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EXISTENCE AND EXPONENTIAL STABILITY
OF ANTI-PERIODIC SOLUTION
FOR FUZZY BAM NEURAL NETWORKS
WITH INERTIAL TERMS AND TIME-VARYING DELAYS

YONGKUN L1 — J1ALl QIN

ABSTRACT. In this paper, the existence and exponential stability of anti-
periodic solutions for fuzzy BAM neural networks with inertial terms and
time-varying delays is investigated. Firstly, some sufficient conditions en-
suring the existence of anti-periodic solutions of the system are obtained
by employing a new continuation theorem of coincidence degree theory. Se-
condly, by constructing an appropriate Lyapunov function, some sufficient
conditions are derived to guarantee the global exponential stability of anti-
periodic solutions of the system. Our results of this paper are completely
new. Finally, two numerical examples are given to show the effectiveness
of the obtained results.

1. Introduction

Bidirectional associative memory (BAM) neural networks, which were first
proposed by Kosko in 1987 [13], [14], consist of two layers of neurons arranged:
the U-layer and the V-layer. The neurons in one layer are fully interconnected to
the neurons in the other layer, while there is no interconnection among neurons
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in the same layer. BAM neural networks have many excellent characteristics be-
cause of their special structure with two layers of neurons interconnected. Com-
pared with the neural networks with single-layer auto-associative correlation,
they have more advantages in signal processing and image processing, combi-
natorial optimization, automatic control, pattern recognition and so on. As we
know that time delays in interactions between neurons frequently exist, which
may cause or destroy oscillation, instability and bifurcation to networks [16],
[26] and [12]. Therefore, many researchers have studied the dynamics of BAM
neural networks with various kinds of time delays such as the stability of equi-
libriums [17], the periodicity [18], the anti-periodicity [22], [32], the weighted
pseudo-almost periodicity [3], the Hopf bifurcation analysis [30] and so on.

On the one hand, fuzzy cellular neural networks (FCNNs), which are a new
type of cellular neural networks first introduced by Yang and Yang [34], combine
the operations of fuzzy AND and fuzzy OR with cellular neural networks. It
has been reported that FCNNs have their potential in image processing, pat-
tern recognition [8], [15] and even in white blood cell detection [31]. FCNNs
with their various variant models have been widely studied by many scholars
and many results about the dynamics of them have been obtained. We refer the
reader to [9], [29], [36], [10], [35] and the references cited therein. For a class of
BAM neural networks combined with fuzzy operations, i.e. fuzzy BAM neural
networks, there are also many results have been obtained [21], [37], [35], [20].
For example, the authors of [35] investigated the stability and lag synchroniza-
tion for memristor-based fuzzy Cohen—Grossberg bidirectional associative mem-
ory (BAM) neural networks with mixed delays and impulses by employing the
inequality technique, homeomorphism theory and constructing some suitable
Lyapunov—Krasovskil functionals; the authors of [20] studied discrete-time fuzzy
BAM neural networks with variable delays and impulses, based on M-matrix the-
ory and analytic methods, they established the existence and global exponential
stability of a unique equilibrium and estimated the exponential convergence rate
index.

On the other hand, incorporating inertial terms into neural networks is a very
important approach for generating complex dynamical behaviors in neural net-
works [5]-[7], and there are also evident biological backgrounds for introducing
inertial terms into the standard neural network models (see [2], [4]).

In addition, it is a very important topic that the existence and stability of
anti-periodic solutions for differential equations. Okochi [25] first studied the
anti-periodic solution of nonlinear evolution equations. The existence and sta-
bility of anti-periodic solutions play a key role in characterizing the behavior
of nonlinear differential equations. Besides, it has been proved that the signal
transmission process of neural networks can often be described as an anti-periodic
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process. Therefore, in recent years, the study on anti-periodic problems of neu-
ral networks has attracted much attention by many authors (see [22], [32], [37],
[28], [19], [24], [33] and the references cited therein). Recently, some scholars
have studied dynamics of inertial BAM neural networks [33], [27], [11], [38], [23].
For example, in [33], by applying inequality techniques and Lyapunov methods,
sufficient conditions for the existence and exponential stability of anti-periodic
solutions for a class of inertial BAM neural networks were obtained; in [11], by
constructing a suitable Lyapunov function, using Weierstrass criteria and bound-
edness of solutions, the existence and exponential stability of periodic solutions
for inertial BAM neural networks was studied; in [38], by using homeomorphism
theory and constructing a suitable Lyapunov functional together with matrix
equations, some delay-dependent sufficient conditions were established for en-
suring the existence and global asymptotic stability of a class of neutral-type
inertial BAM neural networks; in [23], by combining Mawhin’s continuation the-
orem of coincidence degree theory with Lyapunov functional method, sufficient
conditions for the existence of periodic solutions of inertial BAM neural networks
were obtained and sufficient conditions ensuring the global asymptotic stability
of periodic solutions of the system were obtained by using Lyapunov functional
method and inequality techniques. However, up to now, there is no paper pub-
lished on the dynamics of fuzzy BAM neural networks with inertial terms and
time-varying delays.

