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ON THE SCHRODINGER EQUATIONS
WITH A NONLINEARITY IN THE CRITICAL GROWTH

JIAN ZHANG

ABSTRACT. In this paper, we consider the Schrédinger equation with a non-
linearity in the critical growth. The purpose of this paper is to establish
the existence of ground states via variational methods.

1. Introduction

In this paper, we consider the following problem:
(1.1) —Au+V(z)u=a(z)f(u)+u*> ", uwe H (RY),

where N > 3, 2* = 2N /(N — 2). We are interested in the existence of ground
state solutions. Recall that u is said to be a ground state solution of (1.1) if and
only if u solves (1.1) and minimizes the functional associated to (1.1) among all
possible nontrivial solutions.

This equation or the more general one

(1.2) —Au = h(z,u), ue H(RY)

arises in various branches of mathematical physics and it has been studied under
various assumptions on h. When h(z,u) = h(u) is of subcritical growth, almost
necessary and sufficient conditions for the existence of ground state solutions
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to (1.2) are given by Berestycki and Lions [8] for N > 3 and Berestycki et al. [7]
for N = 2. Subsequently, in [1], [29], [31], the authors attempt to complete the
study made in [7], [8] by considering nonlinearities with critical growth. When
h(z,u) = =V (x)u+ f(x,u) is of subcritical growth, the existence of ground state
solutions is considered in [18] for an asymptotically linear problem, in [19] for
a nonlinearity satisfying conditions introduced by Berestycki and Lions [8] and
in [20] under a more natural super-quadratic condition than the Ambrosetti—
Rabinowitz condition. For other related results, we refer the reader to [2], [14],
[17], [21], [22], [25] for the subcritical case and [11], [12], [13], [23] for the critical
case. When h(z,u) = —(1+pV (z))+ f(u) with g > 0, the existence, multiplicity
and concentration of solutions are also discussed. See for example [4], [5], [6],
[10], [16], [26], [27] and the references therein.

Note that when h(z,w) is of critical growth and depending on z non-radially,
only a few results are known for the existence of ground state solutions. Re-
cently, in [30], the authors considered the case of h(x,u) = =V (z)u + f(u) and
established a Berestycki—Lions Theorem in the critical case. In this paper, we
continue to solve the problem and consider the case of h(z,u) = —V(z)u +
a(z)f(u) + v? ~'. The functions V(z), a(z) and f(t) are assumed to satisfy
some of the following hypotheses:

(V1) V(z) € CRN,R), V() >0and lim V(z) =V, > 0;

|z|—o00
(V) there exist C; > 0 and b > 0 such that V(z) < Vi — Cre b2l for all
x € RY;
(Va) V(@) - Vi € LV2(RY)
(a1) a(z) € C(RY,R), a(z) > 0 and ‘ lim a(x) = ax > 0;

z|— 00
(ag) there exist Cy > 0 and a > 0 such that as, — Che~ 7l < a(x) < ay for
all z € RY;
) a(z) > as for all z € RY;
(f1) f e CR,R) is odd;
(f2) f(t) =o(t) as t = 04;
(1) lim_ [0/ =0
(fy) there exist D > 0 and q € (2,2*) such that f(t) > Dt4~! for t > 0;
(f5)

F(t) = [y f(s)ds;
(fs) the function f(t)/t is increasing for ¢ > 0.

The following theorem concerns the case in which (az) holds.

THEOREM 1.1. Assume N = 3 withq >4, or N > 4. If (V1)—(V2), (a1)—(a2)
and (f1)—(fg) hold with 0 < b < a < p, then problem (1.1) has a ground state.



ON THE SCHRODINGER EQUATIONS 459

On the contrary, considering the case in which (a3) holds, we also obtain
a theorem.

THEOREM 1.2. Assume N = 3 with ¢ > 4, or N > 4. If (V1), (V3), (a1),
(az) and (f1)~(fs) hold, then problem (1.1) has a ground state for ||V (z) Vool n/2
small enough.

