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EXISTENCE AND STABILITY OF STANDING WAVES
FOR THE CHOQUARD EQUATION
WITH PARTIAL CONFINEMENT

Lu X1A0 — QIUuPING GENG — JUN WANG — MAOCHUN ZHU

ABSTRACT. In this paper we study the existence and orbital stability of
the Choquard equation with partial confinement. This type equation origi-
nates from Frohlich and Pekar’s model of the polaron, where free electrons
in an ionic lattice interact with phonons associated with deformations of
the lattice or with the polarisation that it creates on the medium (inter-
action of an electron with its own hole). On the one hand, we prove the
existence of global minimizer of the associate energy functional subject to
the L2-constraint. On the other hand, we discuss the orbital stability and
asymptotic behavior of the global minimizer.

1. Introduction and main results

In this paper we are concerned with the existence, stability, qualitative and
symmetry properties of standing waves associated with the following Cauchy

problem

—i0u — Au+ (23 + ...+ 2% )u = (Ja * [ulP) [u[P~2u,

(1.1)
u(0,2) = 6(), (t,o1,...,25) ER X RY,
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where J,: RY — R is the Riesz potential defined at each point x € RV \ {0} by

A, T'((N —«)/2
Jo(z) = e and A, = F((ci/2)7rN/)2/2)°"
a€(p+N—-4,N), N>3and (N —2)/(N+a)<1/p< N/(N +a+2).

In general, the Cauchy problem (1.1) is a model large system of non-relativis-
tic bosonic atoms and molecules under an attractive interaction that is weaker
and has a longer range than that of the nonlinear Schrédinger equation (where
the interaction potential J, is formally Dirac’s delta at the origin) [19]. The
problem (1.1) arises as a mean-field limit of a bosonic system with attractive
two-body interactions, this limit can be taken rigorously in many cases, see [19]
and [29]. In showing that his polaron model arises as an asymptotic limit of the
Frohlich polaron, Pekar had conjectured that the groundstate level of the Pekar
polaron problem should be characterised in terms of Brownian motion. This
conjecture was proved by Donsker and Varadhan [16], [17]. Another mathemati-
cal analysis of the asymptotics of the Frohlich polaron was provided by Lieb and
Thomas [33]. On the other hand, the Choquard equation is also known as the
Schrodinger-Newton equation in models coupling the Schrodinger equation of
quantum physics together with nonrelativistic Newtonian gravity, for instance,
see [15], [26], [27], [45], [46] (also see [48], [49] for relativistic versions). Such
a model has been also proposed for boson stars [51] and for the collapse of galaxy
fluctuations of scalar field dark matter [23], [24]. Further models have been de-
veloped including a gravitomagnetic potential [38] and self-field coupling [18].

In the past few years, many mathematicians are devoted to study the exis-
tence of stationary solutions of (1.1), i.e.

(1.2) —Au+V(2)u= (Ju* |ulP)|uP?u, ue HY(RY),

where a € (0,N) and (N —2)/(N+a) <1/p < N/(N + a+2). For example,
one can see the papers [10]-[13], [20]-]22], [40]-[42], [2], [50], [8], [52], [32], [34],
[36] and the references therein. Particularly, for N = 3, o = 2 and p = 2 in the
equation (1.2) is the Choquard—Pekar equation which goes back to the 1954’s
work by Pekar on quantum theory of a Polaron at rest [14], [44] and to 1976’s
model of Choquard of an electron trapped in its own hole, in an approximation
to Hartree-Fock theory of one-component plasma [30]. In the 1990s the same
equation reemerged as a model of self-gravitating matter [27], [39] and is known
in that context as the Schrodinger-Newton equation. The paper [37] proved
the unique positive solution of (1.2). Recently, the papers [22], [40] proved
the existence of positive and nodal solution of (1.2). For more results on this
direction one can refer to [41], [42] and the survey paper [43].

As far as we known, the existence and stability of standing states for (1.1)
in the presence of a partial confinement has not been studied in the literature.
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In the present paper we shall prove the existence of global minimizer of the
associate energy functional subject to the L2-constraint and orbital stability of
global minimizer for the system (1.1).

In order to state the main results we first need some definitions that will be
used in the rest of the paper. Let

(1.3) X:{ueHl(RN,(C):/ (x%+...+x§v_1)u2dx<oo}.
RN

The corresponding norm is denoted by

(1.4) lull% = /RN (Vul + (a2 + ... + 2% 1) |uf?) da
Clearly, the energy is defined by

(15) w() = glulf - 5o [ [ O doay

Let us first recall the following Gagliardo—Nirenberg inequality (see [53, (2.13)])

z)[Plu(y)|”
(1.6) / / dx dy
ey Jevy |z —y[Ne

where o € (0, N), (N —2)/(N+«a) <1/p < N/(N + «a) and S > 0is a constant.
From this we know that the functional ® is well-defined in Y when a € (0, N)
and (N —2)/(N +«) <1/p < N/(N + «). Here the space Y is defined by

(1.7) Y:{ueX:/RNu|2<oo},

and the norm || - ||y is defined by

(1.8) lullf = llull% =+ [ul3.

We define the following sets which will be used later.

(1.9) S, = {u eX: - u? dr = 7‘2} and Bpr={ue X:|ulk < R’}
Set

(1.10) I, = inf ®(u).

