.11.
Consequently, it follows from Lemma 2.11 that F has fixed point on B,.. O

4. Existence of optimal control

In this section, we consider the following Lagrange problem:

(P) Find a pair (z°,u°) € C(I, L*(T', H)) x Ua,q such that
T (2 u®) < J(x,u), forall (z,u) € C(I,L*(T, H)) x Uaq,
where
b
J(@u) =E / L(t, 2 (1), u(t)) dt.
0

Here z* stands for the mild solution of system (1.1) corresponding to the con-
trol u € U,q. To discuss Lagrange problem (P), we make use of the following
hypothesis (HL):

(L1) The functional £: I x H x Y — R U {occ} is Borel measurable;

(L2) For almost all t € I, L is sequentially lower semicontinuous on H x Y

(L3) For each 2z € H and almost all t € I, L(¢,x, -) is convex on Y

(L4) There exist constants d; > 0, da > 0, £ is nonnegative and ¢ € L*(I,R)
such that

L(t,x,u) > &(t) + iE|z]|} + daE|ul}.

THEOREM 4.1. If all the hypotheses of Theorem 3.9 and (L1)—(L4) hold, then
Lagrange problem (P) admits at least one optimal pair.

ProOF. If inf{J(z,u)|lu € Usa} = +oo, then we easily know Lagrange
problem (P) has one optimal pair. Without loss of generality, we suppose that
inf{J(z,u) : w € Usa} = v < +00. Then condition (L4) implies that v > —oc.
By definition of infimum, there exists a minimizing sequence of feasible pair
{(z™,u™)} C Aaq such that J(z™,u") — v as n — +o0. Since {u"} C U,g,
n=1,2,..., {u"} is bounded on LL(I,Y), by the reflexivity of L%(I,Y), there
exist a subsequence of {u"}, denoted again by {u"}, and u* € LI\(I,Y) satisfying

n weakly

u* e LA(I,Y).

Since Uy,q is closed and convex, it follows from Mazur’s lemma that u* € U,q.
Let {2} denote the corresponding sequence of solutions of the following integral
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equation:
(4.1) z"(t) = Pa(t)zo + /0 (t —5)*71S,(t — s)[Bu™(s) + n"(s)] ds

+ /0 (t —5)* 1S, (t — 5)g"(s) dw(s),

where ¢" € Sg o= and 7, € U(z").
Next we prove that {«"} is a relatively compact subset of C’(I, L2(T, H))
Firstly, similar to the proof of (3.3), we obtain

(42)  Ela"@®)|* < 4AMEl|zo|?

2 2p—2
14 aM p—1 (2 )/pra—Q/pHB||2 ||un||2p
INa+1) pa—1 o LR(LY)

+ 4(“2‘]‘11))2;;&_11 (/Ot C(s)ds + /Ot CEJ|z™ (s)|2 ds)

o 2 1201
+4”(Q)(p(a]\f1)) 2ba— 1 Mg (k).

Thanks to the boundedness of {u,}, (4.2) and Gronwall’s inequality [?], we

infer that there exists a constant A > 0 such that ||2™|| < A, which implies
that {z"} is uniformly bounded. Next, similar to the argument of Steps 3, 4
in Theorem 3.9, we can prove that {z"(¢)} is equicontinuous on I and {z"(¢)}
is relatively compact for any ¢ € I. Thus, the Ascoli-Arzela theorem implies
that {z"} is a relatively compact subset of C(I, L*(T, H)) and so there exists
a function z* € C(I, L*(T", H)) such that

(4.3) " —a* in C(I,L*(T,H)) c L*(I,L*(T', H).

The boundedness of {u,} and compactness of Q. (t — s) together with the dom-
inated convergence theorem imply that

(4.4) /0(t—s)a_lQa(t—s)Bu"(s)ds%/O (t — $)°LQu(t — 5)Bu*(s) ds.

