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EXISTENCE AND STABILITY OF STANDING WAVES

FOR THE CHOQUARD EQUATION

WITH PARTIAL CONFINEMENT

Lu Xiao — Qiuping Geng — Jun Wang — Maochun Zhu

Abstract. In this paper we study the existence and orbital stability of

the Choquard equation with partial confinement. This type equation origi-
nates from Fröhlich and Pekar’s model of the polaron, where free electrons

in an ionic lattice interact with phonons associated with deformations of

the lattice or with the polarisation that it creates on the medium (inter-
action of an electron with its own hole). On the one hand, we prove the

existence of global minimizer of the associate energy functional subject to

the L2-constraint. On the other hand, we discuss the orbital stability and
asymptotic behavior of the global minimizer.

1. Introduction and main results

In this paper we are concerned with the existence, stability, qualitative and

symmetry properties of standing waves associated with the following Cauchy

problem

(1.1)

−i∂tu−∆u+ (x2
1 + . . .+ x2

N−1)u = (Jα ∗ |u|p) |u|p−2u,

u(0, x) = φ(x), (t, x1, . . . , xN ) ∈ R× RN ,

2020 Mathematics Subject Classification. 35J61, 35J20, 35Q55, 49J40.
Key words and phrases. Ground state solutions; Choquard equation; orbital stability;

variational methods.
This work was supported by NNSFC (Grants 11971202, 11601190, 11571140, 11671077,

71704066), Fellowship of Outstanding Young Scholars of Jiangsu Province (BK20160063), the
Six big talent peaks project in Jiangsu Province (JY-095, XYDXX-015), NSF of Jiangsu

Province (BK20150478, BK20170542) and Jiangsu University Foundation Grant (16JDG043).

451



452 L. Xiao — Q. Geng — J. Wang — M. Zhu

where Jα : RN → R is the Riesz potential defined at each point x ∈ RN \ {0} by

Jα(x) =
Aα
|x|N−α

and Aα =
Γ((N − α)/2)

Γ(α/2)πN/2 2α
,

α ∈ (p+N − 4, N), N ≥ 3 and (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2).

In general, the Cauchy problem (1.1) is a model large system of non-relativis-

tic bosonic atoms and molecules under an attractive interaction that is weaker

and has a longer range than that of the nonlinear Schrödinger equation (where

the interaction potential Jα is formally Dirac’s delta at the origin) [19]. The

problem (1.1) arises as a mean-field limit of a bosonic system with attractive

two-body interactions, this limit can be taken rigorously in many cases, see [19]

and [29]. In showing that his polaron model arises as an asymptotic limit of the

Fröhlich polaron, Pekar had conjectured that the groundstate level of the Pekar

polaron problem should be characterised in terms of Brownian motion. This

conjecture was proved by Donsker and Varadhan [16], [17]. Another mathemati-

cal analysis of the asymptotics of the Fröhlich polaron was provided by Lieb and

Thomas [33]. On the other hand, the Choquard equation is also known as the

Schrödinger–Newton equation in models coupling the Schrödinger equation of

quantum physics together with nonrelativistic Newtonian gravity, for instance,

see [15], [26], [27], [45], [46] (also see [48], [49] for relativistic versions). Such

a model has been also proposed for boson stars [51] and for the collapse of galaxy

fluctuations of scalar field dark matter [23], [24]. Further models have been de-

veloped including a gravitomagnetic potential [38] and self-field coupling [18].

In the past few years, many mathematicians are devoted to study the exis-

tence of stationary solutions of (1.1), i.e.

(1.2) −∆u+ V (x)u = (Jα ∗ |u|p)|u|p−2u, u ∈ H1(RN ),

where α ∈ (0, N) and (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2). For example,

one can see the papers [10]–[13], [20]–[22], [40]–[42], [2], [50], [8], [52], [32], [34],

[36] and the references therein. Particularly, for N = 3, α = 2 and p = 2 in the

equation (1.2) is the Choquard–Pekar equation which goes back to the 1954’s

work by Pekar on quantum theory of a Polaron at rest [14], [44] and to 1976’s

model of Choquard of an electron trapped in its own hole, in an approximation

to Hartree–Fock theory of one-component plasma [30]. In the 1990s the same

equation reemerged as a model of self-gravitating matter [27], [39] and is known

in that context as the Schrodinger–Newton equation. The paper [37] proved

the unique positive solution of (1.2). Recently, the papers [22], [40] proved

the existence of positive and nodal solution of (1.2). For more results on this

direction one can refer to [41], [42] and the survey paper [43].

As far as we known, the existence and stability of standing states for (1.1)

in the presence of a partial confinement has not been studied in the literature.
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In the present paper we shall prove the existence of global minimizer of the

associate energy functional subject to the L2-constraint and orbital stability of

global minimizer for the system (1.1).

In order to state the main results we first need some definitions that will be

used in the rest of the paper. Let

(1.3) X =

{
u ∈ H1

(
RN ,C

)
:

∫
RN

(
x2

1 + . . .+ x2
N−1

)
u2 dx <∞

}
.

The corresponding norm is denoted by

(1.4) ‖u‖2X =

∫
RN

(
|∇u|2 +

(
x2

1 + . . .+ x2
N−1

)
|u|2
)
dx.

Clearly, the energy is defined by

(1.5) Φ(u) =
1

2
‖u‖2X −

1

2p

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy

Let us first recall the following Gagliardo–Nirenberg inequality (see [53, (2.13)])

(1.6)

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy

≤ S
(∫

RN
|u|2
)((N+α)−p(N−2))/2(∫

RN
|∇u|2

)(pN−(N+α))/2

,

where α ∈ (0, N), (N − 2)/(N + α) ≤ 1/p ≤ N/(N + α) and S > 0 is a constant.

From this we know that the functional Φ is well-defined in Y when α ∈ (0, N)

and (N − 2)/(N + α) ≤ 1/p ≤ N/(N + α). Here the space Y is defined by

(1.7) Y =

{
u ∈ X :

∫
RN
|u|2 <∞

}
,

and the norm ‖ · ‖Y is defined by

(1.8) ‖u‖2Y = ‖u‖2X + |u|22.

We define the following sets which will be used later.

(1.9) Sr =

{
u ∈ X :

∫
RN

u2 dx = r2

}
and BR =

{
u ∈ X : ‖u‖2X ≤ R2

}
.