The aim of this paper is to investigate equation (1.1) through the interaction
of V(z) and a(x). Note that both a(z) < as and a(x) > as are considered
with different conditions on V' (z) sufficient to guarantee the existence of ground
states for (1.1). Because V(z) and a(z) are not radially symmetric functions,
the usual variational techniques cannot be applied straightly due to the lack of
compactness. The critical exponential growth makes the problem more compli-
cated. Nevertheless, we can restore some compactness by establishing a global
compactness lemma in the critical case and find a proper range of ¢ where the
(PS). condition holds for the associated functional. Then we obtain the existence
of ground state solutions. In Theorem 1.1, the decay rate assumptions (V3) and
(ag) are the key to energy estimate. In Theorem 1.2, without any decay rate
assumption, we still obtain a ground state solution by imposing that the LN/2
norm of V(z) — Vi are suitably close to zero.

The outline of this paper is as follows: in Section 2, we establish some im-
portant lemmas. In Section 3, we prove Theorem 1.1. In Section 4, we prove
Theorem 1.2.

Notations.

1/s
o |lulls:= (/ |u|5da:> , 2 < s < o0.
RN

e Let H*(RY) be the Hilbert space equipped with the norm
Julff = [ (VP + ) da.
]RN

Let DY2(RY) := {u € L¥ (RY) : Vu € L2(RV)} be the Sobolev space
equipped with the norm

||u||2D1,2 = /]RN |Vu|2 dx.

C' denotes a universal positive constant.

B, () denotes the open ball centered at z¢ with radius r > 0.
S denotes the best Sobolev constant:

/ |Vul|? de
RN

2/2%
2 da:)

S = inf

ueDt (RN)\{O}
RN
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2. Preliminary lemmas

In this section, we assume (V1), (a;) and (f;)—(fs) hold. Let

H = {u € H'(RY): / V(x)|ul*dr < oo}
RN
be the Hilbert space equipped with the norm

ol = [ (90 + Vi@)luP) do.

From (Vi), we know that the embedding H < H'(RY) is continuous. The
functional associated with (1.1) is

(21) ) = gl = [ a@Pde =g [l

where v € H. Tt is easy to check that the functional I : H + R is of class C'.
Moreover, critical points of I are weak solutions of (1.1). For simplicity, we may
assume that V, = 1 and a., = 1 in this paper.

LEMMA 2.1. There is a sequence {u,} C H such that {u,} is bounded in H,
I(uy,) — ¢ and I'(u,) — 0. Moreover, ¢ € (0,(1/N)SN/?) for N = 3 with ¢ > 4,
or N > 4.

PROOF. The conditions (a;) and (f;)—(f3) imply that for all ¢ > 0, there
exists C'(e) > 0 such that

(2.2) (@) F(w)] < elul® + Ce)|ul*".

In view of (2.2) and the embedding H < H!(RY) is continuous, there holds

1 « 1 *
1) 2 5lulf — [ o0 [ de- g [l do
2 RN RN 2* Jrwy
> Cllulfy ~ € [ doz Clul?~¢ [ P da,
RN RN
By Sobolev embedding theorem, there exists » > 0 such that for |ju| = r,
I(u) > a > 0. From (a;) and (fy),
1 1 .
I0) < gl =5 [l e

Set ¢ € H such that ¢ # 0. Then . 1i£rn I(tp) = —oo. Thus, there exists g > 0
—+o0
such that |[top| > r and I(top) < 0. We also have I(0) = 0. Define

= inf I(y(t
¢ = Inf max (v(#)),

where I' = { € C([0,1], H);v(0) = 0,I(y(1)) < 0}. Then it follows from the
mountain pass theorem in [3] that there is a sequence {u,} C H such that
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I(uy) = ¢ > o and I'(u,) — 0. On the other hand, by (f5),

23) ctollul > (55 )l + [ (Gers - awFu,)) do

which implies that {u,} is bounded in H.