Similar to the proof of Step 5 in Theorem 3.9, according to the compactness of
Sa, (J3), (HG), (4.3), Lemmas 3.6 and 3.7, one has

(4.5) P, (t)zo + /0 (t —8)* 1S, (t — s)n"(s) ds
+ /0 (t —5)* 1S4 (t — 5)g"(s) dw(s)
— Py(t)xo + /0 (t —s8)* 1 Su(t — s)n*(s) ds

+ /0 (t— s)aflSa(t —5)g™(s) dw(s),
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where g* € Sg »+ and n* € U(z*). Hence, it follows from (4.4) and (4.5) that
¢

z*(t) = Po(t)xo + /0 (t — 5)* 1S, (t — s)[Bu*(s) +n*(s)] ds

+ /0 (t—8)* 1S, (t — 8)g™ (s) dw(s).

This proves that z* is a mild solution of problem (1.1) corresponding to the
control u* € Uyg.

We notice that (L1)—(L4) satisfy all the hypotheses of Balder’s theorem (see
Theorem 2.1 of [2]). Thus, Balder’s theorem shows that the functional

b
(z,u) — E/O L(t,x"(t),u(t))dt

is sequentially lower semicontinuous in the strong topology of Lk (I, H) and weak
topology of L2(I,H) C Li(1,Y). Since LE(1,Y) C L{(1,Y), we deduce that J
is weakly lower semicontinuous on L%(I,Y). By (L4), we know that J > —oc.
Thus, we conclude that J attains its infimum at u* € U,q and so

n—oo

b b
v = lim E/O (™ (1), u™(8))dt > ]E/O L(t, (), u (1)) dt > v.

This completes the proof. O

5. An example

In this section, we give an example to illustrate our main results. Let H =
Y := L?[0,7]. Define A: D(A) C H — H by Az = z,,, where domain D(A) is
given by

D(A) ={z € H : z,x, are absolutely continuous,
Tyy € H, z(t,0) = z(t,7) = 0}.

From [23], A can be written as follows:

Ax = — Zn2<x,en>en, x € D(A),

n=1

2
en(y) = \/;Sinny, n=12,...

is the orthonormal basis of eigenfunctions of A. It is known that A is the infini-

where

tesimal generator of a compact semigroup T'(¢)(t > 0) on H given by

T(t)r = Z e_"2t<x7en>em reH, |TH)|<e'<l=M.

n=1
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The admissible controls set U,q is defined by Uag = {u € Y|||ul[z2(j0,1),v) < 1}
Choose a = 3/4 and p = 2. Consider the problem of finding the controls u(t, y)

to minimize the cost function

J(a:,u)zE/OI UOW |a:(t,y)|2dydt+/01/07r |u(t,y)2dy] dt

subject to the following system:

1
< — D) + vy (t0) + [0ty oo 1) do

0
du;ff),v> + J(t,y, x(t,y);v) > 0,

ve Hye(0,m), t€(0,1)=(0,b);
z(t,0) = z(t,7) =0, te(0,1);
I(O,y) = {Eo(t,y), y e (O,ﬂ'),

+g(t)

(5.1)

where {@(t)}1ecr is a two sided and standard one dimensional Brownian motion
defined on the filtered probability space (2,T',{T";};>0,P); g(¢t) € G(¢,z(t)) and
G:Ix H — P(H) is a nonempty, bounded, closed and convex multi-valued map
which satisfies the assumptions (HG); ¢: [0, 1] x [0,1] — R is continuous.