Set

(1.10) Ir = inf
u∈Sr

Φ(u).

If N/(N + α+ 2) < 1/p ≤ N/(N + α) (subcritical case), by the Gagliardo–

Nirenberg inequality, we find that the energy functional Φ(u) restricted to Sr is

bounded from below, that is Ir > −∞. Therefore, we consider the minimizing

problem (1.10). It is easy to see that the function r 7→ Ir is continuous for any

r ≥ 0.

But if we assume that (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2) (super-

critical case), then one has that Ir = −∞. We shall borrow an idea of [3] to
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construct orbitally stable solutions by considering a suitable localized version of

the minimization problems above. More precisely, for every given M > 0 we

consider the following localized minimization problems:

(1.11) JMr = inf
u∈Sr∩BM

Φ(u).

The aim of this work is to show that for every M > 0 there exists σ0 > 0 such

that Sr ∩ BM 6= ∅ for r < σ0 and moreover all minimizing sequences to JMr
are compact, up to the action of translations with respect to x3, provided that

r < σ0. In order to guarantee that the minimizers of (1.11) are critical points of

Φ(u) restricted on Sr it is also necessary to show that they do not belong to the

boundary of Sr ∩BM . Then it is classical, see for example [28, Proposition 14.3]

(or [55]), that for any minimizer u there exists γ = γ(u) ∈ R such that the

Euler–Lagrange equation

(1.12) −∆u+
(
x2

1 + . . .+ x2
N−1

)
u = γu+

(∫
RN

|u(y)|p

|x− y|N−α
dy

)
|u|p−2u

holds. The associated standing wave is then given by e−iγtu(x). For the case

N = 3, α = 2 and p = 2, the paper [9] establishes the orbital stability of some

standing waves of the Choquard equation (1.1). For the sake of completeness,

we recall the notion of stability of a set M ⊂ X under the flow associated with

(1.1) namely

(1.13) ∀ ε > 0 ∃ η > 0 inf
v∈M
‖φ− v‖Y < η ⇒ sup

t∈R
inf
v∈M
‖u(t)− v‖Y < ε.

First, we consider the subcritical case and have the following main results for

this case.

Theorem 1.1. Assume that α ∈ (p+N−4, N), N ≥ 3 and N/(N + α+ 2) <

1/p ≤ N/(N + α). Then any minimizing sequence to (1.10), up to translation,

is compact in X.

Remark 1.2. Throughout the paper we assume that N ≥ 3. If N = 2, we

infer from [4] that the Riesz potential defined at each point x ∈ R2 \ {0} by

Jα(x) = ln |x|/(2π). Then (1.1) becomes the logarithmic Choquard equation.

We shall back on this problem in the future.

Next we state the main results for the supercritical case.

Theorem 1.3. Assume that α ∈ (N + p− 4, N), N ≥ 3 and

max

{
N − 2

N + α
,

1

4

}
<

1

p
≤ N

N + α+ 2
.

For each M > 0 there exists σ0 = σ0(M) > 0 such that the following conclusions

hold :

(a) Sr ∩ BM 6= ∅, for all r < σ0.



Existence and Stability of Standing Waves for the Choquard Equation 455

(b) ∅ 6= MM
r ⊂ BrM (for all r < σ0), where MM

r = {u ∈ Sr ∩ BM : Φ(u) =

JMr }.
(c) The set MM

r is stable under the flow associated with (1.1) for any r < σ0.

Remark 1.4. (a) We adopt the similar argument of [9] to consider the proof

of the stability. If for all r < r0, all minimizing sequence (un) ∈ Sr∩BM such that

lim
n→∞

Φ(un) = JMr , there exists (hn) ∈ R such that (un(x1, . . . , xN−1, xN − hn))

is compact in X. Notice that once this is established then we will obtain the

existence of minimizers.

(b) The main difficulty in Theorem 1.1 and Theorem 1.3 is the lack of com-

pactness, due to the translation invariance w.r.t. xN . In fact, if one replace

x2
1 + . . .+ x2

N−1 by trapping potential x2
1 + . . .+ x2

N , then one benefits from the

compactness of the inclusion of X into Lq(RN ) where q ∈ [2, 2N/(N − 2)), see

[56, Lemma 3.1] and the proof of Theorems 1.1 and 1.3 would be rather simple.

We overcome this lack of compactness by using a concentration-compactness

arguments, then we have to adapt in a suitable minimization problem.

(c) It is worth to point out that our main results can be easily generalized.

On the one hand, we can replace the confinement (x2
1 + . . . + x2

N−1) by the

potential V
(√

x2
1 + . . .+ x2

N−1

)
, where V : (0,∞) → R is strictly increasing

and unbounded. On the other hand, by a direct adaptation of our proofs we can

extend our results as to cover the general situation where−i∂tu−∆u+ (x2
1 + . . .+ x2

N−d)u = (Jα ∗ |u|p)|u|p−2u,

u(0, x) = φ(x), (t, x1, . . . , xN ) ∈ R× RN , 1 ≤ d < N,

and max{(N − 2)/(N + α), 1/(3 + d)} < 1/p ≤ N/(N + α+ 2). One can prove

the same results as in Theorem 1.3.

Next, we provide some results for the properties of the minimizers in Theo-

rem 1.3.

Theorem 1.5. Every minimizer obtained in Theorem 1.3 (that is in princi-

ple C-valued) is of the form eiθw(x1, . . . , xN ) where w is a positive real valued

minimizer and θ ∈ R. Moreover, for some h ∈ R, w(x1, . . . , xN−1, xN − h) is

radially symmetric and decreasing with respect to (x1, . . . , xN−1). In addition,

for every fixed M > 0, for every r < σ0(M) and for every u ∈ MM
r there exists

γ = γ(w) > 0 such that

(1.14) −∆u+ (x2
1 + . . .+ x2

N−1)u = γu+

(∫
RN

|u(y)|p

|x− y|N−α
dy

)
|u|p−2u

with the estimates

(1.15) (1− Cr2p−2)Γ0 ≤ γ < Γ0
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where C > 0 is an universal constant and

Γ0 = inf

(
spec

(
−

N∑
i=1

∂2
xi + (x2

1 + . . .+ x2
N−1)

))
.