If N/(N+a+2) < 1/p < N/(N + «a) (subcritical case), by the Gagliardo—
Nirenberg inequality, we find that the energy functional ®(u) restricted to S, is
bounded from below, that is I, > —oo. Therefore, we consider the minimizing
problem (1.10). It is easy to see that the function r — I, is continuous for any
r>0.

But if we assume that (N —2)/(N+a) < 1/p < N/(N +a+2) (super-
critical case), then one has that I, = —oco. We shall borrow an idea of [3] to
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construct orbitally stable solutions by considering a suitable localized version of
the minimization problems above. More precisely, for every given M > 0 we
consider the following localized minimization problems:

(1.11) Ji\/[ - uESi?rg]BM (I)(U)

The aim of this work is to show that for every M > 0 there exists o > 0 such
that S, N By # 0 for r < 0p and moreover all minimizing sequences to J™
are compact, up to the action of translations with respect to x3, provided that
r < gg. In order to guarantee that the minimizers of (1.11) are critical points of
®(u) restricted on S, it is also necessary to show that they do not belong to the
boundary of S, NBj;. Then it is classical, see for example [28, Proposition 14.3]
(or [55]), that for any minimizer u there exists v = v(u) € R such that the
Euler-Lagrange equation

(112)  —Au+ (23 4. + 2% )u=u+ (/R |u(y)|?

——d p=2
o
holds. The associated standing wave is then given by e~“*u(z). For the case
N = 3,a =2 and p = 2, the paper [9] establishes the orbital stability of some
standing waves of the Choquard equation (1.1). For the sake of completeness,
we recall the notion of stability of a set M C X under the flow associated with

(1.1) namely
(1.13) Ve>0 3dn>0 inf [[¢—v|y <n=supinf ||u(t)—v|y <e.
veM teR vEM

First, we consider the subcritical case and have the following main results for
this case.

THEOREM 1.1. Assume that« € (p+ N—4,N), N >3 and N/(N + a+2) <
1/p < N/(N + «). Then any minimizing sequence to (1.10), up to translation,
is compact in X.

REMARK 1.2. Throughout the paper we assume that N > 3. If N = 2, we
infer from [4] that the Riesz potential defined at each point = € R? \ {0} by
Jo(z) = In|z|/(27). Then (1.1) becomes the logarithmic Choquard equation.
We shall back on this problem in the future.

Next we state the main results for the supercritical case.

THEOREM 1.3. Assume that a € (N +p—4,N), N >3 and
max{N_2 1} < ! < N
N+a'4 p - N+a+2
For each M > 0 there exists o9 = oo(M) > 0 such that the following conclusions
hold:

(a) S, NBus #£ B, for all r < oy.
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(b) 0 #MM C By (for all 7 < 0¢), where MM = {u € S, NBy : ®(u) =
JMY.
(c) The set MM is stable under the flow associated with (1.1) for anyr < oy.

REMARK 1.4. (a) We adopt the similar argument of [9] to consider the proof

of the stability. If for all < rg, all minimizing sequence (u,,) € S,,NBj; such that
lim ®(u,) = JM, there exists (h,) € R such that (u,(z1,...,2xy_1,Z8 — h»))

?sﬁcogmpact in X. Notice that once this is established then we will obtain the
existence of minimizers.

(b) The main difficulty in Theorem 1.1 and Theorem 1.3 is the lack of com-
pactness, due to the translation invariance w.r.t. xy. In fact, if one replace
x% + ...+ % _, by trapping potential 2% + ...+ z%;, then one benefits from the
compactness of the inclusion of X into L4(RY) where ¢ € [2,2N /(N — 2)), see
[56, Lemma 3.1] and the proof of Theorems 1.1 and 1.3 would be rather simple.
We overcome this lack of compactness by using a concentration-compactness
arguments, then we have to adapt in a suitable minimization problem.

(c) Tt is worth to point out that our main results can be easily generalized.
On the one hand, we can replace the confinement (22 + ... + 2%,_,) by the

potential V (,/x% +... +£E?V71), where V: (0,00) — R is strictly increasing
and unbounded. On the other hand, by a direct adaptation of our proofs we can
extend our results as to cover the general situation where

—iOu — Au+ (22 + ...+ 2% _)u = (Jo * [ulP) [ulP~2u,

u(0,z) = ¢(z), (t,z1,...,en) ERXxRY, 1<d<N,

and max{(N —2)/(N +«a),1/(3+d)} < 1/p < N/(N + a+2). One can prove
the same results as in Theorem 1.3.

Next, we provide some results for the properties of the minimizers in Theo-
rem 1.3.

THEOREM 1.5. Every minimizer obtained in Theorem 1.3 (that is in princi-
ple C-valued) is of the form e€®w(xy,...,xN) where w is a positive real valued
minimizer and 0 € R. Moreover, for some h € R, w(xy,...,xny_1,ZNn — h) is
radially symmetric and decreasing with respect to (x1,...,xn—1). In addition,
for every fived M > 0, for every r < oo(M) and for every u € MM there ewists
v =y(w) > 0 such that

lu(y)|?

