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A SCORZA-DRAGONI APPROACH TO DIRICHLET PROBLEM
WITH AN UPPER-CARATHEODORY RIGHT-HAND SIDE

MARTINA PAVLACKOVA

ABSTRACT. In this paper, the existence and localization result will
be proven for multivalued vector Dirichlet problem with an upper-
Carathéodory right-hand side by using bound sets approach. Since Scorza—
Dragoni type technique will be furthermore applied, the conditions for
bounding functions can be required directly on the boundaries of bound
sets and not at some vicinity of them.

1. Introduction

Boundary value problems (b.v.p.) for second-order differential inclusions
have been studied for many years (see, e.g. [1], [5], [6], [9]-[11], [13]) since to
their applications in several areas, such as physics, control theory or mathemat-
ical economics. In mentioned papers, various methods (like an upper and lower
solutions technique, topological transformations, fixed point technique or tube
solution method) were applied for obtaining the existence results. In this paper,
except for the existence of a solution, also its localization is studied for multi-
valued vector Dirichlet problem. More concretely, let us consider the Dirichlet
multivalued problem

(1) Z(t) € F(t,z(t),x(t)), fora.a.te[0,T],
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where F': [0, T]xR™xR™ — R" is an upper-Carathéodory multivalued mapping,
together with the localization condition

(1.2) x(t) € K, forallte|0,T],

where K C R" is given open bounded set containing the null vector O.

Let us note that the notion of a solution will be understood in the strong
sense, i.e. by a solution of problem (1.1)—(1.2) we shall mean a function z: [0, 7
— R™ with absolutely continuous first derivative satisfying (1.1)—(1.2).

Dirichlet viability problem (1.1)—(1.2) was already studied in [7], [12]. In [7],
the multivalued mapping F' was globally u.s.c. and conditions for bounding
functions were imposed directly on boundaries of bound sets, while in [12], F'
was an upper-Carathéodory multivalued mapping but the conditions concerning
bounding functions were imposed at some vicinity of the boundaries of bounds
sets. Since the Scorza—Dragoni type technique is applied in the present paper,
conditions for bounding functions are imposed directly on boundaries of bound
sets also in the case of upper-Carathéodory right-hand side. The obtained result
is at the end of the paper illustrated by the vector dry friction problem.

2. Preliminaries

Let us start with notations we use in the paper. If (X,d) is a metric space
and A C X, by A, Int A, and OA, we mean the closure, the interior, and the
boundary of A, respectively. For a subset A C X and € > 0, we define the set
N.(A) := {z € X | there exists a € A : d(z,a) < €}, i.e. N(A) is an open
neighbourhood of the set A in X.

For a given compact real interval .J, we denote by C(J, R") (by C1(J,R")) the
set of all functions z: J — R™ which are continuous (have continuous first deriva-
tives) on J. By AC'(J,R"), we shall mean the set of all functions z: J — R™
with absolutely continuous first derivatives on J.

We also need following definitions and notions from multivalued theory in
the sequel. We say that F is a multivalued mapping from X to Y (written
F: X —Y) if, for every € X, a nonempty subset F(x) of Y is given. A mul-
tivalued mapping F': X — Y is called upper semi-continuous (shortly, u.s.c.)
if, for each open set U C Y, the set {x € X | F(x) C U} is open in X.

Let Y be a metric space and (2,4, 1) be a measurable space, i.e. a nonempty
set 2 equipped with a suitable o-algebra U of its subsets and a countably additive
measure p on . A multivalued mapping F: 0 — Y is called measurable if
{we Q| F(w) CV}el, for each open set V C Y. In the sequel, the symbol p
will exclusively denote the Lebesgue measure on R.

We say that mapping F': J x R™ — R™ where J C R is a compact interval,
is an upper-Carathéodory mapping if the map F(-,z): J — R™ is measurable,
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for all x € R™, the map F(t, - ): R™ — R™ is u.s.c., for almost all t € J, and the
set F'(t,x) is compact and convex, for all (¢,z) € J x R™.

In the proof of the main result, the following slight modification of Scorza—
Dragoni type technique for multivalued mappings will be employed.

PROPOSITION 2.1 (cf. e.g. [4, Proposition 8]). Let X C R™ be compact and
let F: [a,b] x X —o R™ be an upper-Carathéodory mapping. Then there exists
a multivalued mapping Fy: [a,b] x X — R™ U {0} with compact, convez values
and Fy(t,z) C F(t,x), for all (t,z) € [a,b] x X, having the following properties:

(a) if u,v: [a,b] — R™ are measurable functions with v(t) € F(t, u(t)) on

[a,b], then v(t) € Fy(t,u(t)) almost everywhere on [a, b];
(b) for everye > 0, there exists a closed I. C [a,b] such that p([a,b]\ 1) < €,
Fo(t,z) # 0, for all (t,z) € I. x X and Fy is u.s.c. on [ x X.