Motivated by the aforementioned discussions, in this paper, we are concerned
with the following fuzzy BAM neural network with inertial terms and time-
varying delays:

ui () = — aiu(t) — agui(t) + Z cij(8) f5(v;(#))

+ /\ dig () f5 (v (t — 75(¢)))

1

<5 T>s

Il
-

+ \/ e () fi(vi(t = 75i(t)) + Li(t), i=1,...,n,

/(0) = = B (1) = byoy (1) + 3 (Da(u0)

+ A\ pii(0)gi(ui(t — 35 (1))

i=1

+ \/jS(t)gi(ui(t_aij(t)))+Jj(t)v Jj=1....m,
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where the second derivative is called an inertial term of system (1.1); «; > 0,
Bj > 0 are two constants; u;(t) and v;(t) are the states of the ith neuron from
the neural field Fy and the jth neuron from the neural field Fy at time ¢, re-
spectively; a; > 0, b; > 0 denote the rate with which the ith neuron and the jth
neuron will reset its potential to the resting state in isolation when disconnected
from the network and external inputs, respectively; ¢;;(¢), 7;:(t) denote the con-
nection weights at time ¢; d;;(t), p;i(t) and e;;(t), ¢;i(t) are elements of fuzzy
feedbacks MIN and MAX templates at time ¢, respectively; A and \/ denote
the fuzzy AND and OR operations, respectively; I;(t) and J;(t) are the external
inputs at time t; 7;;(t) > 0 and 0;;(¢) > 0 are the axonal signal transmission
delays; f; and g; are activation functions.

Our main purpose of this paper is by using a new continuation theorem of
coincidence degree theory to establish the existence of anti-periodic solutions for
system (1.1) and by constructing an appropriate Lyapunov function to study
the global exponential stability of anti-periodic solutions of system (1.1). To the
best of our knowledge, this is the first time to study the anti-periodic dynamics
of fuzzy BAM neural network with inertial terms and time-varying delays. Our
results of this paper are completely new and it is worth mentioning that the
method used in this paper to study the existence of anti-periodic solutions is
completely different from the methods mentioned in the previous literature.

The remaining part of this paper is organized as follows. In Section 2, we in-
troduce some notations and definitions and state some preliminary results which
are needed in later sections. In Section 3, we derive some sufficient conditions
for the existence and exponential stability of anti-periodic solutions of (1.1).
In Section 4, two numerical examples are given to show the effectiveness of the
obtained results. In Section 5, we give a brief conclusion.

2. Preliminaries

In order to derive sufficient conditions for the existence of anti-periodic so-
lutions of system (1.1) under the assumptions that the activation functions are
bounded or satisfied Lipschitz conditions, respectively. We need the following

assumptions:
(Hy) For i = 1,...,n, j = 1,...,m, cij,dij, €5, jis Djis Qi Tjis Oig, Li, Jj €
C(R,R) and for ¢,z,y € R, there exists positive number w such that:
7ji(t + w) = 75(1), oij(t +w) = 045(1),
ILi(t+w)=—1It) Ji(t+w J;(t),

—cij (1) fi(—x), dij(t+w)fi(z
—eij () fi(—x), 71t +w)gi(y
—pji()gi(=y), @yt +w)gily

cij(t+w)fj(x
eij(t +w)fi(z
pji(t +w)gi(y

dij(t) fi(—x),
—15i(t)gi(—v),
).

) =
) =
) =
)= —q¢;i(t)gi(—y

) =
)=
)=
) =
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(Hg) For i = 1,...,n, j = 1,...,m, activation functions f; and g; satisfy
Lipschitz condition, i.e. there exist constants Ly > 0 and L, > 0 such
that for all z,y € R,

[fi(e) = fi)l < Lyle =yl lgi(@) = gi(y)] < Lglo —yl.

(H)) Fori=1,...,n, j =1,...,m, activation functions f;, g; are bounded,
i.e. there exist constants Ny > 0 and Ny > 0 such that

Ifj(z)] < Ny and |gi(x)] < Ny, forallzeR.
REMARK 2.1. From (H;) and the definition of fuzzy operators, it is easy to
see that the fuzzy terms in system (1.1) are anti-periodic, that is, (1.1) is an

anti-periodic system.

For ease of exposition, we will adopt the following notation:

cij = sup |eg;(t)], dij = sup |di;(t)],
teR teR

eij = sup|e;;(t)], I; = sup |I;(t)],
teR teR

74 = sup |5 (t)], pji = sup|pji(t)|,
teR teR

qji = sup|q;i(t)], Jj =sup|J;(t)],
teR teR

T = max {Suiji(t),sup aij(t)},

1<i<n Uy4eRr teR
1<i<m

Ly = max {If;Ol}, Ly = max {lg:(0)[}.