1.14 —A 24 42 = /7
11 —dut ek gu=u ([ O

i a2
with the estimates

(1.15) (1—Cr*P=)Ty <y < Ty
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where C > 0 is an universal constant and

N
Iy = inf (spec( — Z@i + (x4 ... —HU?Vl)))
i=1

Moreover, we have

(1.16) 51\41111‘5) lu(z1,...,2N) — Yolzn)Po(21,. .. 2N—1)|x = o(r)

T

where ¢(x1,...,xN_1) is the unique normalized positive eigenvector of the quan-
tum harmonic oscillator

N-1
Z 351, +ai 4. 42k,
i=1
and

(117) ’(/J()({,EN) = /RN ’U,(.Z‘l,...,,TN) ¢O($17'--7-73N71)d$17'~-7d'rN71'

Finally, we can show that our solutions are ground state in the following
sense with the properties given in Theorem 1.5.

DEFINITION 1.6. Let r > 0 be arbitrary, we say that v € S, is a ground
state if

(b/

s (u)=0 and ®(u)=inf{®(u):ues,, ¢

s, (u) = 0}

THEOREM 1.7. Let (N —2)/(N+a) < 1/p < N/(N +a+2). Then, for
any fived M > 0 and sufficiently small v > 0, the local minimizers u € MM are
ground states.

2. Proof of Theorem 1.1

In this section we main focus on the subcritical case and give the proof of
Theorem 1.1. To accomplish this we first recall the spectral conclusion. Let

(2.1) Iy = inf (/ (|v1u|2 + (x? + ...+ x?\f—l)'U?) d.%‘)
RN

Jen lul?=1
and
2.2 = inf vi 2 2 o 2 2 d~ 7
(2.2) o=, e (/RN (IVav? + (23 + ...+ 23 _1)9?) dT
where 7 = (z1,...,2x_1) € R¥N~1. From [3, Lemma 2.1], we know that

(23) Yo = F().
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For the notation convenience, we define p := 2. Correspondingly, it follows that

(2.4) guzzST:{ueX: u2dx2T2:u>0}
RN
and iu =1, = inf ®(u).
u€S,
To accomplish our results we shall apply the concentration compactness princi-
ple [35] to the minimizing sequence. That is, we should exclude the possibilities
of the vanishing and dichotomy cases. In order to eliminate vanishing case we
shall borrow an idea of [3, Lemma 2.1]. Finally, we rule out the dichotomy case
by proving the following strict subadditivity inequality
iﬂ <fﬂ_#0 Jrﬁuo for 0 < po < p.

The next lemma state that any minimizing sequence to (1.10) is nonvanishing.

LEMMA 2.1. Assume that « € (p+ N —4,N), N >3 and N/(N +a+2) <
1/p < N/(N + ). Let {un,} CS, be a minimizing sequence to (2.4). Then there
exists 0 > 0 such that

lim/ / [en ()P hun @) 3y > 5
n—oo Jgn Jry |z —y[N oo

PROOF. Arguing by contradiction, without restriction we assume that

p p
RN JRN |=’E —y[N-e

- 1
(25) T, = B(u) + on(1) = 5/}RN V2 4 (@ 4 ... + 2% wnl de + 0n(1)

Thus, we have that

r
> B2 0.,

where Ty is defined by (2.1). It is clear that o can be achieved by w € H*(RV~1).
From the definition (2.2), let

/Rlso\zdch:u, ¢ € H'(R).

Then, for A > 0 we set, u(z) := w(T)par(zy) € gu, where ) (zn) = Ap(A2zy).
Thus, it follows that

(2.6) P(u) = M’Yo /|8ngo,\| dx

Plap(a) p
/ JRCCEICI BT
2 ]RN RN |z —y|N

pLo 2
=— 4+ = [ |0s d
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2(p+N—a—2)
B AT / / (@) (@)l w@elyn)l”

/(|>\ﬁ121 — /\By1|2 + ...+ |/\B£UN_1 — )\ByN_1|2
+|lzn — yN|2)(N7a)/2) dx dy.
Since N/(N + a+2) < 1/p < N/(N + «) and a > p+N —4, it follows from (2.6)

that T, < ®(u) < ul'o/2 whenever A > 0 small enough. However, it contradicts
with (2.5), which completes the proof. O

LEMMA 2.2. Assume that « € (p+ N —4,N), N >3 and N/(N+a+2) <
1/p < N/(N+«). Let {u,} C Sv# be a minimizing sequence to (2.4). Then there
ezist a sequence {h,} CR and u € X \ {0} such that u,(Z,xn — hy) = uw in X
asn — oo.

Proor. By Lemma 2.1 we know that u,, is bounded in X. Furthermore, we
have that

: [un () [P |un(y) [P
(2.7) HILTIDIO/RN/RN o= yia dx dy > 41,

where §; > 0. To accomplish the proof, we first prove that the Gagliardo—
Nirenberg inequality (1.6) still holds on T}, :== RN=1 x [h,h + 1) for h € N. Let
xn(x) =1 for xy € [h,h+ 1) and xp(z) = 0 for ay & [h,h +1). We define
t(x) = xn(x)u(x). Then @ € RY. From the classical Hardy-Littlewood-Sobolev
inequality (see [31, Theorem 4.3]), one infers that there exists a constant Cy > 0
such that

oy [ [ It |z;vn D i
1 Jr, v =yl

P : (N+a)/N
dxdy<C’ </ |ﬂ|2pN N O‘) R
/RN /IRN |95— |N @ RN

where @ € (0,N) and (N —2)/(N+a) < 1/p < N/(N+a). On the other
hand, by interpolation mequahty, we have that
)(1—9)/2*
9