The proof of main result, Theorem 3.1 below, will be based (except from
Proposition 2.1) also on the following proposition developed in [12]. Its proof
was based on combination of bound sets approach with the continuation principle
developed in [2]. The key point for application of the continuation principle lied
in the fact that we assigned to the Dirichlet problem (1.1) the family of associated
problems

2.1) Z(t) € AF(t,q(t),4(t)), fora.a.te[0,T],
z(T) = z(0) =0,

where A € [0,1], and

(2.2) q€Q:={qeC0,T],R") | q(t) € K for all t € [0,T]}.
PROPOSITION 2.2 (cf. [12, Theorem 4.1 and Corollary 3.1]). Let us consider

the Dirichlet problem (1.1)—(1.2) where F': [0,T] x R™ x R™ — R™ is an upper-

Carathéodory multivalued mapping. Moreover, assume that

(a) the closure K of the set K is a retract of R",
(b) there exists a nonnegative, integrable function B: [0,T] — R such that

|F(t,q(t),d(®)] < B(t), a.e. in[0,T],

for each q € Q, where Q is defined by (2.2)

(c) there exists a function V € C?(R"™,R) satisfying conditions:
(H1) Vl]sr =0,
(H2) V(z) <0 forallz € K,

(d) there exists € > 0 such that, for allz € KNN.(OK), t € (0,T), A € (0,1]
and v € R™ with |v| < 2f0T B(t) dt, the following condition:

(2.3) (HV (x)v,v) + (VV(z),w) >0

holds, for all w € AF(t,z,v).
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Then the Dirichlet viability problem (1.1)—(1.2) has a solution.

The function V satisfying conditions from Proposition 2.2 is called a (Liapu-
nov-like) bounding function. Its existence guarantees that K is a bound set for
the b.v.p.

Z(t) € NF(t,z(t),2(t)), fora.a. te[0,T],

24
(24) z(T) = z(0) = 0,

for all A € (0,1], i.e. ensures that there does not exist, for any A € (0, 1],
a solution z of the b.v.p. (2.4) such that x(t) € K, for each t € [0,7], and
x(to) € OK, for some ty € [0, 7).

3. Existence and localization result

Approximating the original problem by a sequence of problems satisfying
conditions of Proposition 2.2 and applying the Scorza—Dragoni type result, we
are already able to state the main result of the paper. The transversality con-
dition imposed on the bounding function is now required only on the boundary
OK of the set K, and not on the whole neighbourhood K N N.(9K), as in
Proposition 2.2.

THEOREM 3.1. Let us consider the Dirichlet viability problem (1.1)—(1.2) and
assume that

(a) the closure K of the set K is a retract of R™,
(b) there exists a nonnegative, integrable function o [0,T] — R such that

[F'(t,q(t),4(1)] < at), a.e. in[0,T],

for each q € Q, where Q is defined by formula (2.2),
(c) there ezists a function V € C%(R™,R) satisfying conditions (H1), (H2),
() forallx € (0,1], z € IK, t € (0,T), v € R™ with |v| <2 [ (2a(t)+1)dt,
and w € AF(t,x,v), it holds that
(3.1) (VV(x),w) >0,
(e) there exists h > 0 such that HV (x) is positive semi-definite, for all
r € KNN, (0K).
Then the Dirichlet viability problem (1.1)—(1.2) has a solution.
PROOF. At first, let us consider the family of associated problems (2.1) and
let = be a solution of (2.1) for some (¢,A) € @ x (0,1]. Then it follows from

the boundary conditions that there exists a point £ € (0,T) such that @(§) = 0.
Therefore, according to condition (b),

1£(0)] = |&(€) — £(0)] = ‘/Ogi(t)dt’ </O5 |£v'(t)|dt</:a(t)dt</OTa(t)dt.
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Therefore, for almost all ¢ € [0, T,

t T
|z(¢)] < |2(0)] +/O a(s)ds < 2/0 a(s)ds.

Moreover, for almost all ¢ € [0, T,

o(t)] < |x(0)|—|—/0t |9'c(s)|ds§Z/OT/OTa(s)dsdu:2T/0Ta(s)ds.

Thus, x satisfies |z(t)| < a and |&(t)] < b, for almost all ¢ € [0,T], where

T T
(3.2) a:= ZT/O a(s)ds and b::2/0 a(s)ds.

It follows from condition (d) and from compactness of OK that there exists
d > 0 such that VV(z) # 0, for all x € Ns(0K). Moreover, there exists v > 0
such that |VV (x)| > =, for all z € K.