The initial value of system (1.1) is given by

{ui(S) = ui(s), ul(s) = Yuils), se[-7,0], i=1,...,n,
(2.1)

v;(s) = puj(s), Vi(s) =u(s), se[-7,0], j=1,...,m,
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fori=1,...,n,j=1,...,m, (1.1) and (2.1) can be written as:

i(t) = —ui(t) + i(t) = Fi(ui(t), yi (1)),

u

yi(t) = — (@i — o + Dui(t) — (o Jch £)f5 (v, (¢

+

<
Il
—

dij(t) £ (vj(t — 75i(t)))

+

eij(t) fj(vi(t — 75:(t))) + Li(t)

<
I
—

£ Gyt ui(t), yi(t), v(t)),
Ui (t) = —w;(t) + 2 (t) £ Us(v;(t), 2 (1)),

Zi(t) = — (by — Bj + 1)v;(t) — (B; — 1)z(¢ +Zrﬂ g (us(t

(2.2)

+ A\ pii(D)gi(ui(t — 03 (1))

=1

+ \/ q5i(t)gi(ui(t — 0 (1)) + J;(t)

L H(t, u(t), v;(t), 2 (t))

with the initial value:

ui(s) = pui(s), ui(s) =vui(s), se€[-7,0]
0 () = Puils) + Yuils) = buils), s € [-7,0],
vj(s) = @uj(s),  vj(s) =1hu;(s), s€[-70]
zj(s) = o (s) + 1huj(s) = duj(s), s €[-7,0].
REMARK 2.2. Obviously, if z = (u,y,v,2)T = (U1, .+, Un, Y1, -+ Yns V1, -« -
Uy 215+ -+ 2m) L is a solution of (2.2), then (u,v)T = (u1,...,uUn,v1,...,0m)7 is

a solution of (1.1).

LEMMA 2.3 ([34]). Suppose u and v are two states of system (1.1), then

|

< Z |dij (t)]1g5(u) — g;(v)],

-
I
=

n

A
j=1

n

\/ ei;(t

|
<=
[©)
S

v)| < Z lei (D)l (w) = g; ().
j=1

LEMMA 2.4 ([1]). Let X and Y be Banach spaces, and let L: Dom L C
X =Y be linear, N: X — Y be continuous. Assume that L is one-to-one and

<.
Il
=

K := L7'N is compact. Furthermore, assume that there exists a bounded and
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open subset Q C X with 0 € Q such that equation Lu = ANwu has no solutions
in 02 NDom L for any A € (0,1). Then the equation Lu = Nu has at least one
solution in Q.

LEMMA 2.5 (Wirtinger’s Inequality, [1]). If u is a C' function such that
u(0) = u(T), then

_ T
lu =z, < o l1vllz..

where
T 1/2 1 [T
lullz, = / lu(t)|? dt and ﬂz—/ u(t) dt.
0 T Jo
DEFINITION 2.6. Let @ = (UL, ..., UnyYls- s Yn,Vly- vy Umy 21, -+ 2m) L €
R2(m+7) and z* = (7 P T VSN Vs - VA S Ll < R2(m+7) he

any two solutions of system (2.2) with initial values

T
o = (‘pulw-~7@un7¢y1a-~-v¢yna@v17---a‘Pvma¢z17--~7¢zm) )
T
o = (QOZIM-.7@Zn7¢21""7¢2n?@zl7'"agpzm’(bzh"'?(b:m) )

respectively. If there exist constants € > 0 and M > 0 which are independent of
the given solutions x and z* such that

z(t) — a* ()| < M||® — &*[ e, ¢>0,
where

|<1><1>*||Z{ sup (Jpuils) — @ha(s)| + sup |¢yi(5)¢2¢(5)|}

i—1 \s€[-7,0] s€[—7,0]
m

+Z{ sup |0 () — @iy (s)] + sup |¢Zj<s>_¢;j(s)|}.

se[—7,0] s€[—7,0]

Then every solution of system (2.2) is said to be globally exponentially stable.

3. Main results

In this section, we first establish the existence of anti-periodic solutions
of (1.1) by using Lemma 2.4. Then we derive some sufficient conditions for the
exponential stability of anti-periodic solutions of (1.1) by constructing a proper
Lyapunov function. Set

X: {l': (’U,,y,’l},Z)T: (ula'°'7un7y17"'7y’r7.7v17'"7Um7217"'72m)T

in C(R,R2 ™)) a(t + w) = —a(t)}
and let

el =D (uiloo + 1yiloo) + D (105100 + 1251s0),

n m
i=1 j=1

[tiloo = sup |u;(t)],  |yiloo = suplys(t)], i=1,...,n,
teR teR
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[vjloo = suplv; ()], |2jle0 =sup|z;(£)], j=1,...,m.
teR teR
Then X is a Banach space when it is endowed with the norm || - ||x.
Let @ = (U1, oy Un,Yls--v s YnyVlye-osVms 215+, 2m) L € X. Define a linear

operator L: DomL={z:ze€X,2/ € X} cX— X by Lz =2’
From (H;), it is easy to see that for every = € X, the functions F;, G;, Uj,
H; defined in (2.2) are anti-periodic functions. So, we can define a continuous

operator N: X — X by

Nz = (Fi,....Fp,Gr,...,Gu, U, Up Hy, . Hy) ', z€X

It is easy to see that
2w
ker L ={0} and ImL = {x eX: / x(s)ds = 0} =X
0

So, L: Dom L — X is a one-to-one mapping. Denote by L~': X — Dom L the
inverse of L, one has

t w
1
(L7'2)(t) = / x(s)ds — f/ xz(s)ds, teR.
0 2 Jo
Taking K := LN, by applying the Arzela-Ascoli theorem, we know that K is
compact.