(N+2)/(4N) 0/2
oo () ()
RN RN RN
0/2 (1-6)/2"
s(/ |u|2) (/ |u|2)
T, RN
0/2 (1-6)/2
calf ) (o)
Ty RN

where 2* = 2N /(N —2) (N > 3),0 = (N +a—p(N —2))/(2p) and C; > 0 is
a constant. Combining (2.8) and (2.9), we know that

P p
/ |y, ()] |%[L\;L_(y)| du dy < C(/
o, |z —yNe T

N—(N
[ A

(N+a)—p(N-2))/2
Up | dx)

h
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Note that RY = |J R¥~! x [h,h + 1). Summing the above inequality with

respect to h € N and by (2.7), one sees that

(2.10) &, < //'“” |1]‘V"()|ddy
gy Jry | —y|NTe

((N+a)—p(N-2))/2 NN
<0 (s [ funa) a3~ 4.
hez Th,

We infer from the boundedness of u, in X and (2.10) that for any n € N there
admit h,, € N and d5 > 0 such that

/ | da > 6.
Th

Set wy(2) == 4y (T,25 — hy). Then one sees that fTo |w,|? dz > §3. Since the
embedding H'(Ty) — L*(Tp) is compact and w,(z) is bounded in X, there
exists u € X \ {0} such that w,, = v in X as n — oo. O

Now we are ready to give the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Assume {u,} C gu be a minimizing sequence to
(2.4). Recalling Lemma 2.2, there is a sequence {h,} C R such that w,(z) :=
un (T, xn — hy) has a nontrivial weak limit w in X. Note that {w,} C ASM is
also a minimizing sequence to (2.4). At this point, to check the compactness of
{wy, } it suffices to prove u € gu' To do this, we use the contradiction argument.
Assume that 0 < pg := |Jul|3 < p. In order to obtain the contradiction, we need
prove the subadditivity inequality.

By the Brezis-Lieb Lemma (see [40, Lemma 2.4] and [6] is the classical
Brezis—Lieb Lemma) for the functional with the nonlocal term, we get that

w5 = llwn =l + Jull% +o0n(1),

RN JRN |=73_ |N—e
P _ P
N C BT TR
RN JRN |$—y|N @
P u(y) [P
dzdy + 0, (1),
# [ T e a1

O (wy) = ®(w, — u) + P(u) + 0,(1).

for 1 < p < co. Therefore, one sees that

Thus, we prove that

(2.11) Ly > Lo + Ly,
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where we employed the continuity of ﬁ# in regard to p > 0. Next we claim that
(2.12) Tp, < 01, for 6> 1.

Indeed, a direct computation shows that

~ 9
Ip, < ®(v,) = 5/ Vw, 2+ (2 + ...+ 2% _1) |wa > d

T
ry Jry |z —y|N e

= Z)
ootun) + 007 [ [ PRI dray

where v,, := 02w, € Sgu. As a result of § > 1, p > 1, then it follows from
Lemma 2.1 that (2.12) necessarily holds.
Now we are ready to find the contradiction. We infer from (2.12) that

T H— Hox

L=,
This contradicts the inequality (2.11). Then u € §“ is holds. Hence, we know
that u,, — u in LY(RY) for ¢ € (2,(N + )/(N —2)) as n — co. By the weak
lower semicontinuity of the norm, we then have that ®(u) < L. Since L < O(u),
it follows that ®(u) = fu = ®(u) + 0,(1). Hence we get that w,, — u in X as
n — oo, and the proof is finished. O

L, “‘;H <Hu ;to"'][uo

3. Proof of Theorem 1.3

In this section, we will give the proof of Theorem 1.3. To accomplish this we
borrow an idea of [3]. The proof is divide into several steps. The main point is
to proving the compactness. That is, for all r < rg, for any minimizing sequence
{un} C S, N By such that nh_{rolo ®(u,) = JM there exists {h,} C R such that
(up(z1,...,2N-1,ZN — hy)) is compact in Y.

We first prove the local minima structure for ®(u) on S,. That is, the
conclusion (a) of Theorem 1.3.

LEMMA 3.1. Assume that « € (0,N) and (N —2)/(N+«a) < 1/p < N/
(N +a+2). For each M > 0 there exists 1o = ro(M) > 0 such that, for all
r <7,

(3.1) S, NBy #0  and Srﬁ%lzir/a O(u) < STD(IBIEEBMT) O (u).