From (a), there exists R > 0 such that a(z) > 1/2 for || > R. Choose
g € RY and r > 0 such that Ba,.(z9) C RN \ Bg(0). For ¢ > 0, define the
function u.(z) = ¥(x)eWN =274 /(e + |z — 20|?)N2)/2, where ¢ € C5°(Ba,(20))
such that 0 < (z) <1 and ¢(x) = 1 on B,(z¢). Note that S is attained by the
functions e(N=2/4 /(e 4 |z — 20|?) NV =2)/2. From [9], [28], we know that

2
2.4 Vu|?d :N722/ Ld O(eWN=2/2
@) [ Vafde = (V=22 [ oot e O

=K, +0(WN=2/2),
(2.5) / |ue
RN

2*da;:/ = Ky 1 O(EM?)
Ry (

1+ |z[?)
and
Ke@N-(N=2)/4" ¢ > N/(N —2),
(2.6) /RN el de = { KeN/A|Ine], = NJ(N —2),

KetN=2)/4, t < N/(N —2),

where K7, Ko, K are positive constants. Moreover, S = Kl/KQQ/Q*. The defini-

tion of ¢ implies that ¢ < sup I(tu.). From (Vy), (2.4) and (2.6), we can choose
>0

t' € (0,1) such that for € € (0,1),

1 1
(2.7) sup I(tuc) < sup —t2|luc|® < sup Cf||uc|?n < —=SN/2.
0<t<t/ o<t<t’ 2 0<t<t’ N
Thus, we only need to prove that sup I(tu.) < SV/2/N. Define
>t
1 1 5« .
y(t) == =t*|Juc|® — —*t2 / luc|* da.
2 2 RN

It is easy to check that y(t) attains its maximum at

N-2)/4
e (el Y
(Jan luel?” dz)

Thus, by (2.4)-(2.6), we have

| 2

| ue

(S fue|* da)?/?

IS+ O(e)V/2 = %SN/Q +0(e).

N/2_ 1
N

28) ylto) = |
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By (f1) and a(z) > 1/2 for || > R, there holds

(2.9) sup I (tus) <supy(t) — C(t’)q/ |ue|? de.
>t/ >0 RN

For N > 4, we derive from (2.6) and (2.8)—(2.9) that

1
sup I(tus) < —SN/2 4 O(e) — Ce@N-(N=2)a)/4,
>t N

Observe that (2N — (N —2)q)/4 < 1. Then there exists ¢g € (0,1) such that
for € € (0,¢0), there holds sup I(tu.) < S¥/2/N. Then ¢ < 1/NSN/2 for N > 4.

>t/
Similar argument shows that ¢ < SN/2/N for N = 3 with ¢ >4, or N =4. 0O

Define the functional I°°:
1 1 .
Ioo(u):f/ (|Vu|2+u2)dx—/ F(u)dx——/ lu|?> dz, wue€ H.
2 Jrv RN 2% Jrn

LeMMA 2.2. If {u,} C H is a sequence such that ||uy]|| is bounded, I(u,) —
c € (0,SN/2/N) and I'(u,) — 0, then there exists a subsequence of {uy,}, still
denoted by {uy,}, an integer k € NU{0}, w' € H for 1 <i <k such that
(a) u, — u weakly in H with I'(u) =0,
(b) w' #0 and I° (w') = 0 for 1 <i <k,
k

(c) e=1I(u)+ 32 I=(w’),
i=1
where we agree that in the case k = 0, the above holds without w'.

PRrROOF. From |lu,|| is bounded, we know that up to a subsequence, u,, — u
weakly in H. It is easy to check that I’(u) = 0. Thus, (a) holds.