Moreover, we have

(1.16) sup
MMr
‖u(x1, . . . , xN )− ψ0(xN )φ0(x1, . . . , xN−1)‖X = o(r)

where φ(x1, . . . , xN−1) is the unique normalized positive eigenvector of the quan-

tum harmonic oscillator

N−1∑
i=1

∂2
xi + x2

1 + . . .+ x2
N−1

and

(1.17) ψ0(xN ) =

∫
RN

u(x1, . . . , xN )φ0(x1, . . . , xN−1) dx1, . . . , dxN−1.

Finally, we can show that our solutions are ground state in the following

sense with the properties given in Theorem 1.5.

Definition 1.6. Let r > 0 be arbitrary, we say that u ∈ Sr is a ground

state if

Φ′|Sr (u) = 0 and Φ(u) = inf{Φ(u) : u ∈ Sr, Φ′|Sr (u) = 0}

Theorem 1.7. Let (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2). Then, for

any fixed M > 0 and sufficiently small r > 0, the local minimizers u ∈ MM
r are

ground states.

2. Proof of Theorem 1.1

In this section we main focus on the subcritical case and give the proof of

Theorem 1.1. To accomplish this we first recall the spectral conclusion. Let

(2.1) Γ0 = inf∫
RN |u|2=1

(∫
RN

(
|∇xu|2 +

(
x2

1 + . . .+ x2
N−1

)
u2
)
dx

)
and

(2.2) γ0 = inf∫
RN−1 |ψ|2 dx̃=1

(∫
RN

(
|∇x̃ψ|2 +

(
x2

1 + . . .+ x2
N−1

)
ψ2
)
dx̃

)
,

where x̃ = (x1, . . . , xN−1) ∈ RN−1. From [3, Lemma 2.1], we know that

(2.3) γ0 = Γ0.
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For the notation convenience, we define µ := r2. Correspondingly, it follows that

(2.4) S̃µ := Sr =

{
u ∈ X :

∫
RN

u2 dx = r2 = µ > 0

}
and Ĩµ := Ir = inf

u∈S̃µ
Φ(u).

To accomplish our results we shall apply the concentration compactness princi-

ple [35] to the minimizing sequence. That is, we should exclude the possibilities

of the vanishing and dichotomy cases. In order to eliminate vanishing case we

shall borrow an idea of [3, Lemma 2.1]. Finally, we rule out the dichotomy case

by proving the following strict subadditivity inequality

Ĩµ < Ĩµ−µ0
+ Ĩµ0

for 0 < µ0 < µ.

The next lemma state that any minimizing sequence to (1.10) is nonvanishing.

Lemma 2.1. Assume that α ∈ (p+N − 4, N), N ≥ 3 and N/(N + α+ 2) <

1/p ≤ N/(N + α). Let {un} ⊂ S̃µ be a minimizing sequence to (2.4). Then there

exists δ > 0 such that

lim
n→∞

∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy ≥ δ.

Proof. Arguing by contradiction, without restriction we assume that∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy = on(1).

Thus, we have that

(2.5) Ĩµ = Φ(u) + on(1) =
1

2

∫
RN
|∇un|2 +

(
x2

1 + . . .+ x2
N−1)|un|2 dx+ on(1)

≥ µΓ0

2
+ on(1).

where Γ0 is defined by (2.1). It is clear that γ0 can be achieved by w ∈ H1(RN−1).

From the definition (2.2), let∫
R
|ϕ|2 dxN = µ, ϕ ∈ H1(R).

Then, for λ > 0 we set, u(x) := w(x̃)ϕλ(xN ) ∈ S̃µ, where ϕλ(xN ) = λϕ(λ2xN ).

Thus, it follows that

Φ(u) =
µγ0

2
+

1

2

∫
R
|∂xNϕλ|2 dx(2.6)

− µ

2p

∫
RN

∫
RN

|w(x̃)ϕλ(xN )|p|w(y′)ϕλ(yN )|p

|x− y|N−α
dx dy

=
µΓ0

2
+
λ4

2

∫
R
|∂xNϕ|2 dx
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− λ2(p+N−α−2)

2p

∫
RN

∫
RN

(
|w(x̃)ϕ(xN )|p|w(ỹ)ϕ(yN )|p/(

|λβx1 − λβy1|2 + . . .+ |λβxN−1 − λβyN−1|2

+ |xN − yN |2
)

(N−α)/2
)
dx dy.

Since N/(N + α+ 2) < 1/p ≤ N/(N + α) and α > p+N−4, it follows from (2.6)

that Ĩµ ≤ Φ(u) < µΓ0/2 whenever λ > 0 small enough. However, it contradicts

with (2.5), which completes the proof. �

Lemma 2.2. Assume that α ∈ (p+N − 4, N), N ≥ 3 and N/(N + α+ 2) <

1/p ≤ N/(N + α). Let {un} ⊂ S̃µ be a minimizing sequence to (2.4). Then there

exist a sequence {hn} ⊂ R and u ∈ X \ {0} such that un(x̃, xN − hn) ⇀ u in X

as n→∞.

Proof. By Lemma 2.1 we know that un is bounded in X. Furthermore, we

have that

(2.7) lim
n→∞

∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy ≥ δ1,

where δ1 > 0. To accomplish the proof, we first prove that the Gagliardo–

Nirenberg inequality (1.6) still holds on Th := RN−1 × [h, h+ 1) for h ∈ N. Let

χh(x) = 1 for xN ∈ [h, h + 1) and χh(x) = 0 for xN 6∈ [h, h + 1). We define

û(x) = χh(x)u(x). Then û ∈ RN . From the classical Hardy–Littlewood–Sobolev

inequality (see [31, Theorem 4.3]), one infers that there exists a constant C0 > 0

such that

(2.8)

∫
Th

∫
Th

|un(x)|p|un(y)|p

|x− y|N−α
dx dy

=

∫
RN

∫
RN

ûp(x)ûp(y)

|x− y|N−α
dx dy ≤ C0

(∫
RN
|û|2pN/(N+α)

)(N+α)/N

,

where α ∈ (0, N) and (N − 2)/(N + α) ≤ 1/p ≤ N/(N + α). On the other

hand, by interpolation inequality, we have that(∫
RN
|û|4N/(N+2)

)(N+2)/(4N)

≤
(∫

RN
|û|2
)θ/2(∫

RN
|û|2

∗
)(1−θ)/2∗

(2.9)