PROOF. We choose some ug € Y such that ||upl|x = M and let ro = |ugla.
For each 0 < r < 1, we know that the element w = rug/rg € (S, NBys). That
is, S, N By # (. Next we prove the latter conclusion of the lemma. We infer
from the GagliardofNirenberg inequality (1.6) for u € S, that

NE NE
(3.2) / / iz |y|1fv vl dx dy < CT(N+Q)_T’(N—2)||UH§”*(N+0‘).
RN JRN -
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@) = L ull ——// [u@)Pluty)” 4 4
= X gy Jry | —y|N - Y

_ _ Np— (N4«
> Ll — Cr@ sy Vo=V _ g ().

then

Similarly, we infer that

1
(3.3) D(u) < §||u||§( = H,(||ul|x), forallues,.
Since (N —2)/(N +a) < 1/p < N/(N 4+ a + 2), it follows that
(3.4) (N+a)>p(N—-2) and Np>N-+a+2.
Hence we deduce that, for s € (0, M) and r < r¢ small,
2 _ o 2 2
(3.5) Go(s) = %(1 — 20 (N+e)=p(N=2) ||y Np—(N+ >) > 22
This implies that
2
3.6 inf G, ~r2 M2
(3.6) se(iIJ}/I,M) (s) > 5 "
On the other hand, we infer that
rM 1
. H | — ) ==r"M"
(3.7) r< 5 ) 5"
Combining (3.2)—(3.7) we know that for r < ry small enough
rM
3.8 inf @ < H, < inf G,(s)< inf P(u).
(3.8) SrOBasr)2 (u) < 2 ) se(rM,M) (5) SrN(Bar\Bars) ( )
This finishes the proof. O

REMARK 3.2. Here ® has a geometry of local minima. When 2% +...+2%_,
in (1.1) is replaced by a general potential V' (z), this geometry still holds. Actu-
ally, this geometry only depends on the assumption that 1/p < N/(N + o + 2).
Now the fact that the geometry implies the existence of a local minimizer depends
on a balance between the potential and the strength of the nonlinear term. If
V =0, then it is well known that, for (N —2)/(N +«a) < 1/p < N/(N + a + 2),
no local minimizer exists (in practise any minimizing sequence is vanishing). On
the contrary when V(z) = 2% +...+ 2%, as already indicated, a local minimizer
exists for any (N —2)/(N+a) <1/p < N/(N+a+2).

Next we are going to study the nonvanishing property of the minimizing
sequence of ®.

LEMMA 3.3. Assume that o« € (N +p—4,N), N >3 and

i N-21 <1< N
Xq—,— =
N4a'4 p~ N+a+2
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Let M > 0 and ro = ro(M) > 0 be given as Lemma 3.1. If {un} C S, NBys such
that

(3.9) lim ®(u,) = inf ®(u) =JM,

n—00 u€ES,NBs

then one sees

n—oo

p
(3.10) liminf/ / [un @) un ()2 dz dy > 0.
Ry Jry [z —y|VTe

PrOOF. We use the contradiction arguments. Assume that (3.10) is not
satisfied. Then we get

n—oo

|un |“n )|
dxd
/RN / ey Y

(3.11) IM = lim [/ (|Vun\2 + (23 4. .+x?v71)\un‘2)

_ 2 2 2 2 r

= nhﬁrréo o (IVun> + (21 + ... + 2%_1) [unl?) > EFO'
So, it suffices to show that

2
(3.12) M < 5 To.
In fact, it is clear that the problem
(3.13) —Nzo+ (25 +...+2x_1) o =9, /N 1|¢(%)|2d’:17: 1
RN—

has a sequences of eigenvalue vy < 71 < v2 < ..., and the corresponding eigen-

functions denoted by {¢;} (see [1, Proposition 2.1 and Corollary 2.2] or [47]).
Obviously, that {¢;} is a Hilbert basis for L2(RY~1). Let

(3.14) v(x) = ¢o(Z)Y(zn) and / [W(zn)[* dey =12,
R
where ¢(zy) to be chosen later. A direct computation shows that

315 #0) = [ 10ablan)dan -+ [ [plem)P doy

1 _ )P P
-5 [, [ @i PO 4gy

F()T

/|3xN1/) zy) | dey

1 ot ENPRGNP
2p/RN [ 1en@Plaa(@p R gy
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To prove (3.12) it suffices to show that [|v|% < M? and
(3.16) / |00 V(x| day

p P
o [ [ @l HEIE 4ig, <o

Fix 1 such that
/ [o(zn)|* doy =12,
RN
We take (1, B2 such that 1 <285/ < (34+a—N)/(p—1) and let

(3.17) v(x) = ¢o(@)Ya(zny) and  Yy(zn) = V2o (N12).
Then we infer that
(3 18) 1/|8 " (m )|2da:
. 2 " TN A N N
1 N ) ;
~ 55 |, [ @@ 0L 4, g,
)\2524-,81

[ 1ot ? doy
R
A2B2p+51 (N —a—2) _
S [ ] s@riw@r
D RN JRN

x [0 (zn) P10 (yn) 1P/ (1IN (1 — 2) P + ...
+ N (@no1 —yn—1) P+ |(an — yN)|2)(N_a)/2 dx dy.

Since p < 4, we know that (3.16) holds for A > 0 small. Furthermore, a direct
computation shows that

(3.19) [po(@)a(zn) 1%

= N2t / |3IN¢0($N)\2d$N+F0/ [a(@n) | doy
R R

=\t / |02y o (zn)|? dzy + A2~ Prp2,
R

Hence we prove the conclusion by choosing A small enough and ¢ = ro(M) such
that 2T < M2. O

The next lemma studies the further property of the minimizing sequences
{u,} in Lemma 3.3.