From Lemma 3.2 in [15], we know that for s € [2,2*), there exists a subse-
quence {uy; } such that for any e > 0, there exists 7. > 0 with

limsup/ [tn,|* de < ¢
g=oo JBj(0\B(0)

for all » > r.. Choose nn € C§°(B2(0)) such that 0 < n(z) <1 and n(z) =1 on
B1(0). Define w;(z) = n(2|z|/j)u(z). It is easy to check that w; — win H. Thus,
similar to the proof of Lemma 3.5 in [15], we can prove that up to a subsequence,

(2.10) [t =T |* = flunll® = Jull* + o(1),
(2.11) c—I(u) = I(uy, —Ty) +o(1)
and

(2.12) I (un — ) = o(1).
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Note that u, — @, — 0 weakly in H. Then by (V1), (a1) and (2.11)—(2.12), there
holds

(2.13) c—I(u) = I*(up — Uy) + o(1),
(2.14) 1% (uy, — ) = o(1).

Set w} = u, — u,. We will consider two cases.

Case 1. lim sup / lw;|? dz = 0.
B1(y)

n—oo yERN
The Lions Lemma in [28] implies that
(2.15) wl — 0 in LYRY), for all t € (2,2%).

From (a1) and (f;)—(fs), for any € > 0, there exist p € (2,2*) and C(g) > 0 such
that

(2.16) ja(2)F(w)] < e(juf® + [u]*") + C(e)lul”.

Combining (2.13)—(2.16), there holds

1 1 .
217 e 1) = glwhl - 5 [ WA da o)
2 2% Jan
(219 s — [ | lwhP do = of0).
RN

We may assume that |w}, |3, — p. If p > 0, then Sobolev embedding theorem
implies that

PSR (7711
=~ (f]RN |w}L|2* dx)z/z*a

from which we derive that p > SV/2. Thus, ¢ — I(u) = p/N > SN/?/N. By
I'(u) = 0, we have ¢ — I'(u) < ¢ < SN/? /N, a contradiction. Then ¢ = I(u).

Case 2. There exists y; > 0 such that

lim sup / |w}b|2 dzr >y, > 0.
B (y)

n— oo yERN

Then there exists y. € RV such that

lyL] = oo and |y |? dz > n >0,
Ba(yl) 2
from which we derive that w} (- +yL) — w! # 0 weakly in H,
(2.19) = I(u) = I(wy, (- +yp)) + o(1),
(2.20) I (w} (- +yp)) = o(1).
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Thus, we have I°' (w') = 0. Similar to (2.11)-(2.12), we know that there exists
{wl} C H such that w}, — w' in H,

(2.21) c—I(u) — I (w') + o(1) = I (w?),
(2.22) 1 (w3) = o(1),
where w2 = wl(- +yl) —w,. We also have ||w?|? = [Jw}]|® — [Jw!|?* + o(1).

Together with (2.10), there holds
(2.23) [wpl? = llunl® = llul® = [w"[|* + o(1).

Note that w2 — 0 weakly in H. Then either

(2.24) lim sup / |w?|? dx = 0,
B1(y)

n—roo yGRN

or there exists yo > 0 such that

(2.25) lim sup / |w2|? dz > 5 > 0.
"0 yeRN J By (y)

If (2.22) holds, similar to the argument of Case 1, we have ¢ = I(u) + I°°(w').

So we may assume (2.23) holds. Continuing the process of Case 2, we obtain

{wi} c H, {y}} CRY and {w!,} C H, i € N such that |yi| — oo, wi (- +y2) —

w' # 0 weakly in H, @', — w' in H, I° (w') = 0,

l
(2.26) c—I(u) = > I®(w') +o(1) = I®(wh™),
i=1
(2.27) 1 (wh) = o(1)
and
l
(2.28) it = [lunll® = [Jul® — Z [[w']|* + o(1),

where wit! = wl (- +y.) — @, | € N. Standard argument shows that there

exists 8 > 0 such that if I°°'(w?) = 0, then |w’[|2 > 8 > 0 independent of §.