Let a functional J: (0,1) x H — R be defined by

1
J(t,x) = / ity e(y)dy, te(0,1), zeH,

where
ity 2) = / 2t y.0)d8,  (ty) € (0,1) x (0.7), = € R.
0

Suppose that v: (0,7) x (0,1) x R — R is a functional such that
(i) for all y € (0,7), z € R, v(+,y,2): (0,1) — R is measurable;
(ii) for all ¢t € (0,1), z € R, 4(¢t, -, 2): (0,7) — R is continuous;
(iii) for all z € R, there exists a constant ¢; > 0 satisfying
|’Y(7 . 7Z)| < Cl(l + |Z|)’
(iv) for each z € R, (-, -,z £ 0) exists.
If y satisfies (iii), then one has 9j(z) C [v(2),7(z)] for z € R (we omit (Z,y) here),
where 7(z) and 7(z) stand for the essential infimum and essential supremum of
7 at a point z (see [4, p.34]). If v satisfies (i)—(iv), then the function j(-, -, -)
defined above has properties (see [36] for more details) as follows:
(i) forally € (0,7),z € R, j(-,y,2): (0,1) = R is measurable and j(-, -,0)
€ L*((0,1) x (0,m));
(ii) for all ¢ € (0,1),z € R, j(¢, -,2): (0,7) — R is continuous;
(iii) for all (¢,y) € (0,1) x (0,7), j(¢,y, -): R — R is locally Lipschitz;
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(iv) there exists a constant ¢z > 0 satisfying
(] < ea(1+[z]), forall ¢ €dj(t,y,2), (t,y) € (0,1) x (0,m);
(v) there exists a constant ¢z > 0 satisfying
3%t y, 2, —2) < e3(1+|2]), forall (t,y) € (0,1) x (0, 7).

Moreover, the functional J(-, -) defined above satisfies conditions (J1)—(J3)
(see [36]) or the example of [17]).
Define

1
2t y) = 2(1)(1), B@Mﬂ@%iAQ@JW@ﬁdm

We also suppose that condition (HL) hold. Thus, problem (5.1) can be written
as the abstract form of problem (1.1) with the cost function

T =E [ [le®]de+ fuo)|?] .

Summarizing the above, we know that (HT), (HG), (HB), (HJ), (HU) and (L1)—
(L4) hold. Finally, we can check that pa = 2 x (3/4) > 1. Thus, all conditions
of Theorems 3.9 and 4.1 are satisfied and we conclude problem (5.1) has a mild
solution and at least one optimal pair.

6. Concluding remarks

To our best knowledge, very few papers are available in the literature for
dealing with the solvability and optimal control of FSEHVIs. Due to its impor-
tance in both theoretical and real-life applications point of view, it is meaningful
to study its existence, controllability, and other properties. In this work, we
adopt a new method to study the solvability and optimal control of the system
governed by FSEHVIs. We would like to mention that the results of this paper
are obtained without the assumptions of Lipschitz continuity with respect to
the second variable for the Clarke subdifferential dJ (¢, - ), which however, is an
important and necessary condition to establish similar results in [33].

On the other hand, It is well known that the problem of the approximate
controllability have close relations to observer design quadratic optimal control
(see Lemma 4 and Theorem 2 in [28]). We noted that Lu and Liu mainly applied
a fixed point theorem of multivalued maps to obtain existence and controllability
results for stochastic fractional evolution hemivariational inequalities, recently,
Mahmudov [27] applied variational approach to study finite approximate control-
lability of Sobolev-type fractional systems, as Mahmudov [27] pointed out that
finite approximate controllability of stochastic evolution systems leaves open
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some issues. However, up to now, there is no results for finite approximate con-

trollability governed by fractional stochastic evolution HVIs. Thus, this topic

would be interesting and deserve further investigation.

[1]

2]
3]

9
[10]
[11]
[12)
[13)

(14]

[15]
[16]
[17]
[18]

(19]

20]

REFERENCES

P. BALASUBRAMANIAM AND P. TAMILALAGAN, The solvability and optimal controls for im-
pulsive fractional stochastic integro-differential equations via resolvent operators, J. Op-
tim. Theory Appl. 174 (2016), 1-17.

E.J. BALDER, Necessary and sufficient conditions for L' -strong weak lower semicontinuity
of integral functionals, Nonlinear Anal. 11 (1987), 1399-1404.

H.F. BOHNENBLUST AND S. KARLIN, On a Theorem of Ville, Contributions to the Theory
of Games, vol. I, Princeton University Press: Princeton, 1950, pp. 155-160.

F.H. CLARKE, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

A. DEBBOUCHE AND D.F.M. TORRES, Sobolev type fractional dynamic equations and op-
timal multi-integral controls with fractional nonlocal conditions, Fract. Calc. Appl. Anal.
18 (2015), 95-121.