LEMMA 3.4. Assume that ||un||§, < oo and there exists oo > 0 such that

3.20 d dy > o9 > 0.
( ) /]RN /]RN ‘I |N a ray = oo

Moreover, there exist h, € R such that

(3.21) Un(T1,.. ,TN-1,ZN —hy) =0 #0 inY.
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ProOOF. We infer from the Gagliardo—Nirenberg inequality (1.6) that

[un ()P [un (y) [P
dzx dy
/Ah/Ah |z —y|N -
((N+a)—p(N—-2))/2 (pPN—(N+a))/2
<s( [, ) (f, o)
Ah Ah

N+a)—p(N—-2 N—(N+a«
< Clunl () 7 el oy ™
where A, = RV=1 x (h,h+1) for h € Z. By taking a sum over h € Z, we deduce
that

pN—(N+a)

(N+a)—p(N-2)
) lun 27 )

|un|L2@yy < C(s%p [un|L2(an)

Moreover, by the boundedness of {u,} in H'(RY), we infer that there exist
h, € R such that inf |Un\L2(Ah ) = 00 > 0, where gg is a constant.
n n

Set v, = up(z1,...,2N-1,ZN — hy). Then we know that

sup (/ (|V5vn|2 + (xf +...+ va_l)‘vnF + |vn|2) d:c) < o
n A

and |vp|£2(a,) > 0. Since the embedding H'(A;) < L*(A;) is compact, it follows
that there exists v € Y \ {0} such that v, ~v#0inY. O

Now we are ready to give the proof of Theorem 1.3

PROOF OF THEOREM 1.3. Let {u,} C S, NBys be the minimizing sequences
of JM. Tt is clear that {u,} is bounded in Y. By Lemma 3.4, we know that
Up = Un(ZT1,...,TN-1,ZN — hp) = v # 0 in Y. To accomplish the Theorem 1.3,

it suffices to prove that v,, — v # 0 in Y. That is we only need to prove that

|U|L2(RN) = 7"2.

Furthermore, we infer from the Gagliardo—Nirenberg inequality
N(p—2)
2p

In fact, if |[v|p2@y) = 72, we know that v, — v in L2(RY).

(3.22) [ul, < C(N,p)IVulgluly™, ue H'RY), a=

that v, — v in LY{(RY) (for all ¢ € (2,2*)). Furthermore, one sees from Hardy—
Littewood—Sobolev inequality that

/ / |U7l ‘p|v7l |Pd d %/ / |p|v |pd dy
rv Jrv |z —y[NTe ry Jry |z —y[N e ’

as n — 0o. Therefore, from the weak convergence in Y we see that ®(v) <
lim ®(v,) = JM. If ||[v]|2 < lim |lv,|%, then ®(v) < JM. This is contradic-
n— o0 n—00
tion. So, lim |jv,]|3 = |lv||?. That is, v, = vin Y.
n—oo
In the following we still need to prove [v|2gny = r2. Assume by contradic-
tion that |v|p2@yy = 7§ < r?. We define v, = (v, —v)+v. Then one infers from
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the Brezis-Lieb Lemma [6] that

lonlli = llvn = vl + llol% +o(1),
lonllZ2@ny = lon = vllZ2 @ny + [0l Z2 @) + 0(1).

Moreover, by Brezis-Lieb type 1 emma for the nonlocal problem (see [40, Lem-
ma 2.4]), we know that

(3.23) / / [on (= H?jg (3' dz dy
gy Jry [T =Y
P _ p
L[ [l ) o,
RN JRN |:17—y| «
[ IR Gy o)
gy Jry |z — gV Y .

(3.24) D(up) = ®(v,) = ®(vy, — v) + @(v) +0(1) > I + I + o(1),

Hence we infer that

where 7, = |vn, —v|p2ryy) and 7o = |’U|L2(RN) Hence, we get 72 + 13 = 12 +o(1).
Assume that r, — ¢ and hence ¢? + rZ = r2. By (3.24), we arrive at

M M M
(3.25) I =200 + 75
Next we need to show that

M M M
(3.26) IM <t + 1M
Then we get the contradiction. To prove (3.26), we first claim that
(3.27) r2IM < $?2JM 0 for 0 < r < s < min{l,rg}.

Indeed, let {wn,} C Sy NBys be such that lm ®(wy) = JM. By Lemma 3.1
we know that w, € By, when r < r9(M) and n large enough. Particularly,
for s < 1, we have that swy,/r € S; N Bspr C Ss N Bys. Hence we infer from
Lemma 3.3 that

S 2 /1
2 <o(2u) =5 (5 [ (TP @t vl
T T RN
1 s |wn (@) [P |[wn (y) [P
a5 fon o e e s
s“ (/1
_ 2(2/ (Vwnl? + (22 + ...+ zy_1)|wn]?)
r RN
L[ [ et
©2p Jpn ]RN |z — y| N
[wy, () [P |w,, (y)[?
dx d
+2p( >// o — gV e W
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52 52 &%
S ﬁ CI)(’LUn) + 0(1) + (7‘2 - 7121))(50
2 2

2 2p
sy s* s sy
Sﬁj, +O(1)+<r2—712p>50<r2.,]]7..