≤
(∫

Th

|u|2
)θ/2(∫

RN
|u|2

∗
)(1−θ)/2∗

≤ C1

(∫
Th

|u|2
)θ/2(∫

RN
|∇u|2

)(1−θ)/2

,

where 2∗ = 2N/(N − 2) (N ≥ 3), θ = (N + α− p(N − 2))/(2p) and C1 > 0 is

a constant. Combining (2.8) and (2.9), we know that∫
Th

∫
Th

|un(x)|p|un(y)|p

|x− y|N−α
dx dy ≤ C

(∫
Th

|un|2 dx
)((N+α)−p(N−2))/2

‖un‖pN−(N+α)
X .
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Note that RN =
∞⋃
−∞

RN−1 × [h, h + 1). Summing the above inequality with

respect to h ∈ N and by (2.7), one sees that

(2.10) δ1 ≤
∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy

≤ C
(

sup
h∈z

∫
Th

|un|2 dx
)((N+α)−p(N−2))/2

‖un‖pN−(N+α)
X .

We infer from the boundedness of un in X and (2.10) that for any n ∈ N there

admit hn ∈ N and δ2 > 0 such that∫
Thn

|un|2 dx ≥ δ2.

Set wn(x) := un
(
x̃, xN − hn

)
. Then one sees that

∫
T0
|wn|2 dx ≥ δ2. Since the

embedding H1(T0) ↪→ L2(T0) is compact and wn(x) is bounded in X, there

exists u ∈ X \ {0} such that wn ⇀ u in X as n→∞. �

Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Assume {un} ⊂ S̃µ be a minimizing sequence to

(2.4). Recalling Lemma 2.2, there is a sequence {hn} ⊂ R such that wn(x) :=

un(x̃, xN − hn) has a nontrivial weak limit u in X. Note that {wn} ⊂ S̃µ is

also a minimizing sequence to (2.4). At this point, to check the compactness of

{wn} it suffices to prove u ∈ S̃µ. To do this, we use the contradiction argument.

Assume that 0 < µ0 := ‖u‖22 < µ. In order to obtain the contradiction, we need

prove the subadditivity inequality.

By the Brezis–Lieb Lemma (see [40, Lemma 2.4] and [6] is the classical

Brezis–Lieb Lemma) for the functional with the nonlocal term, we get that

‖wn‖2X = ‖wn − u‖2X + ‖u‖2X + on(1),

∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dx dy

=

∫
RN

∫
RN

|wn(x)− u(x)|p|wn(y)− u(y)|p

|x− y|N−α
dx dy

+

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dxdy + on(1),

for 1 ≤ p <∞. Therefore, one sees that

Φ(wn) = Φ(wn − u) + Φ(u) + on(1).

Thus, we prove that

(2.11) Ĩµ ≥ Ĩµ−µ0 + Ĩµ0 ,
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where we employed the continuity of Ĩµ in regard to µ > 0. Next we claim that

(2.12) Ĩθµ < θ Ĩµ for θ > 1.

Indeed, a direct computation shows that

Ĩθµ ≤ Φ(vn) =
θ

2

∫
RN
|∇wn|2 +

(
x2

1 + . . .+ x2
N−1

)
|wn|2 dx

− µθp

2p

∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dx dy

= θΦ(un) +
µ

2p
(θ − θp)

∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy,

where vn := θ1/2wn ∈ S̃θµ. As a result of θ > 1, p > 1, then it follows from

Lemma 2.1 that (2.12) necessarily holds.

Now we are ready to find the contradiction. We infer from (2.12) that

Ĩµ =
µ− µ0

µ
Ĩµ +

µ0

µ
Ĩµ < Ĩµ−µ0

+ Ĩµ0
.

This contradicts the inequality (2.11). Then u ∈ S̃µ is holds. Hence, we know

that un → u in Lq(RN ) for q ∈ (2, (N + α)/(N − 2)) as n → ∞. By the weak

lower semicontinuity of the norm, we then have that Φ(u) ≤ Ĩµ. Since Ĩµ ≤ Φ(u),

it follows that Φ(u) = Ĩµ = Φ(u) + on(1). Hence we get that wn → u in X as

n→∞, and the proof is finished. �

3. Proof of Theorem 1.3

In this section, we will give the proof of Theorem 1.3. To accomplish this we

borrow an idea of [3]. The proof is divide into several steps. The main point is

to proving the compactness. That is, for all r < r0, for any minimizing sequence

{un} ⊂ Sr ∩ BM such that lim
n→∞

Φ(un) = JMr there exists {hn} ⊂ R such that

(un(x1, . . . , xN−1, xN − hn)) is compact in Y .

We first prove the local minima structure for Φ(u) on Sr. That is, the

conclusion (a) of Theorem 1.3.

Lemma 3.1. Assume that α ∈ (0, N) and (N − 2)/(N + α) < 1/p ≤ N/

(N + α+ 2). For each M > 0 there exists r0 = r0(M) > 0 such that, for all

r < r0,

(3.1) Sr ∩ BM 6= ∅ and inf
Sr∩BMr/2

Φ(u) < inf
Sr∩(BM\BMr)

Φ(u).

Proof. We choose some u0 ∈ Y such that ‖u0‖X = M and let r0 = |u0|2.

For each 0 < r ≤ r0, we know that the element w = ru0/r0 ∈ (Sr ∩ BM ). That

is, Sr ∩ BM 6= ∅. Next we prove the latter conclusion of the lemma. We infer

from the Gagliardo–Nirenberg inequality (1.6) for u ∈ Sr that

(3.2)

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy ≤ Cr(N+α)−p(N−2)‖u‖Np−(N+α)

X .
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then

Φ(u) =
1

2
‖u‖2X −

1

2p

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy

≥ 1

2
‖u‖2X − Cr(N+α)−p(N−2)‖u‖Np−(N+α)

X = Gr(‖u‖X).

Similarly, we infer that

(3.3) Φ(u) ≤ 1

2
‖u‖2X = Hr(‖u‖X), for all u ∈ Sr.

Since (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2), it follows that

(3.4) (N + α) > p(N − 2) and Np ≥ N + α+ 2.

Hence we deduce that, for s ∈ (0,M) and r < r0 small,

(3.5) Gr(s) =
s2

2

(
1− 2Cr(N+α)−p(N−2)‖u‖Np−(N+α)

X

)
>

2s2

5
.