THEOREM 3.1. Let (Hy) and (Hy) hold. Assume further that the following
condition holds:

(Hs) 1 —2w(1+ A) >0, where

m

A= o y y y

Jpax {|az o + 1]+ Z(rjl + pji + i) Lg,
1<j<m j=1

|bj - 5]' + 1| + Z(Cij + dij + eij)Lf}.
i=1
Then system (1.1) has at least one w-anti-periodic solution.

ProoF. Consider the operator equation Lz = ANz, A € (0,1). Let © €
Dom L C X be a solution of Lz = ANz for a certain A € (0,1). Then, we have

ui(t) = A (ui(t), i (t)),

(31) y;(t> = )\Gz(t’ ( ) (t),U(t))7 i=1, n, j=1,2, .m
v (t) = AU; (v;(t), 2 (1)),
z;5(t) = AH;(t, u, v;(t), (1)),

Since z € X is w-anti-periodic, there exist constants &, (;,n;, it; € [0, 2w] such
that

ui (&) = vi(G) = vi(ny) = 2j(py) =0, i=1,...,n, j=1,...,m.
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Next, integrating both sides of (3.1) from 0 to 2w, we obtain

2w 2w
/ M@wkzy/|—w@ﬂwwnwsmﬂww+mmx
0 0

2w 2w 2w
A'W”MSA m7m+MMMﬁ+A s — 1llya(t)] de

m 2w ™M
S les @505 (0) - 0Nt + | 3 les IO

%wmﬁﬁ

>3

dij(t) fi(v;(t — 75(1))) —

<.
I
—

e 00|

2w
€ij (t)fj(O)‘ dt +/0 |Z;(t)| dt

=

I
-

e (1) f(vi(t — 750(t))) —

<z:Ti>:l

o
l
—

+
+
+

<§ <

<
I
—

10 ar+ |

=

<.
Il
—

/2w
2w
/0
2w
/0
/2w
0
2w

2w
g/ m—%+wwmﬁ+/ s — 1|y ()] dt
0 0
2w M 2w M
+ [ Reatan @l [3 bl - o) - Hold

2w M

2w M
/ Z‘%U} v; (t = 754(t))) — £;(0 |dt+/ Zciij dt
j=1
2w M . 2w M
+/ Zdiijdt+/ ZewadtJr/ |1;(t)| dt
0 0

j=1 j=1
§2w{|ai — i + Huifoo + | = 1|yifoo
m m
+ Z(Cij +dij +ei;)Lylvjleo + Z(Cij +dij +eij) Ly + Ii},

j=1 j=1

2w 2w
| olds < [ (loi6)1 4 25060 ds < 2oyl + J210)
0 0

2w 2w 2w
/|<n®</ Mf@+WMﬂ®+A 185 — 1125(s)| ds

2w N

315l (5) —wwnw+3£ >l ds

/\ pji(s)gi(ui(s — 045(s))) — /\ pji(s)gi(0)|ds

=1

e
o




412 Y.Lt — J. QN

*[ﬁy?%“”m“S“M$D?%wmmﬂ@
+/0'2"“' Z\lpji(s)gi(o)‘d8+/02w i_\TZjS(S)gi(O)‘dS—&—/OQwJj(s)|d8

2w

2w
SA m—m+wmm@+A 185 — 1l1z;(s)| ds

<2wq 105 = Bj + 1[vjloo + 185 = zj]e0

—N

NE

+ > (rji 4 i+ 4ji) Lluiloo + > (rji + pji + 450) Ly + Jj}'
=1 =1
Since
t 2w
)] = [l + [ wilsds| < [ fui(s)l s
& 0
we have

2w
\wms/ iy (5)] ds < 2e((ussloo + [i]oc)-
0

Similarly, we have

|MWS%@m—%+Www+m—th

m m
+ Y (cij +dij + €i5) Ly lvjloo + D _(cij + dij + €))Ly + Ii}»
j=1 j=1
2w

|mws/ [0(5)] ds < 2 (05100 + [25]00),
0
|mm<m@m—@+wmm+@—HMM

+ > (i pji + @i Lluiloo + Y (rji + pji + 40) Lg + Jj}~

i=1 i=1

Thus

n m
lzllx < 20(uiloo + lyiloo) + D 20(|vjloo + [2700)

i=1 j=1

n
+ 2 2o los = it ko + s = 1

=1
+ Z(Cij + dij + eij)Lf|Uj‘oo + Z(Cij + dij + eij)ff + Ii}
j=1 j=1

+2ﬁ%m—&+wmw+m—wmm

j=1
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n n
+ 3 (g + pji+ 4ji) Lluilos + Y (rji + pji + 450 Lg + Jj}

i1 i=1
= 2wz
+ Z2w{ |:|ai —o; + 1]+ Z(Tji +pji + qji)Lg:| i) oo + |0t — 1||yi|oo}
i=1 =1