Here we have used the fact that

N LI
2p Jrny Jry o —yNTe

for n large enough. So, the claim (3.27) holds. Since ¢2 413 = r2, it follows from
(3.27) that

02 r2
> T—Qw and JM > Tgw
Thus, we arrive at
T+ I > M
Finally, it is well-known that the orbital stability of the set M is equivalent

to the fact that any minimizing sequence {u,} C S, N By is compact up to
translation (see [9]). O

4. Properties of the minimizer

In this section we are devoted to study the properties of the minimizer which
obtained in Theorems 1.3. We first make the characterization of the C-value
minimizer. To accomplish this we need the below theorem and the proof was
given in [3, Theorem 5].

THEOREM 4.1. Let w € C*(RY;C\ {0}) be such that

(4.1) /Z|arj|w||2dx:/ |0, w]? da,
RN 7 RN

then we have w(x) = e p(x), where § € R is a constant and p(z) € R for every
r € RV,

Now we are ready to make the characterization of the C-value minimizer.

LEMMA 4.2. For each minimizer obtained in Theorem 1.3, then it has the

form e%w(xy,. .., xxn), where w is a positive real valued minimizer and 6 € R.

PROOF. Here we assume that w € H' (RN; (C) be a complex valued mini-
mizer. And w is of class C! by a standard elliptic regularity bootstrap. It is
easy to see that, by the diamagnetic inequality, |w| € C*(R";C) is a minimizer.
Moreover by the Euler-Lagrange equation and the strong maximum principle
we have |w| > 0, Hence w € C*(RY;C \ {0}). We know that w and |w| are
minimizers, and all the terms involved in the energy (that we are minimizing)
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are unchanged by replacing w by |w| except in principle the kinetic term, then

/{Vm|w||2dm:/ |V,w|? de,
RN RN

then w and |w| are both minimizers. We conclude this lemma by Theorem 4.1.0J

we get that if

Now we focus on the symmetry of the minimizers. We first give the result
for Schwartz symmetrization and the proof was given in [3, Theorem 4].

THEOREM 4.3. Let V: RN — [0,00) be a measurable function, radially sym-
metric satisfying V(|x|) < V(|y|) for |z| < |y, then we have:

(42) [ vt R as< [ viablu? .

If, in addition, V(|z|) < V(|y|) for |z| < |y|, then
z))|u*|? do = u|? dx u(x) = u*(|zl).
@) [ Vbl Pdo= [ VisDluP s = (@) = (o)

The next lemma prove the radially symmetric and decreasing property of

minimizer of (1.1).

LEMMA 4.4. For each minimizer obtained in Theorem 1.3, then w(x1,...,
TN—1, TN —h) is radially symmetric and decreasing with respect to (x1,...,xN_1),
where w is a positive real valued minimizer and h € R.

PRrROOF. We shall use the Schwartz symmetrization and reflexion type argu-
ments to prove results. Assume that u(xq,...,2x) is a real minimizer. The fol-
lowing is the partial symmetrization with respect to the variables (x1,...,2n_1)

u(x1,...,oN) = uy (21,...,TN_1),

where u} (21,...,2n-1) = u(z1,...,2y) and * denotes the Schwartz rearrange-
ment with respect to w(z1,...,zy-1) (see [31], [54]). We infer from [7, Theo-
rem 8.2] and [31] that

/ [V u*|2dx</ |V ul? dr, / |u* \2dq:—/ lu|? da,
RN
)P )P P

[ EORG y [ [
rv Jry |z —ylNTe rv Jrn |z —yNTe

Also, from (4.2) we deduce that

(4.4) / (a7 +...+ay_y)urPdz < / (z3 +...+ 2% _y)|ul* dzZ,
RN-1 RN-1
for all zy € R. Integration with respect to dzy in (4.4) gives

/ (23 + ...+ ay_y)|[u*Pde < / (23 + ...+ 2%y u]* da.
RN RN
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Thus we get that u* is also a minimizer. Moreover, since u is a minimizer, then
one has that

/RN (23 +...+ay_y) uPde = /RN (23 + ...+ 2%y u]* da.

By this fact and (4.4) we get
/ (23 +...+ak_y) [ dfz/ (23 + ...+ 2%y u]*dT,
RN-1 RN-1

for almost every xzn € R. Hence, from Theorem 4.3 (with V(z1,...,2n_1) =
2 + ...+ 2% ) we get that u(zy,...,zn) = u*(21,...,2x) for almost every
zy € R.

Summarizing, u(z1,...,2y) is radially symmetric and decreasing with re-
spect to (x1,...,xn_1) for xxn in a set with full measure. On the other hand
u(x1,...,zy) is continuous and hence u(xy,...,xy) is radially symmetric and
decreasing with respect to (z1,...,zy-1) for every zx. O

Next we shall give the estimates for the Lagrange multiplier.

LEMMA 4.5. For every fited M > 0, for every r < oo(M) and for every
u € MM there exists v = v(w) > 0 such that (1.14) holds. Moreover, we have

(1-Cr*»=2)Ty <y < Ty,

where C > 0 is an universal constant and

N
Iy = inf (spec(— Zaﬁ + (23 +...+x?v1)>).
i=1

PRrOOF. For u € MM then we have u € B,); by Theorem 1.3, which implies
that u is a critical point of ®(u) on S, and hence there exists v = y(u) € R such
that

P
—Au+ (27 +...+ 23 1 )u— (/R u(y|)]|va dy) |ulP~%u = yu.