Let us consider an open bounded set Ky C R™ such that K C K. Since F
is an upper-Carathéodory mapping, we can apply a Scorza—Dragoni type result
(cf. Proposition 2.1). Consequently, there exists a decreasing sequence {6,,} of
subsets of [0,7] and a measurable mapping F: [0,T] x Ko x By, — R™ such
that, for every m € N,

e [0,T]\ 0y, is compact and u(6,,) < 1/m,
o F(t,z,y) C F(t,z,y), for all (t,z,y) € [0,T] x Ko x Bay,
o Fisus.c. on ([0,7]\ 6,) x Ko X Bay.
It is obvious that ﬁl 0., has zero Lebesque measure and that mlgnOo Xo,, (t) =0,
e s

[ee] —_—
for every t ¢ () 6,,. Therefore, F' is an upper-Carathéodory mapping.

m=1

Let us define the mapping F: [0, 7] x R?" — R™ by the formula

o F(tax7y)7 for (t,a:,y) € [OaT] X Ko x ng,
F(t,z,y) :=
F(t,x,y), otherwise.

Since K is open and F(t,z,y) C F(t,z,y), for all (t,z,y) € [0,T] x R?", the
mapping F is also an upper-Carathéodory mapping.

Let 7 € C*(R™,[0,1]) be such that 7 = 1 on Ns/»(0K) and 7 = 0 on
R™\ Ns(0K) and let us consider (for all m € N) the m-th problem

Z(t) € F(t,z(t),%(t)), for a.a. te[0,T],

P
(Prm) z(T) = z(0) = 0,

where an upper-Carathéodory mapping F,: [0, 7] x R?" — R" is defined by

Fult,2,y) = Flt,,y) +7() (a@)x@m (1) + nl) %
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Moreover, let us consider the family of problems (I, 4,»), associated to (Py,),

Z(t) € AP (t,q(t),4(t)), for a.a. t €[0,T],

(
) o(T) = 2(0) = 0.

where ¢ € Q and A € [0, 1].

Let us now prove that there exists mg € N such that, for all m € N, m > my,
the problem (P,,,) satisfies assumptions (b) and (d) from Proposition 2.2.

(b) Since for all m € N,

@) (@00, 0+ 1 ) S| < aOxa, 0+ - <al0) 41,

for almost all ¢ € [0, 7], it holds for all m € N, ¢ € @ and almost all ¢t € [0, 7
that

[F(t, q(t),4(1)] < B(2),
where B(t) := 2a(t) + 1. Assumption (b) from Proposition 2.2 is therefore

satisfied.
(d) If z,,, be a solution of (I, 4 ), then

| (O)] < am, |Zm(t)] < by, forall t € [0,T],

where

G = 2T / ' (a<s> T a(s)x0,, (5) + jl) ds,

by = 2/0T (a(s) +a(s)yo.. (s) + nﬂ) ds.

Since p(6,,) < 1/m and 1/m — 0 as m — oo, it is easy to see that

/OT (a(S)Xem(S) + ;) ds — 0,

implying a,, — a and b,, — b as m — oo, where a and b are defined by (3.2).
Therefore, it is possible to find m* € N such that a,, < 2a and b,, < 2b, for all
m e N, m>m*.

Let us now verify condition (d) for all m € N, m > m*.

At first, consider an arbitraryt € Om, € N5 2(0K)NN(0K) NK, X € (0,1],
v € R™ with |v| < 2f0 (2a(t) + 1) dt and wyy, € AFy,(t, ,v). Then

VV ()
|VV ()|

and

=0+ 7()(a(Oxa, (0 + -

with w € )\ﬁ(t,x, v) and

(HV (2)v,v) + (VV(2),wn) = (VV(z), wn),
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by means of condition (e). Moreover,
(T (@)v0,) = (TV (), 0) + 7(0) (alto, 0+ 2 ) [9V)
— (VV(2),w) + (a(t) + ;) WV (@)

> (= lol + o)+ ) 19V >0,

because |[VV (z)| > 0, and since |w| < «(t).
Let t € (0,T)\ 6y, x € 0K, v € R™ with |v| < 2[5(204@) +1)dt, A € (0,1]
and wy, € AF,(t,z,v). Then xo, (t) =0, 7(z) =1 and

(HV (2)v,v) + (VV(2), wn) = (VV(z), wn),

according to condition (e). Moreover, there exists w € AF (t,x,v) such that
1 gl
\% m) = s . V ,
(VV (@), wm) = (VV(2),w) + — - [VV(z)| >

by means of condition (d) and reasonings at the beginning of the proof.