This implies that

(3.6) inf
s∈(rM,M)

Gr(s) >
2

5
r2M2.

On the other hand, we infer that

(3.7) Hr

(
rM

2

)
=

1

8
r2M2.

Combining (3.2)–(3.7) we know that for r < r0 small enough

(3.8) inf
Sr∩BMr/2

Φ(u) ≤ Hr

(
rM

2

)
< inf
s∈(rM,M)

Gr(s) ≤ inf
Sr∩(BM\BMr)

Φ(u).

This finishes the proof. �

Remark 3.2. Here Φ has a geometry of local minima. When x2
1 + . . .+x2

N−1

in (1.1) is replaced by a general potential V (x), this geometry still holds. Actu-

ally, this geometry only depends on the assumption that 1/p ≤ N/(N + α+ 2).

Now the fact that the geometry implies the existence of a local minimizer depends

on a balance between the potential and the strength of the nonlinear term. If

V ≡ 0, then it is well known that, for (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2),

no local minimizer exists (in practise any minimizing sequence is vanishing). On

the contrary when V (x) = x2
1 + . . .+x2

N , as already indicated, a local minimizer

exists for any (N − 2)/(N + α) < 1/p ≤ N/(N + α+ 2).

Next we are going to study the nonvanishing property of the minimizing

sequence of Φ.

Lemma 3.3. Assume that α ∈ (N + p− 4, N), N ≥ 3 and

max

{
N − 2

N + α
,

1

4

}
<

1

p
≤ N

N + α+ 2
.
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Let M > 0 and r0 = r0(M) > 0 be given as Lemma 3.1. If {un} ⊂ Sr ∩BM such

that

(3.9) lim
n→∞

Φ(un) = inf
u∈Sr∩BM

Φ(u) = JMr ,

then one sees

(3.10) lim inf
n→∞

∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy > 0.

Proof. We use the contradiction arguments. Assume that (3.10) is not

satisfied. Then we get

JMr = lim
n→∞

[ ∫
RN

(
|∇un|2 + (x2

1 + . . .+ x2
N−1)|un|2

)
(3.11)

−
∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy

]
= lim

n→∞

∫
RN

(
|∇un|2 +

(
x2

1 + . . .+ x2
N−1

)
|un|2

)
≥ r2

2
Γ0.

So, it suffices to show that

(3.12) JMr <
r2

2
Γ0.

In fact, it is clear that the problem

(3.13) −∆x̃φ+
(
x2

1 + . . .+ x2
N−1

)
φ = γφ,

∫
RN−1

|φ(x̃)|2 dx̃ = 1

has a sequences of eigenvalue γ0 ≤ γ1 ≤ γ2 ≤ . . ., and the corresponding eigen-

functions denoted by {φj} (see [1, Proposition 2.1 and Corollary 2.2] or [47]).

Obviously, that {φj} is a Hilbert basis for L2(RN−1). Let

(3.14) v(x) = φ0(x̃)ψ(xN ) and

∫
R
|ψ(xN )|2 dxN = r2,

where ψ(xN ) to be chosen later. A direct computation shows that

Φ(v) =
1

2

∫
R
|∂xNψ(xN )|2 dxN +

Γ0

2

∫
R
|ψ(xN )|2 dxN(3.15)

− 1

2p

∫
RN

∫
RN
|φ0(x̃)|p|φ0(ỹ)|p |ψ(xN )|p|ψ(yN )|p

|x− y|N−α
dx dy

=
Γ0r

2

2
+

1

2

∫
R
|∂xNψ(xN )|2 dxN

− 1

2p

∫
RN

∫
RN
|φ0(x̃)|p|φ0(ỹ)|p |ψ(xN )|p|ψ(yN )|p

|x− y|N−α
dx dy.
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To prove (3.12) it suffices to show that ‖v‖2X ≤M2 and

(3.16)
1

2

∫
R
|∂xNψ(xN )|2 dxN

− 1

2p

∫
RN

∫
RN
|φ0(x̃)|p|φ0(ỹ)|p |ψ(xN )|p|ψ(yN )|p

|x− y|N−α
dx dy < 0.

Fix ψ0 such that ∫
RN
|ψ0(xN )|2 dxN = r2.

We take β1, β2 such that 1 ≤ 2β2/β1 < (3 + α−N)/(p− 1) and let

(3.17) v(x) = φ0(x̃)ψλ(xN ) and ψλ(xN ) = λβ2ψ0(λβ1x).

Then we infer that

1

2

∫
R
|∂xNψλ(xN )|2 dxN(3.18)

− 1

2p

∫
RN

∫
RN
|φ0(x̃)|p|φ0(ỹ)|p |ψλ(xN )|p|ψλ(yN )|p

|x− y|N−α
dx dy

=
λ2β2+β1

2

∫
R
|∂xNψ0(xN )|2 dxN

− λ2β2p+β1(N−α−2)

2p

∫
RN

∫
RN
|φ0(x̃)|p|φ0(ỹ)|p

× |ψ0(xN )|p|ψ0(yN )|p/
(
|λβ1(x1 − y2)|2 + . . .

+ |λβ1(xN−1 − yN−1)|2 + |(xN − yN )|2
)(N−α)/2

dx dy.

Since p < 4, we know that (3.16) holds for λ > 0 small. Furthermore, a direct

computation shows that

‖φ0(x̃)ψλ(xN )‖2X(3.19)

= λ2β2+β1

∫
R
|∂xNψ0(xN )|2 dxN + Γ0

∫
R
|ψλ(xN )|2 dxN

= λ2β2+β1

∫
R
|∂xNψ0(xN )|2 dxN + Γ0λ

2β2−β1r2.

Hence we prove the conclusion by choosing λ small enough and r0 = r0(M) such

that 2Γ0r
2
0 < M2. �

The next lemma studies the further property of the minimizing sequences

{un} in Lemma 3.3.

Lemma 3.4. Assume that ‖un‖2Y <∞ and there exists σ0 > 0 such that

(3.20)

∫
RN

∫
RN

|un(x)|p|un(y)|p

|x− y|N−α
dx dy ≥ σ0 > 0.