+ ZQUJ{ {|bj — B A1+ Y (cij +dij + eij)L‘f} Vjloo + [8j — 1||Zj|oo}
j=1 i=1
n m o .
+ )0 2wl(eij +dij + i) Iy + (rji + pji + ¢5i) L)

i=1 j=1

n m
+) 2w+ ) 2wl;
i=1 j=1

< 2y + QMA(Z(IWOO T liloe) + S (05]oo + |zj|oo>)

i=1 j=1

+ 0> 2w((eyj + dij + €))Ly + (i + pji + 40) L]
i=1j=1

+ i 2&)[1‘ + i 2ij
i=1 j=1

=20(1+ A)|zllx + Y D 2w((cij + dij + )Ly + (rji + pji + ¢i) L]

i=1 j=1

—+ i 2&)_[1 —+ i 2ij,
i=1 j=1

or

1
el < —

T_20(1+A4) ( ; ; 2w((cij + dij + i) Ly + (rji + pji + q5i) L]

n m
+) 2wl + Zm@) 2 D.
i=1 j=1

Take Q = {z € X: ||z||x < D + 1}, then Q C X with 0 € Q such that equation
Lz = ANz has no solutions in 9Q N Dom L for any A € (0,1). Hence, all the
conditions of Lemma 2.4 are verified. Therefore, by Lemma 2.4 we conclude that
Lz = Nz has at least one w-anti-solution in X. That is, (2.2) has at least one
w-anti-periodic solution. In view of Remark 2.2, we see that (1.1) has at least
one w-anti-periodic solution. The proof is complete.

THEOREM 3.2. Let (Hy) and (H}) hold. Assume that the following condition
holds:
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2 2

N A — i “ , “ b, .

(Hf) A" = in {1—7T2|CL1—051-|-1|7 1-— — |bj—ﬁj—|—l|} > 0.
1Z53m

Then system (1.1) has at least one w-anti-periodic solution.

PrOOF. If z € Dom L C X is a solution of Lz = ANz for a certain A € (0, 1).
Then we have (3.1) holds. Multiplying by «} () on both sides of the first equation
of (3.1) and then integrating it from 0 to 2w, we have

/0 Sl () di = A / (= wat) + a0l (e) it = A / "yt (r) di

([ |u;<t>|2dt)l/2( [ |yi<t>|2dt)l/2,

fori=1,...,n, that is,

(3.2) (/O% |u;(t)2dt>1/2 < (/Ozw |yi(t)|2dt)1/2, i=1,...n.

Multiplying by () on both sides of the second equation of (3.1) and then
integrating it from 0 to 2w, we have

o = [ = = s+ Dusonio) - @ - oo
0 0

F D a0 + A dy©f w00
FV esO ey~ T)i(0) + 1 <t>yg<t>} dt

2w
< / s — s + s () (1) dt

0

A CIO OO

o Ot g
[ S el = ma) o] d

+f Ll o) de

2w 1/2 % 1/2
<|az-—ai+1|( / |ui<t>|2dt) ( / y;<t>2dt)
0 0

m 2w 1/2
—|—Z\/2M(Cij +dy; +€ij)Nf</ |y;(t>|2dt>
Jj=1 0
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1/2

+va( | - piPar)

fori=1,...,n, that is,

sy (| - y;u)?dt)m <=1l - ui<t>|2dt)l/2

=+ Z V 20&)(02’]‘ —+ dij + eij)Nf =+ vV 20.)]1',

Jj=1

fori=1,...,n. Since u; € C! and u;(0) = u;(2w) = —u;(w), by Lemma 2.5, for
i=1,...,n, we have

( / - |ui<t>2dt>1/2 < jj( / - |u;-<t>|2dt)1/2,

Similarly, we can get

s ([Twora) " <2([Tuwpa)”

From (3.2)—(3.4) it follows that, for i = 1,...,n,

1,...,n.