According to the Scorza-Dragoni result and since F' = F on ([0, T]\f) X K x
Bay, the mapping F is w.s.c. on ([0, T]\6,) x K x Ba,. Moreover, V € C2(R™,R),
and therefore, there exists x,, > 0 such that

(HV (x)v,v) + (VV(x), wp) > 0,

for all ¢ € (0,T)\Om, x € Ny, (OK)NEK NN, (OK), v € R™ with |v] < 2 [ (2a(t)
+1)dt, A € (0,1] and wy, € AF,(t, x,v).

Assumption (d) is, therefore, satisfied with ¢ = min{d/2, K, h}.

Thus, we can apply Proposition 2.2 obtaining, for all m > m*, the existence
of a solution x,, of the m-th problem (P,,) such that x,,(t) € K, for each
t € [0,7T]. Due to the continuation principle (see [2]) used for solving (P,,), zpm,
is indeed a solution of (I, 4.), for A = 1. Therefore, according to the previous
part of this proof, we obtain that |i,,(t)| < 2b, for all m > m* and t € [0,T],
where b is defined by (3.2), and |£,,(t)] < 2a(t) + 1. It is then possible to get
x € C1([0,T],R™) with absolutely continuous i and a subsequence (see e.g. [3,
Theorem 0.3.4]), again denoted as the sequence, such that z,, — z, &, — &,
uniformly in [0, 7], and &, — &, weakly in L1([0,T],R"), as m — oo. Thus, =
satisfies the boundary conditions in (1.1). Put

- LY. YV(n(®)

on(0) = 7l (®) (alOra, 0+ ) - T2
Since |@m(t)| < al(t)xe,, ) + 1/m, for almost all ¢t € [0,7], and @, (t) — 0
as m — oo in [0,T], we have that (Z,,(t),Zm(t) — om(t)) = (&, %), weakly in
LY([0,T],R™), as m — co. Therefore, a standard limiting argument implies that
z is a solution of problem (1.1). Finally, since x,,(t) € K, for all m € N and
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t € [0,T], we obtain that also x(t) € K, for all ¢t € [0,T], which completes the
proof. O

REMARK 3.2. As pointed out in the proof, the founded solution x of problem
(1.1)=(1.2) is indeed a solution of (2.1), for ¢ = = and A = 1. Therefore, due
to the proof and the assumption (b), |Z(¢)| < b, for all ¢ € [0,T], where b :=
2 fOT a(s)ds. Tt is so possible to enlarge the localization conditions and ensure
the existence of solution of problem

Z(t) € F(t,z(t),z(t)), fora.a.te[0,T],
z(T) = z(0) =0,

z(t) € K, forallte][0,T],

@(t) € B, forallte [0,7].

As an application of Theorem 3.1, we conclude by the dry friction Dirichlet
problem.

EXAMPLE 3.3. Let us consider the vector dry friction b.v.p.

(3.3) Z(t) +a-sgnz(t) = p(t,z(t)), fora.a. te|0,T],
2(T) = =(0) = 0,
where a € R, z(t) = (21(t),...,2,(t))7, sgni(t) = (sgniy(t),...,sgni, ()7,
and ¢: [0,7] x R™ — R"™ is a Carathéodory function such that

ot )] < B)(L + Jz])  with § € L*([0,T],[0, 00)).

Because of discontinuity in sgny, we can only consider Filippov solutions which
can be identified (see e.g. [1], [4], [8]) as Carathéodory solutions of

Z(t) € p(t,z(t)) — a-Sgnx(t), fora.a.te[0,T],

3.4
(34) z(T) = z(0) =0,

where Sgny = (Sgny,...,Seny,)’ and, for all i € {1,...,n},

-1, for y; <0,
Sgny; :== ¢ [-1,1], fory; =0,
1, for y; > 0.

If there exist D > 0 such that (p(t,2),z) — av/Dy/n > 0, for all t € (0,T)
and x € R™ with |z| = D, then the dry friction b.v.p. (3.4) admits, according to
Theorem 3.1, a solution z such that |z| < D.

More concretely, for verifying conditions (a)—(e) from Theorem 3.1, let us
define the set K := {x € R" | |z| < D}, the bounding function V(x) :=
(|z|? — D?)/2, and a(t) :== B(t)(1 + D). Then, for all x € R", vV (z) = z and
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HV (z) = I, and conditions (a), (c), (e) from Theorem 3.1 are obviously satisfied.
Moreover, since for all A € (0,1], z € 0K, v € R™" and w € A-o(t,2) —A-a-Sgn v,

(VV(2),0) 2 M{x, o(t,x)) —a(jer] +.. . +]zal)) = A{p(t, ), 2) —av'DV/n) > 0,

condition (d) from Theorem 3.1 holds, too.

All assumptions of Theorem 3.1 are so satisfied, by which, the dry friction
problem (3.4) admits a solution z such that |x| < D. This solution represents
the Filippov solution of the original problem (3.3).
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