Together with (2.26), we conclude that w!™! — 0 at some [ = k. Thus, by (2.24),
k )

we have ¢ = I(u) + > I (w?). O
i=1

From Theorem 1.1 in [29], we know that there exists 1o, € H such that ue

is radial, % (tso) = Moo and I (us) = 0, where my = inf{I®(u); u € H,

w0, I (u) = 0}. Note that us is not sign-changing. We may assume u., > 0

in H. Then by the Maximum Principle, we get u, is positive.
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REMARK 2.3. Set g(t) = I°°(tus), where ¢ € (0,00). Observe that

iy . .
g’(t)—t[/ (Voo | +ul) do — Mugo dx — t* 2/ |u)? dx}
RN RN tuoo RN

From (fs), we can derive that g(t) has a unique critical point corresponding to its
maximum. Since [ OC/(uoo) = 0, this critical point should be achieved at ¢t = 1.

The following lemma in [24] is standard.
LEMMA 2.4. Let N > 2. Then there is a constant C = C(N) such that
lu(z)| < MHM, for all x # 0,
for any u € HE(RY).
LEMMA 2.5. For any § € (0,1), there exists C = C(0) > 0 such that
Uoo () < Ce™ (10l

PrOOF. From Lemma 2.3, we know that us(z) — 0 as || — oo. Then
by (f2), for any ¢ > 0, there exists R = R(d) > 0 such that for |z| > R, there
holds 1 — f(teo) /oo — u2 =2 > (1 — 6)%. Thus, —Aus + (1 — 6)?us < 0 for
|z| > R and there exists M = M (4) > 0 such that us(x) < M for |x| = R. Let
v(x) = Me~(1=902I=F)_ Direct calculation shows that —Awv + (1 — §)%v > 0 for
x # 0. By the Maximum Principle, we conclude that e (x) < Me~(1=9)(zl—1)
for |z| > R. Then Lemma 2.4 follows easily. O

3. Proof of Theorem 1.1

PROOF OF THEOREM 1.1. From Lemma 2.1, there is a sequence {u,} C H
such that ||u, || is bounded, I(u,) — ¢ € (0, SN/2/N) and I'(u,,) — 0. We claim
that ¢ < meo. Let 3= (1,0,...,0) be a fixed unit vector in RY. It follows from

the definition of ¢ that ¢ < sup I(tus(x — RB)). From (Vy), (a1) and (fy), we
>0
know that there exists ¢ € (0,1) such that

]_ ’ ’

(31)  sup I(tuse(x — RE)) < It Plluse( ~ RO < Ol Pllusclys < mo
0<t<¢!

independent of R > 0. From (V1), (a1) and (f4), we also have that there exists

" > 0 such that

(3.2) sup I (tus(z — Rp))

>t

1 1 o+
<sup (5t~ ROP - 5 [ Jus

t>t!

2 dm)

1 o .
< sup <Ct2|uoo||%,1 — —¢ / oo |2 d:v) < Moo
RN

>t 2%

independent of R > 0.
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Thus, we only need to prove that sup I(tue(z — RS)) < me.. Observe
t<t<t!

that by (Vz) and (ag),
(3.3) I(tuse(x — RB))

= (o= B9) + 5 [ (V@) = Do = RO o
L — D) |too(z — Pdzx
— 2t [ (@) = Dluwlo ~ R

C
< I (tuo) — 71152/ e*blm+RB‘|uoo|2 dr
RN

+ %tp/ e*“|$+R5‘|uoo|p dx.
p RN

Lemma 2.4 implies that
/ e=ale+ Rl 1P gy < / o—aR galal—p(1-0)lal g,
RN IRy

Choose ¢ € (0,1 —a/p). Then
(3.4) / e~ aleH BBy Pde < Ce™ R,
RN

Note that

(3.5) / eVl RBl 1y 2da > ebe/ ety |Pde > Ce R,
RN lz|<1

Thus, from Remark 2.1 and (3.3)—(3.5),

(3.6) sup I (tuse(z — RB)) < Mmoo + Ce o — Ce™ P,

t<t<t!