Z vV 2w(cij + d” + ei]‘)Nf + V2wl;

2w 1/2
]:
( / |y;<t>|2dt) < . ,

w
1—p|ai—ai—|—l|

=

m
) 12 Z V ZW(CZ‘J‘ + dij + €ij)Nf + V2uwlI;
w —
([ mepa) < =g
0 ———|ai—ai—|—1|
w i

Since x = (u,y,v,2)T € X is an w-anti-periodic function, there exist positive
constants &;, (;, 1, p; such that

ui(gi) = yZ(CZ) = Uj(nj) = ZJ(/’LJ) 207 1= 1,...,7’l, ]: 1a"'am'

By Newton Leibniz formula, for ¢ = 1,...,n, we have

1/2

oo < / ()] de < m(/ (0 )

Z QW(CU‘ + dij + eij)Nf + 2wl;

j=1 A
= My,

™ w
———|ai—ai—|—1|
w ™
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Z 2&)(62']' + dij + eij)Nf + 2&)[2
=1

il <2 " £ My;.
1—72|CL1—067,+1|
™
Repeating the above reasoning process, one can get, for j =1,2,...,m,
n
Z 2w(Tj; + pji + qji) Ng + 2w
[viloo < 5 = My,
=B+ 1
2Tl —p+1
Z 2w(rji + pji + jS)Ng + 2ij
|Zj|oo < =1 2 = M.
1——=1b;—B;+1
2 | J /BJ + |
Hence,
lzllxe =D (uiloo + lyiloo) + D (105100 + 12j100) < (2(m +n))M £ D',
Jj=1

i=1

where M = 1réla<X {MliaM2i7MljaM2j}- Take Q) = {ZC e X: ||1‘||X <D + 1}
1<5%m

Thus, by Lemma 2.4 we see that (1.1) has at least one w-anti-periodic solution.O

THEOREM 3.3. Assume that (Hy) and (Hs) hold. Furthermore, suppose that

(Hy) Fori=1,...,n,j=1,...,m, 7j,0; € CY(R,RT) and

v = max {supi'ﬂ(t), supdij(t)} <1
1<i<n U 4epr teER
1<j<m

(Hs) There exists a positive constant € > 0 satisfying

I'= max < e+2— ay,
1<i<n
1<j<m

m
(pji + qji) Lge™
-1 a4+ 1 L My T AT
e—1+la;i—a; + |+Z<mZ g+ T :
j=1
€+2*5j,

- (dij + 61'.')Lf657—
5_1+|bj_ﬁj+1|+2(ciij+J17V <0.

i=1
Then every solution of system (1.1) is globally exponentially stable.

PROOF. Let z and z* be two arbitrary solutions of system (2.2) with the
initial values ®(¢) and ®*(t), respectively. By (2.2),fori =1,...,n,j =1,...,m,
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we have
DT (e fuy(t) —u; (1))
e ui () — i ()] + € [ — |ui(t) — uf (1)] + |yi(t) — y; ()]

<
< (e = Deu(t) —uf (O] + e |ya(t) — yi (),
D (e |y(t) — i (1)])

<eef

lyi(t) =y (1) + est{az‘ — i + 1ui(t) — u ()]

— (o = Dlyi(t) |+Z%|fa v;(8)) = f3(vj (1)l

_l_

=

>3

dij(t) £ (vt — 75:(1))) —

<
Il
—_

iy (O (vt — m(t)))]

<.
Il
_

<z

_l_

e () fi(v;(t — 750 (t))) —

<

e 0wyt - )|}

<.
Il
_
<
Il
i

< e lyilt) — 7 (1) + { — i+ us(t) = (0
(o= Dlaalt) 1O+ Y ess Ll ) — 5 6)
B3y i) Ll = 73u(0) — 05 (6 - m<t>>|}

{( + 1= a)yi(t) =y ()] + lai — ai + Lus(2) — 2} (2)]

m

+ ) ciLylvi(t) — vl (#)]
j=1

m

3 y+ eylus(¢ = O - m<t>>|},

) — v
<eefu;(t) — vy ()] + e [= v (8) — vj ()] + |25 (1) — 25 (B)]]
< (e = e fu; (1) = vj ()] + €2 (1) — 25 (2],

D (e |z(t) — 27 (D)]) < eelz;(t) — 2 (1) + est{u" = B+ Ui () = v (0]

D¥ (e o (t

= (B = Dz(t) |+ZT11L ui(t) — ug ()]

i=1

3 gt + a5 Lot — vy (8)) — (£ aij<t>>|}
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:eat{m L= 83)l25(8) = 25 (@) + Ibs = B + Loy (1) — 0} (1)
4 ZTjiLg|ui(t) — Uf;k(tﬂ
=1

£3 g+ a50) Lyt — 03y (£)) — i (£ oij<t>>|}.

i=1
Define a Lyapunov function as follow.

n

Vi = 3 {etuitt) - ui 0] + o) -7 0)
03 ORI [ o) =5
£ {0y = 5501+ 10 - 50

+

v

'i y L ET t
M/ eES|u,-,(s)u;‘(s)lds}-
t

i=1 l-v —0oij(t)

Now we calculate the derivative of V'(¢) along the solutions of system (2.2), we get

DV Y {07 ual0) - i O + D e e) ~ i 0)
+ {dy 4 eyllpe” Jrlef)ff L ety (1) — vl (1)

(dij + eij)Lye™ (1 — 75:())
1—v

™

Il
_

J

x T O (= 75(8)) — vj (¢ — Tji(f))|}
+ Z {D+(€Et|vj(t) —v; ()]) + DT (e |z(t) — 2 (1))

— (pji + @ji)Lge™
+ 30 Pt BT g )~ 1)