K. DEIMLING, Nonlinear Functional Analysis, Springer, Berlin, 1985.

K. DEIMLING, Multivalued Differential Equations, Walter de Gruyter, Berlin, 1992.

Z. DENKOWSKI, S. MIGORSKI AND N.S. PAPAGEORGIOU, An Introduction to Nonlinear
Analysis: Theory, Springer, New York, 2003.

K. DIETHELM, The Analysis of Fractional Differential Equations: An Application-
Oriented Exposition Using Differential Operators of Caputo Type, Springer, Berlin, 2010.
M.M. EL-BORAIL, Some probability densities and fundamental solutions of fractional evo-
lution equations, Chaos Soliton Fract. 14 (2002), 433—440.

L. GORNIEWICZ, Topological Fized Point Theory of Multivalued Mappings, Springer,
Berlin, 2006.

T.H. GRONWALL, Note on the derivatives with respect to a parameter of the solutions of
a system of differential equations, Ann. Math. 20 (1919), 292-296.

T. GUENDOUZI, Ezistence and controllability results for fractional stochastic semilinear
differential inclusions, Differ. Equ. Dyn. Syst. 23 (2015), 225-240.

A. HARRAT, J.J. NIETO AND A. DEBBOUCHE, Solvability and optimal controls of impulsive
hilfer fractional delay evolution inclusions with clarke subdifferential, J. Comput. Appl.
Math. (2018), DOI: 10.1016/j.cam.2018.05.031.

R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, Singapore,
2000.

S. Hu aND N. S. PAPAGEORGIOU, Handbook of Multivalued Analysis, Vol. I, Kluwer Aca-
demic Publishers, Dordrecht Boston, London, 1997.

Y.R. JIANG, Optimal feedback control problems driven by fractional evolution hemivaria-
tional inequalities, Math. Meth. Appl. Sci. 41 (2018), 4305-4326.

Y.R. JIANG AND N.J. HUANG, Solvability and optimal control of fractional delay evolution
inclusions with Clarke subdifferential, Math. Meth. Appl. Sci. 40 (2017), 3026-3039.
Y.R. Jiang, N.J. HuanG AND J.C. YAO, Solvability and optimal control of semilinear
nonlocal fractional evolution inclusion with Clarke subdifferential, Appl. Anal. 96 (2017),
2349-2366.

A.A. KiLBAS, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.



514
(21]

(22]

23]
[24]
(25]

[26]

27)
(28]

29]

(30]
(31]
32]

(33]

[34]
[35]
[36]
[37]
[38]
[39]
[40]

[41]

Y. JIANG — Q. ZHANG — N. HuanG

S. KuMAR, Mild solution and fractional optimal control of semilinear system with fized
delay, J. Optim. Theory Appl. 174 (2017), 108-121.

A. LASOTA AND Z. OPIAL, Application of the Kakutani—Ky—Fan theorem in the theory of
ordinary differential equations or noncompact acyclic-valued map, Bull. Acad. Pol. Sci.
Ser. Sci. Math. Astronom. Phys. 13 (1965), 781-786.

J.H. LIGHTBOURNE AND S.M. RANKIN, A partial functional differential equation of Sobolev
type, J. Math. Anal. Appl. 93 (1983), 328-337.

Z.H. Liu AND X.W. L1, Approzimate controllability for a class of hemivariational inequal-
ities, Nonlinear Anal. Real World Appl. 22 (2015), 581-591.

L. Lu AND Z.H. Liu, Ezistence and controllability results for stochastic fractional evolution
hemivariational inequalities, Appl. Math. Comput. 268 (2015), 1164-1176.

L. Lu, Z.H. Liu, W. JIANG AND J.L. Luo, Solvability and optimal controls for semilinear
fractional evolution hemivariational inequalities, Math. Methods Appl. Sci. 39 (2016),
5452-5464.

N.I. Maumupov, Variational approach to finite-approximate controllability of Sobolev-
type fractional systems, J. Optim. Theory Appl. (2018), DOI: 10.1007/s10957-018-1255-z.
N.I. MAHMUDOV AND A. DENKER, On controllability of linear stochastic systems, Internat.
J. Control. 73 (2000), 144-151.