By 0 < b < a, we can choose R large enough such that sup I(tus(z— Rf)) <
t<t<t!
Meo. Thus, we have ¢ < my,. Lemma 2.2 implies that I satisfies the Palais—

Smale condition at ¢ € (0,Mms). Then we have u, — v in H, I(u) = ¢ and
I'(u) = 0. Let

m =inf{I(v); v € H, v#0, I'(v) =0}

Since I'(u) = 0, we have 0 < m < I(u) < Mms. By the definition of m, there
exists {v,} C H such that v, # 0, I(v,) — m and I'(v,) = 0. Standard
argument shows that there exists v > 0 such that [jv,[|> > v > 0 independent
of n, which implies that m > 0. Then m € (0,ms). Since I satisfies the
Palais—Smale condition at ¢ € (0, M), we have v, — v in H, I(v) = m and
I'(v) = 0. O
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4. Proof of Theorem 1.2

In this section, we may assume that meas{z € RY; a(z) > 1} > 0. Similar
argument as in [18] can derive the following result.

LEMMA 4.1. There ezists v € C([0,1], H) such that v(0) =0, I°°(y(1)) <0,
Uso € Y([0,1]) and m[aml(] I°(y(t)) = I (teo) = Moo Moreover, 0 ¢ ~((0,1]).
te

)

Define the functional J:
1 1 .
J(u) = f/ (|Vul?* + v?) dz —/ a(x)F(u)dr — —/ |u|®> dz, wue€ H.
2 Jr~ RN 2% Jpn

LEMMA 4.2. The functional J admits a nontrivial critical point w € H.
Moreover, we have J(w) € (0,ms) and ||w||%: < 20ms /(6 — 2).

PROOF. Define

, = inf J(v(t)),
Ca = inf max (v(t))

where I' = {y € C([0,1], H); v(0) =0, J(v(1)) < 0}. By Lemma 2.1, we can
obtain a sequence {u,} C H such that u, — w weakly in H, J(u,) — ¢, €
(0,1/NSN/2) and J'(u,) — 0. Lemma 2.2 implies that .J satisfies the Palais—
Smale condition at ¢, € (0, M ). Now we claim that ¢, € (0, my). Lemma 4.1
implies that fél[éa,’ﬁ I°°(v(t)) = Mmoo, where v € C([0,1], H) such that v(0) = 0,

I°°(v(1)) < 0 and 0 ¢ v((0,1]). From (as), we know that J(v(t)) < I*°(y(t)) for
all t € (0,1]. Thus, the definition of ¢, implies that

0 < J(v(t I((t) = Meo-

ca < max J(7(t)) < max I*(y(t)) = m
Then we have u, — w in H, J(w) € (0,ms) and J'(w) = 0. Similar to (2.3),
we have ¢, > (1/2 — 1/6)||w||%;:, from which we get [|w||%,, < 20mo./(0 —2). O

REMARK 4.3. Set h(t) = J(tw), where ¢t € (0,00). Similar to Remark 2.1,
we know that h(t) has a unique critical point at ¢ = 1 corresponding to its

maximum.

PROOF OF THEOREM 1.2. From Lemma 2.1, there is a sequence {u,} C H
such that |ju,| is bounded, I(u,) — ¢ € (0,S"/2/N) and I'(u,) — 0. We
claim that ¢ < meo. Similar to the proof of Theorem 1.1, we know that there

exist t1 € (0,1) and ¢ > 1 such that sup I(tw) < me and sup I(tw) < M.
0<t<ty t>ts

From (V3),

I(tw) = J(tw) + %tz/

RN
Thus, by Lemma 4.2 and Remark 4.1,

1
(V(@) = Dw? do < J(tw) + 5 w]5 [V (2) = 1l n/2-

sup I(tw) <suph(t) + C[|V(z) — 1| ny2,
t1<t<ts t>0
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which implies that sup I(tw) < me for ||[V(x) — 1[[n/2 small enough. The

t1 <t<ts

rest of the proof is similar to the proof of Theorem 1.1, we omit it here. O
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