‘ 1—v
i=1

B 2”: (Pji + q5i) Lge™” (1 — 645(t))
= 1—v

x =T i (t — 03 (1)) — uf (t — 035(t)]

Ze“{(e 1t s — o+ 1Dfuslt) — 1)

=1

IN

+(e+2 - ai)|yi(t) -y (V)]
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# 3 (et + Gt ) o

j=1 Y
+2et{ (= 110 = 85+ Dlos) - 050
j=1

+ (e +2 = B))|2(t) — 25 (1)]

- (pji + ¢ji) Lge™™ .
30 (it + BB ) - o)
n
:Zest{[e—l—&—mi—ai—i—u
=1
m y VLT
#32 (rat + B ) i)
e

e+ 2 anl) —y:<t>}
+§:€Et{|:5_1+bj_5j+l

j=1
- (dij + eij)Lye™ .
> (st + BN s ) - 30
+(e+2—-55)|z(t) — zj*(t)|}
{ (i () — ui ()] + lyi () — i’ (B)])
() = O]+ 1240 - z;<t>|>} <0,

That is, for ¢ > 0, V(t) < V(0). By the expression of V(¢), we obtain

VI(t) = D e (fug(t) — uf ()] + [ys(t) — i (1))

E3 e oy (t) — o2 (0)] 4 |=5(0) — 23 (0))
j=1
“{Z fuat) — wt(0)] + a(t) — 2 (1))
=1

+ > (s (8) = v} ()] + |2 (1) — Z}'—‘(t)l)} = e lx(t) — 27 (1))l

419
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and
n
{m — 4 (0)] + :(0) — 4 (0)]
=1
o~ (dij + eij)Lyec™ /0 cs .
+ )y e“*lvj(s) —vi(s)|ds
j; I-v —75:(0) !
+Z{|vj<o> ~ 0 (0)] 4 1(0) — £2(0)]
j=1
" (pji + q;i)Lge™ /0 cs .
+ LA, YLT A e |ui(s) — ul(s)| ds
Z 1—v —0’7:.7‘(0)
- K3 1 L
< Z{(1+Z it 4i) 27 ) sup us(s) — i (s)|
P 1-v te[—7,0]
©osup Jys) —y:<s>|}
te[—7,0]
i di; +ei;)L X
+Z{<1+Z s+ eig)lyTet ) sup |v;(s) — v} (s)]
o 1-v te[—7,0]
T+ osup |5(s)— z;f<s>|}
te[—T,0]
<MZ{ sup (Jpuils) — @ha()] + sup |dyils) - ¢m<s>|}
s€[—T,0] s€[—7,0]
; Z{ sup [puy(s) — @iy(s) + sup day(s) — ¢>zj<s>|}
_ s€[—7,0] s€[—7,0]
— M|® — o7,
where
o d'L] + €ij LfT@ST - pﬂ + QJZ L TefT
Mﬁl??gxn 1+Z 1—v Z 1—v >0,
1<j<m Jj=1

thus, we have
l2(t) — 2" ()| < M[|® - @*[le™, ¢ >0.

Therefore, every solution of system (2.2) is globally exponentially stable. By
Remark 2.2, we know that every solution of system (1.1) is also globally expo-
nentially stable. O

The following two corollaries are direct results of Theorems 3.1-3.3.

COROLLARY 3.4. If (Hy)—(Hs) hold. Then system (1.1) has a unique w-anti-
periodic solution and it is globally exponentially stable.
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COROLLARY 3.5. If (Hy), (Hz), (HS), (H), (Hy) and (Hs) hold. Then system
(1.1) has a unique w-anti-periodic solution and it is globally exponentially stable.

4. Numerical examples

In this section, two examples are given to illustrate the effectiveness of our
results in this paper.

EXAMPLE 4.1. In system (1.1), let m = n = 2 and take
fi(v) = fa(v) = =, g1(u) = g2(u) = -
ay =az =31 = 32 =3, a; =as =by =by =2,

T11(t) = T12(t) = T21(t) = T21(t) = 1 sin?(15t),

30
1
011(t) = 012(t) = 021(t) = 0922(t) = 0 cos?(15t),
9 . 7.
dij(t) = T sin(30t), eij(t) = A sin?(15t),
pji(t) = cos(30t), g;i(t) = 20052(1515),

Li(t)|  |sin(15t) Ji(t)|  |sin(15¢)
L(t)|  |cos(15t)|’ Jo(t)|  |cos(15t) |’

cin(t) ca(t)|  |sin®(15t)  cos(30t)
co1(t) c(t)| | sin(30t) cos?(15t)|’

lTu(t) 7“12(75)]: %0052(1525) %cos(SOt)
ra1(t)  r22(t) sin(30t) 3 cos?(30t)

Then, it is easy to obtain that

1 1 i 1 1
L = —_— L = —_— == —_— = —_— = -
=1 T YT TTa YT
d d d d 9 ’
= = = = —_— (& = e = e = e i
11 12 21 22 16 11 12 21 22 3’
5
P11 = P12 = P21 = p22 = 1, q11 = q12 = 421 = ¢22 = 6’