F. MAINARDI, P. PARADISI AND R. GORENFLO, Probability Distributions Generated by
Fractional Diffusion Equations, Kluwer Academic Publisher, Dordrecht Boston, London,
2000.

S. MIGORSKI AND A. OCHAL, Optimal control of parabolic hemivariational inequalities,
J. Global Optim. 17 (2000), 285-300.

S. MIGORSKI AND A. OCHAL, Quasi-static hemivariational inequality via vanishing accel-
eration approach, SIAM J. Math. Anal. 41 (2009), 1415-1435.

S. MiGOrski, A. OCHAL AND M. SOFONEA, Nonlinear Inclusions and Hemivariational
Inequalities, Models and Analysis of Contact Problems, Springer, Berlin, 2013.

P. MUTHUKUMAR, N. DURGA, F.A. RIHAN AND C. RAJIVGANTHI, Optimal control of second
order stochastic evolution hemivariational inequalities with Poisson jumps, Taiwanese J.
Math. 21 (2017), 1455-1475.

P.D. PANAGIOTOPOULOS, Nonconvexr superpotentials in sense of F.H. Clarke and appli-
cations, Mech. Res. Comm. 8 (1981), 335-340.

P. D. PANAGIOTOPOULOS, Hemivariational Inequalities, Applications in Mechanics and
Engineering, Springer, Berlin, 1993.

J.Y. PARK AND T.G. HA, Exzistence of antiperiodic solutions for hemivariational inequal-
ities, Nonlinear Anal. 68 (2008), 747-767.

J.Y. PARK AND S.H. PARK, Optimal control problems for anti-periodic quasilinear hemi-
variational inequalities, Optimal Control Appl. Meth. 28 (2007), 275-287.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions, Springer, New York, 1983.

I. PODLUBNY, Fractional Differential Equations, Mathematics in Science and Engineering,
Academic Press, New York, 1999.

G.D. PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimensions, Cambridge
University Press, Cambridge, 1992.

C. RAJIVGANTHI AND P. MUTHUKUMAR, Almost automorphic solutions for fractional sto-
chastic differential equations and its optimal control, Optimal Control Appl. Meth. 37
(2016), 663-681.



42]

(43]

[44]

[45]

[46]

FRACTIONAL STOCHASTIC EVOLUTION HEMIVARIATIONAL INEQUALITIES 515

Y. REN, L.Y. Hu AND R. SAKTHIVEL, Controllability of impulsive neutral stochastic func-
tional differential inclusions with infinite delay, J. Comput. Appl. Math. 235 (2011),
2603-2614.

R. SAKTHIVELA, Y. REN, A. DEBBOUCHEC AND N.I. MAHMUDOV, Approzimate controlla-
bility of fractional stochastic differential inclusions with nonlocal conditions, Appl. Anal.
95 (2016), 2361-2382.

R. SAKTHIVEL, S. SUGANYA AND S.M. ANTHONI, Approzimate controllability of fractional
stochastic evolution equations, Comput. Math. Appl. 63 (2012), 660-668.

Z.M. YAN AND F.X. Lu, Solvability and optimal controls of a fractional impulsive sto-
chastic partial integro-differential equation with state-dependent delay, Acta. Appl. Math.
155 (2018), 57-84.

Y. ZHou AND F. J1A0, Ezxistence of mild solutions for fractional neutral evolution equa-
tions, Comput. Math. Appl. 59 (2010), 1063-1077.

Manuscript received November 2, 2018

accepted July 7, 2019

YIRONG JIANG

@ https://orcid.org/0000-0003-0324-8637
College of Science

Guilin University of Technology

Guilin, Guangxi 541004, P.R. CHINA

E-mail address: jiangyirong996@126.com

QIONGFEN ZHANG

College of Science

Guilin University of Technology
Guilin, Guangxi 541004, P.R. CHINA

E-mail address: qfzhangcsu@163.com

NaNJING HUANG

Department of Mathematics

Sichuan University

Chengdu, Sichuan 610064, P.R. CHINA

E-mail address: nanjinghuang@hotmail.com

TMNA : VOLUME 55 — 2020 — N°2