Nz—y

Multiplying by u and integrating by parts we have that
1 )P lu(y)|P 20 (u
@5 7= (e~ ([, [ 220 dray) ) < 202,
/ |u|2 dr RN JRN ‘I - y| r
RN

where we have used p > 1. Moreover, by Lemma 3.3, we get ®(u) < r2[o/2.

Thus, one sees that

(4.6) v < 2‘I’<;‘>

< Ty.
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This give the upper bounded of . Next we prove the low bounded of 7. From
(3.2), (4.5) and u € B,.s, we deduce that

1 @) —p(N— Np—(N+a
72 5 ([lullf — Oty )

2
> 1 (1 optesmr—pi—ay o=y

2
> \|1;|2|X (1 . OT(N+a)7p(N72)(M2T2)(Np7(N+a+2))/2)
> Hu”%( (1 o C,r,2p72)
- 7'2 )

where the value C' > 0 is a constant. Now, by definition of ['y, we see that

2
r

Therefore, we obtain that v > I'g(1 — Cr*~2). As a consequence, for some
constant C' > 0,
To>~v> Fo(l - CT‘Qp_2).

In particular, we have v — I'g, as r — 0. O

We are now in position to establish the asymptotic profile of the minimizer
asr — 0.

LEMMA 4.6. We have

iﬁlf) |lu(zy,...,2n) = Yo(zNn)do(a1, . .. ,:cN_l)HX = o(r)

r

where ¢o(x1,...,xN_1) is the unique normalized positive eigenvector of the quan-

N-1
tum harmonic oscillator Zl 0F +ai+...+a_, and
iz

wo(l‘N) = / u(atl, e ,.%‘N)gb()(.’lil, .. .,QTN,l) d.’l?l .. .d.’L‘Nfl.
RN

PrROOF. Recall that from Theorem 1.3, for every fixed M > 0 and for every
r <ro(M),
={ueS, NBy : ®(u) =IM} #0.
Since MM C Byy,., and by (3.2), we get that for any u € MM there exists C' > 0,
such that

(4.7) / / |p|lJLV Ol dedy < Cr?».
RV Jry T — Yl

Now we use the Hilbert basis {¢;} of L?(R¥~!) introduced in the proof of
Lemma 3.3, then for any u € MM

U,(J?l,...,])N): Z ’(/)j(],‘N)qu(.’L‘l,...,l‘N_l),

jENU{0}
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where
Yi(xn) = /RN w1, ..., xN)@j(T1,. .., xN—1)drr ... dTN_1.
Then, by ¢; € L?(R) and orthogonality, the following equation holds
Yool = Y0 lilizallgslize = llullze =

jeNuU{o} JjeNuU{0}

In addition, by using the similar argument with in the proof of Lemma 3.3 and
(4.7), one sees that

1
(4.8) o(u) 2 5 > N0enille +villtsl172 — P,
jeNU{0}

By Lemma 3.3, we deduce that

2
70

D(u) = SrlrlwllgM D(u) < 5 for all r < rg.
Therefore, one sees from (4.8) that
1 _
(4.9) 3 > NOantsllie +villeil72 < o+ 20r2@70.
jeENU{0}

A direct computation shows that

70 7o
500 Ilze = 5l = o.
jeNu{o}

Since v < ; for all j € N, we infer from the estimate above that

1 —_—
2 r2 10en5]22 < 20721,

jeNU{0}
(4.10) 1 ) 2Cr2P=1)
Z 2 l;llz> < Tt (v, —0)
jEN jent 0
or identically,
2 9202(p—1)
r jlgN Yi — 70

From (4.9)—(4.11) it follows that there exists C' > 0 such that, for any u € MM

1/2
u o 1 B
—— || = ( S 10antsl3 +vj||wj||%z> <o,
rooor ¥ r?
JENU{0}
Then we finish the proof. U

PrOOF OF THEOREM 1.5. It is easy to that Theorem 1.5 follows from Lem-
mas 4.2, 4.4-4.6. O
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5. Proof of Theorem 1.7

Finally, we give the proof of Theorem 1.7. Fix M > 0, from Theorem 1.3 (b)
and (3.2), we get

(5.1) lim JM = 0.

r—0

We use the contradiction arguments. Assume that there exists a critical point
i for ®(u) on S, satisfying ®(u) < JM. Using the Pohozaev’s type identity as
n [5], [25], [53], then we know that if w is a solution of (1.1), then u such that
P(u) = 0, where

P(ﬂ):/ |Vu\2dzf/ (x?+...+x?\,_1)\u|2d$
RN RN

p—1)— )P p
O‘/ / [u@)Ple@)” 4, 4,
ry Jry [T — Yl

Therefore, we have

1

(5.2) O(u) =d(u) — mf’(ﬂ)
_Np-1)—a-2 212 g
a N(p—l)—a /]RN|V | d

N(p—l)—a+2/ 2 2 ~2
+ T4+ ) |ulf de

No-l)-a-2g
Np-1)—«a X

By (5.1) and (5.2), one can deduce that
Np-1)—a-2

[k < ®(@) < I = o(1).

Np-1)-
This is a contradiction, since this implies that, for r > 0 small enough, ||u||% <
M? and JM is the infimum of the energy on S, NByy. (|
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