Il
=W
W Wl

ci Ciz| _ 11 11 T12
Co1 €22 11|’ To1  T22
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Thus,

2
A= | Dnax, {Iai —a; + 1|+ Zl(sz' + pji + @ji) Lg,
o

2
7
b = By + 11+ D _(eij +dij + eij)Lf} =13
i=1

1—-2w(1+ A)=~0.337 > 0.
Taking € = 0.01, we can get

I'= max {5—1—2—0@-,

1<i,j<2
2
(pji + qji) Lge™
-1 i — Qy ji —_ ],
e—1+|a a+1|+Z(r]Lg+ Ty
j=1
5+2_6_]a
2
(d1 —+ €; ')LfGET
8—1+|bj—ﬂj+1|+;(cij[/f+jl+y
~ —0.1 <0.

By Corollary 3.4, system (1.1) has a unique (7/15)-anti-periodic solution and it
is globally exponentially stable (see Figures 1-3).

du, (t)/dt
05 — — —dv,dt| |

0 5 10 15 20 25 30 35 40 45 50
t
1 T
du,(t)/dt
3 05 — — vyt | |
= A\
o
> I‘
Y A AAAAAAAA A
32
= oslf Y i
1 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

FIGURE 1. The states of du;(t)/dt, dv;(t)/dt, i = 1,2.
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0.5

0.2

0.2

- < 04 0.2
- : 0.4
dv, (t)/dt du, (ty/dt dv,(t)/dt du,(t)/dt
0.5 0.1
- 0 - 0
.
0.5 0.1
1
0.4
0.5 10 0.2 02
0 0 0 0
-05 -10 -0.2  -0.2

v, () u,(t) V(1) ’ u,(t)

FIGURE 3. Curves of wu;(t), v;i(t), du;(t)/dt, dv;(t)/dt, i = 1,2 in 3-
dimensional space for stable case.

EXAMPLE 4.2. In system (1.1), let m = n = 2 and take
1 . 1
fi(v) = fa(v) = ZSIH% 91(u) = ga(u) = 1 cos u,
a; = ag =4, p1 = B2 =3, a; = az = 3, by = by = 2,

1 1 1
7:(t) = 1 sin®t + 7 i (t) = 3 cos? t, I;i(t) =sint, J;(t) = cost,
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4 T T T T T T T T T

| du, (t/dt
2 — — —dv, (t/dt ||
o. ONDNINONINONINONININONINININININONDNININININININININININININ N

2 ,

du, (t/dt, dv, (v/dt.

a4l 4

6 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

5 T

du,(t/dt

o5 — — —dvy(tydt| |

0 20 40 60 80 100 120 140 160 180 200

FIGURE 4. The states of du;(t)/dt, dvi(t)/dt, i = 1,2.

1 1 1 1
cij(t) = 1 sin(2t), dij(t) = 1 cos(2t), e;;(t) = 3 sin? ¢ + 3’
(1) = sint ()= feost,  qult) = g sin(3)
rji(t) = sint, pji(t) = 7 cost, ¢ji(t) = 7 sin(31).
Then it is easy to see that f; and g;(¢,j = 1,2) are bounded,
1 1 1
Cij:dijzeij:rji:pji:%i:Za T=v=g, Lf:Lg:Za w=m.

By computing,
2 2
' — mi Y e _Y B -
A_1gmi,1j%2{l 7r2|al a;+ 1,1 Wz\bj 5]—1—1} 1>0.
Taking € = 0.1, we can get
2
I' = max {e+2—ai,5—1—|—|ai—ai+1|+

(pji + qji)Lge™
1<i,j<2 — s

(TjiLg + T—,

j=1

2
(dij + eij) Lye™”
2~ Bj e~ 14 b — B+ 1+ (eyLy+ L2
£+ Bj, € +1b; = B; + 1] + (CJ Ft -

i=1

~ —0.249 < 0.

By Corollary 3.2, system (1.1) has a unique 7m-anti-periodic solution and it is
globally exponentially stable (see Figures 4-6).

5. Conclusion

In this paper, a class of fuzzy BAM neural networks with inertial terms and
time-varying delays was considered. By using a new continuation theorem of
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6 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

0 20 40 60 80 100 120 140 160 180 200

F1GURE 5. The states of u;(t),v;(t), ¢ =1,2.

0.5

1 S
dv, (t/dt du, (ty/dt dv,,(ty/dt ! du, (bt

FIGURE 6. Curves of u;(t), vi(t), du;(t)/dt, dvi(t)/dt, i = 1,2 in 3-dimen-
sional space for stable case.

coincidence degree theory, the existence of anti-periodic solutions of the networks
is obtained. By constructing an appropriate Lyapunov function, some sufficient
conditions are derived to ensure the global exponential stability of anti-periodic
solution of the networks. Our results of this paper are completely new and our
methods used in the paper can be used to study other types’ neural networks
with or without inertial terms.
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