Moreover, there exist hn ∈ R such that

(3.21) un(x1, . . . , xN−1, xN − hn) ⇀ v 6= 0 in Y.
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Proof. We infer from the Gagliardo–Nirenberg inequality (1.6) that∫
Λh

∫
Λh

|un(x)|p|un(y)|p

|x− y|N−α
dx dy

≤ S
(∫

Λh

|u|2
)((N+α)−p(N−2))/2(∫

Λh

|∇u|2
)(pN−(N+α))/2

≤ C|un|(N+α)−p(N−2)
L2(Λh) ‖un‖pN−(N+α)

H1(Λh) ,

where Λh = RN−1× (h, h+1) for h ∈ Z. By taking a sum over h ∈ Z, we deduce

that

|un|L2(RN ) ≤ C
(

sup
h
|un|L2(Λh)

)(N+α)−p(N−2)

‖un‖pN−(N+α)

H1(RN )
.

Moreover, by the boundedness of {un} in H1(RN ), we infer that there exist

hn ∈ R such that inf
n
|un|L2(Λhn ) ≥ %0 > 0, where %0 is a constant.

Set vn = un(x1, . . . , xN−1, xN − hn). Then we know that

sup
n

(∫
Λ1

(
|∇x̃vn|2 +

(
x2

1 + . . .+ x2
N−1

)
|vn|2 + |vn|2

)
dx

)
<∞

and |vn|L2(Λ1) > 0. Since the embedding H1(Λ1) ↪→ L2(Λ1) is compact, it follows

that there exists v ∈ Y \ {0} such that vn ⇀ v 6= 0 in Y . �

Now we are ready to give the proof of Theorem 1.3

Proof of Theorem 1.3. Let {un} ⊂ Sr∩BM be the minimizing sequences

of JMr . It is clear that {un} is bounded in Y . By Lemma 3.4, we know that

vn = un(x1, . . . , xN−1, xN − hn) ⇀ v 6= 0 in Y . To accomplish the Theorem 1.3,

it suffices to prove that vn → v 6= 0 in Y . That is we only need to prove that

|v|L2(RN ) = r2. In fact, if |v|L2(RN ) = r2, we know that vn → v in L2(RN ).

Furthermore, we infer from the Gagliardo–Nirenberg inequality

(3.22) |u|p ≤ C(N, p)|∇u|α2 |u|1−α2 , u ∈ H1(RN ), α =
N(p− 2)

2p

that vn → v in Lt(RN ) (for all t ∈ (2, 2∗)). Furthermore, one sees from Hardy–

Littewood–Sobolev inequality that∫
RN

∫
RN

|vn(x)|p|vn(y)|p

|x− y|N−α
dx dy →

∫
RN

∫
RN

|v(x)|p|v(y)|p

|x− y|N−α
dx dy,

as n → ∞. Therefore, from the weak convergence in Y we see that Φ(v) ≤
lim
n→∞

Φ(vn) = JMr . If ‖v‖2Y < lim
n→∞

‖vn‖2Y , then Φ(v) < JMr . This is contradic-

tion. So, lim
n→∞

‖vn‖2Y = ‖v‖2Y . That is, vn → v in Y .

In the following we still need to prove |v|L2(RN ) = r2. Assume by contradic-

tion that |v|L2(RN ) = r2
0 < r2. We define vn = (vn−v)+v. Then one infers from
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the Brezis–Lieb Lemma [6] that

‖vn‖2X = ‖vn − v‖2X + ‖v‖2X + o(1),

‖vn‖2L2(RN ) = ‖vn − v‖2L2(RN ) + ‖v‖2L2(RN ) + o(1).

Moreover, by Brezis–Lieb type l emma for the nonlocal problem (see [40, Lem-

ma 2.4]), we know that∫
RN

∫
RN

|vn(x)|p|vn(y)|p

|x− y|N−α
dx dy(3.23)

=

∫
RN

∫
RN

|vn(x)− v(x)|p|vn(y)− v(y)|p

|x− y|N−α
dx dy

+

∫
RN

∫
RN

|v(x)|p|v(y)|p

|x− y|N−α
dx dy + o(1).

Hence we infer that

(3.24) Φ(un) = Φ(vn) = Φ(vn − v) + Φ(v) + o(1) ≥ JMrn + JMr0 + o(1),

where rn = |vn− v|L2(RN ) and r0 = |v|L2(RN ). Hence, we get r2
n + r2

0 = r2 + o(1).

Assume that rn → ` and hence `2 + r2
0 = r2. By (3.24), we arrive at

(3.25) JMr ≥ JM` + JMr0 .

Next we need to show that

(3.26) JMr < JM` + JMr0 .

Then we get the contradiction. To prove (3.26), we first claim that

(3.27) r2JMs < s2JMr , for 0 < r < s < min{1, r0}.

Indeed, let {wn} ⊂ Sr ∩ BM be such that lim
n→∞

Φ(wn) = JMr . By Lemma 3.1

we know that wn ∈ BMr when r < r0(M) and n large enough. Particularly,

for s < 1, we have that swn/r ∈ Ss ∩ BsM ⊂ Ss ∩ BM . Hence we infer from

Lemma 3.3 that

JMs ≤ Φ

(
s

r
wn

)
=
s2

r2

(
1

2

∫
RN

(
|∇wn|2 +

(
x2

1 + . . .+ xN−1

)
|wn|2)

)
− 1

2p

s2p

r2p

∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dx dy

=
s2

r2

(
1

2

∫
RN

(
|∇wn|2 + (x2

1 + . . .+ xN−1

)
|wn|2

)
− 1

2p

∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dxdy

)
+

1

2p

(
s2

r2
− s2p

r2p

)∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dx dy
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≤ s2

r2
Φ(wn) + o(1) +

(
s2

r2
− s2p

r2p

)
δ0

≤ s2

r2
JMr + o(1) +

(
s2

r2
− s2p

r2p

)
δ0 <

s2

r2
JMr .

Here we have used the fact that

1

2p

∫
RN

∫
RN

|wn(x)|p|wn(y)|p

|x− y|N−α
dx dy ≥ δ0

for n large enough. So, the claim (3.27) holds. Since `2 +r2
0 = r2, it follows from

(3.27) that

JM` >
`2

r2
JMr and JMr0 >

r2
0

r2
JMr

Thus, we arrive at

JM` + JMr0 > JMr .

Finally, it is well-known that the orbital stability of the set MM
r is equivalent

to the fact that any minimizing sequence {un} ⊂ Sr ∩ BM is compact up to

translation (see [9]). �

4. Properties of the minimizer

In this section we are devoted to study the properties of the minimizer which

obtained in Theorems 1.3. We first make the characterization of the C-value

minimizer. To accomplish this we need the below theorem and the proof was

given in [3, Theorem 5].

Theorem 4.1. Let w ∈ C1
(
RN ;C \ {0}

)
be such that

(4.1)

∫
RN

∑
j

|∂xj |w‖2 dx =

∫
RN
|∂xjw|2 dx,

then we have w(x) = eiθρ(x), where θ ∈ R is a constant and ρ(x) ∈ R for every

x ∈ RN .

Now we are ready to make the characterization of the C-value minimizer.

Lemma 4.2. For each minimizer obtained in Theorem 1.3, then it has the

form eiθw(x1, . . . , xN ), where w is a positive real valued minimizer and θ ∈ R.

Proof. Here we assume that w ∈ H1
(
RN ;C

)
be a complex valued mini-

mizer. And w is of class C1 by a standard elliptic regularity bootstrap. It is

easy to see that, by the diamagnetic inequality, |w| ∈ C1
(
RN ;C

)
is a minimizer.

Moreover by the Euler–Lagrange equation and the strong maximum principle

we have |w| > 0, Hence w ∈ C1
(
RN ;C \ {0}

)
. We know that w and |w| are

minimizers, and all the terms involved in the energy (that we are minimizing)
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are unchanged by replacing w by |w| except in principle the kinetic term, then

we get that if ∫
RN

∣∣∇x|w|∣∣2 dx =

∫
RN
|∇xw|2 dx,

then w and |w| are both minimizers. We conclude this lemma by Theorem 4.1.�

Now we focus on the symmetry of the minimizers. We first give the result

for Schwartz symmetrization and the proof was given in [3, Theorem 4].

Theorem 4.3. Let V : RN → [0,∞) be a measurable function, radially sym-

metric satisfying V (|x|) ≤ V (|y|) for |x| ≤ |y|, then we have:

(4.2)

∫
RN

V (|x|)|u∗|2 dx ≤
∫
RN

V (|y|)|u|2 dx.

If, in addition, V (|x|) < V (|y|) for |x| < |y|, then

(4.3)

∫
RN

V (|x|)|u∗|2 dx =

∫
RN

V (|y|)|u|2 dx ⇒ u(x) = u∗(|x|).

The next lemma prove the radially symmetric and decreasing property of

minimizer of (1.1).

Lemma 4.4. For each minimizer obtained in Theorem 1.3, then w(x1, . . . ,

xN−1, xN−h) is radially symmetric and decreasing with respect to (x1, . . . , xN−1),

where w is a positive real valued minimizer and h ∈ R.

Proof. We shall use the Schwartz symmetrization and reflexion type argu-

ments to prove results. Assume that u(x1, . . . , xN ) is a real minimizer. The fol-

lowing is the partial symmetrization with respect to the variables (x1, . . . , xN−1)

u?(x1, . . . , xN ) = u∗xN (x1, . . . , xN−1),

where u∗xN (x1, . . . , xN−1) = u(x1, . . . , xN ) and ∗ denotes the Schwartz rearrange-

ment with respect to w(x1, . . . , xN−1) (see [31], [54]). We infer from [7, Theo-

rem 8.2] and [31] that∫
RN
|∇xu?|2 dx ≤

∫
RN
|∇xu|2 dx,

∫
RN
|u?|2 dx =

∫
RN
|u|2 dx,∫

RN

∫
RN

|u?(x)|p|u?(y)|p

|x− y|N−α
dx dy ≥

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy.

Also, from (4.2) we deduce that

(4.4)

∫
RN−1

(
x2

1 + . . .+ x2
N−1

)
|u?|2 dx̃ ≤

∫
RN−1

(
x2

1 + . . .+ x2
N−1

)
|u|2 dx̃,

for all xN ∈ R. Integration with respect to dxN in (4.4) gives∫
RN

(
x2

1 + . . .+ x2
N−1

)
|u?|2 dx ≤

∫
RN

(
x2

1 + . . .+ x2
N−1

)
|u|2 dx.
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Thus we get that u? is also a minimizer. Moreover, since u is a minimizer, then

one has that∫
RN

(
x2

1 + . . .+ x2
N−1

)
|u?|2 dx =

∫
RN

(
x2

1 + . . .+ x2
N−1

)
|u|2 dx.

By this fact and (4.4) we get∫
RN−1

(
x2

1 + . . .+ x2
N−1

)
|u?|2 dx̃ =

∫
RN−1

(
x2

1 + . . .+ x2
N−1

)
|u|2 dx̃,

for almost every xN ∈ R. Hence, from Theorem 4.3 (with V (x1, . . . , xN−1) =

x2
1 + . . . + x2

N−1) we get that u(x1, . . . , xN ) = u?(x1, . . . , xN ) for almost every

xN ∈ R.

Summarizing, u(x1, . . . , xN ) is radially symmetric and decreasing with re-

spect to (x1, . . . , xN−1) for xN in a set with full measure. On the other hand

u(x1, . . . , xN ) is continuous and hence u(x1, . . . , xN ) is radially symmetric and

decreasing with respect to (x1, . . . , xN−1) for every xN . �

Next we shall give the estimates for the Lagrange multiplier.

Lemma 4.5. For every fixed M > 0, for every r < σ0(M) and for every

u ∈MM
r there exists γ = γ(w) > 0 such that (1.14) holds. Moreover, we have(

1− Cr2p−2
)
Γ0 ≤ γ < Γ0,

where C > 0 is an universal constant and

Γ0 = inf

(
spec

(
−

N∑
i=1

∂2
xi +

(
x2

1 + . . .+ x2
N−1

)))
.

Proof. For u ∈MM
r , then we have u ∈ BrM by Theorem 1.3, which implies

that u is a critical point of Φ(u) on Sr and hence there exists γ = γ(u) ∈ R such

that

−∆u+
(
x2

1 + . . .+ x2
N−1

)
u−

(∫
RN

|u(y)|p

|x− y|N−α
dy

)
|u|p−2u = γu.

Multiplying by u and integrating by parts we have that

(4.5) γ =
1∫

RN
|u|2 dx

(
‖u‖2X −

(∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy

))
<

2Φ(u)

r2
,

where we have used p > 1. Moreover, by Lemma 3.3, we get Φ(u) < r2Γ0/2.

Thus, one sees that

(4.6) γ <
2Φ(u)

r2
< Γ0.
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This give the upper bounded of γ. Next we prove the low bounded of γ. From

(3.2), (4.5) and u ∈ BrM , we deduce that

γ ≥ 1

r2

(
‖u‖2X − Cr(N+α)−p(N−2)‖u‖Np−(N+α)

X

)
≥ ‖u‖

2
X

r2

(
1− Cr(N+α)−p(N−2)‖u‖Np−(N+α+2)

X

)
≥ ‖u‖

2
X

r2

(
1− Cr(N+α)−p(N−2)(M2r2)(Np−(N+α+2))/2

)
≥ ‖u‖

2
X

r2

(
1− Cr2p−2

)
,

where the value C > 0 is a constant. Now, by definition of Γ0, we see that

‖u‖2X
r2

≥ Γ0.

Therefore, we obtain that γ ≥ Γ0

(
1 − Cr2p−2

)
. As a consequence, for some

constant C > 0,

Γ0 > γ ≥ Γ0

(
1− Cr2p−2

)
.

In particular, we have γ → Γ0, as r → 0. �

We are now in position to establish the asymptotic profile of the minimizer

as r → 0.

Lemma 4.6. We have

sup
MMr

∥∥u(x1, . . . , xN )− ψ0(xN )φ0(x1, . . . , xN−1)
∥∥
X

= o(r)

where φ0(x1, . . . , xN−1) is the unique normalized positive eigenvector of the quan-

tum harmonic oscillator
N−1∑
i=1

∂2
xi + x2

1 + . . .+ x2
N−1 and

ψ0(xN ) =

∫
RN

u(x1, . . . , xN )φ0(x1, . . . , xN−1) dx1 . . . dxN−1.

Proof. Recall that from Theorem 1.3, for every fixed M > 0 and for every

r < r0(M),

MM
r =

{
u ∈ Sr ∩ BM : Φ(u) = JMr

}
6= ∅.

Since MM
r ⊂ BMr, and by (3.2), we get that for any u ∈MM

r there exists C > 0,

such that

(4.7)

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy ≤ Cr2p.

Now we use the Hilbert basis {φj} of L2
(
RN−1

)
introduced in the proof of

Lemma 3.3, then for any u ∈MM
r

u(x1, . . . , xN ) =
∑

j∈N∪{0}

ψj(xN )φj(x1, . . . , xN−1),
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where

ψj(xN ) =

∫
RN

u(x1, . . . , xN )φj(x1, . . . , xN−1) dx1 . . . dxN−1.

Then, by ψj ∈ L2(R) and orthogonality, the following equation holds∑
j∈N∪{0}

‖ψj‖2L2 =
∑

j∈N∪{0}

‖ψj‖2L2‖φj‖2L2 = ‖u‖2L2 = r2.

In addition, by using the similar argument with in the proof of Lemma 3.3 and

(4.7), one sees that

(4.8) Φ(u) ≥ 1

2

∑
j∈N∪{0}

‖∂xNψj‖2L2 + γj‖ψj‖2L2 − Cr2p.

By Lemma 3.3, we deduce that

Φ(u) = inf
Sr∩BM

Φ(u) <
r2γ0

2
, for all r < r0.

Therefore, one sees from (4.8) that

(4.9)
1

r2

∑
j∈N∪{0}

‖∂xNψj‖2L2 + γj‖ψj‖2L2 < γ0 + 2Cr2(p−1).

A direct computation shows that

γ0

r2

∑
j∈N∪{0}

‖ψj‖2L2 =
γ0

r2
‖u‖2L2 = γ0.

Since γ0 < γj for all j ∈ N , we infer from the estimate above that

(4.10)

∑
j∈N∪{0}

1

r2
‖∂xNψj‖2L2 < 2Cr2(p−1),

∑
j∈N

1

r2
‖ψj‖2L2 <

2Cr2(p−1)

inf
j∈N

(γj − γ0)
,

or identically,

(4.11)

∣∣∣∣‖ψ0‖2L2

r2
− 1

∣∣∣∣ < 2Cr2(p−1)

inf
j∈N

(γj − γ0)
.

From (4.9)–(4.11) it follows that there exists C > 0 such that, for any u ∈MM
r ,∥∥∥∥ur − ψ0

r
φ0

∥∥∥∥
X

=

(
1

r2

∑
j∈N∪{0}

‖∂xNψj‖2L2 + γj‖ψj‖2L2

)1/2

≤ Crp−1.

Then we finish the proof. �

Proof of Theorem 1.5. It is easy to that Theorem 1.5 follows from Lem-

mas 4.2, 4.4–4.6. �
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5. Proof of Theorem 1.7

Finally, we give the proof of Theorem 1.7. Fix M > 0, from Theorem 1.3 (b)

and (3.2), we get

(5.1) lim
r→0

JMr = 0.

We use the contradiction arguments. Assume that there exists a critical point

ũ for Φ(u) on Sr satisfying Φ(ũ) < JMr . Using the Pohozaev’s type identity as

in [5], [25], [53], then we know that if u is a solution of (1.1), then u such that

P (ũ) = 0, where

P (ũ) =

∫
RN
|∇u|2dx−

∫
RN

(
x2

1 + . . .+ x2
N−1

)
|u|2 dx

− N(p− 1)− α
2p

∫
RN

∫
RN

|u(x)|p|u(y)|p

|x− y|N−α
dx dy.

Therefore, we have

Φ(ũ) = Φ(ũ)− 1

N(p− 1)− α
P (ũ)(5.2)

=
N(p− 1)− α− 2

N(p− 1)− α

∫
RN
|∇ũ|2 dx

+
N(p− 1)− α+ 2

N(p− 1)− α

∫
RN

(
x2

1 + . . .+ x2
N−1

)
|ũ|2 dx

>
N(p− 1)− α− 2

N(p− 1)− α
‖ũ‖2X .

By (5.1) and (5.2), one can deduce that

N(p− 1)− α− 2

N(p− 1)− α
‖ũ‖2X < Φ(ũ) < JMr = o(1).

This is a contradiction, since this implies that, for r > 0 small enough, ‖ũ‖2X <

M2 and JMr is the infimum of the energy on Sr ∩ BM . �
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