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ON IMPULSIVE SEMIDYNAMICAL SYSTEMS:
MINIMAL, RECURRENT AND ALMOST PERIODIC MOTIONS

EVERALDO M. BONOTTO — MANUEL 7. JIMENEZ

ABSTRACT. This paper concerns results about minimal, recurrent and al-
most periodic motions in impulsive semidynamical systems. In the first
part, we investigate general properties of minimal sets. In the sequel, we
study some relations among minimal, recurrent and almost periodic mo-
tions. Some important results from the classical dynamical systems theory
are generalized to the impulsive case, as Birkhoff’s theorem for instance.

1. Introduction

Impulsive differential equations describe the evolution of systems where the
continuous development of a process is interrupted by abrupt changes of state.
The reader may find some important results and applications of impulsive sys-
tems in the papers [1]-[3], [12], [16]-[18], for instance.

In the last years, the action of impulses on impulsive semidynamical systems
has been intensively investigated. The study of this theory started by V. Rozko
on the paper [22] published in 1972. In [22] and [23], Rozko studied a class of
almost periodic motions in pulsed system and the theory of stability in terms
of Lyapunov for impulsive systems. Later on, Saroop Kaul continued the study
in impulsive systems presenting several important results as recursiveness and

theory of stability, see [19]-[21]. In 2004 several important results due Ciesielski
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were published in this area. In [13] and [14], Ciesielski proves results which con-
cern the continuity of the function which describes the time of reaching impulse
points, invariancy and stability. In [15] is presented theorems of isomorphisms of
impulsive systems. Results which deal with asymptotic stability, flows of charac-
teristic 0%, theorem of Poincaré-Bendixson, Poisson stability, LaSalle’s principle,
functional of Lyapunov and dissipative systems may be found in [5]-[11].

However, many results from the classical continuous dynamical systems the-
ory have not been studied for discontinuous systems. In particular, results which
deal with minimal, recurrent and almost periodic motions still need to be inves-
tigated when the system is perturbed by abrupt changes. The aim of this paper
is to establish general properties of minimal sets and show results which relate
minimal, recurrent and almost periodic motions. In the next lines we describe
the organization of the paper and the main results.

We start by presenting a summary of the basis of semidynamical systems with
impulse effects. In Section 2, we give some basic definitions and notations about
impulsive semidynamical systems. In Section 3, we present some additional
definitions and results that will be very useful in this paper. Section 4, concerns
the main results of this paper. In the sequel, we mention some of these results.

It is well know that every nonempty compact invariant set contains a compact
minimal set, see Theorem 4.4 (Chapter III) in [4] for instance. We provide suffi-
cient conditions to obtain a similar result for impulsive semidynamical systems.
The result is presented in Theorem 4.13.

The version of Birkhoff’s theorem is presented in Theorem 4.17. Given an
impulsive system, we show that every point of a minimal set that is not an impul-
sive point is recurrent. Also, we show that in complete metric spaces the closure
of any recurrent trajectory is compact and minimal under some conditions, see
Theorem 4.18.

For continuous dynamical systems, it is known that an almost periodic point
which possesses the closure of its trajectory compact is a recurrent point. We also
have this result for impulsive systems and it is presented in Theorem 4.23. In [4],
for the continuous case, the authors use the uniform continuity of the trajectories
to obtain the proof. Since we do not have uniform continuity for impulsive
systems we point out another type of proof that can be used for continuous
systems.

In Theorem 4.24, we consider a complete metric space and we suppose that
the positive orbit of a point together with its impulsive points form a minimal
set. Then we present conditions for this point to be eventually periodic. And
in Theorem 4.25, we establish conditions for an eventually periodic point to be
periodic.
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2. Preliminaries

Let X be a metric space and R be the set of non-negative real numbers. The
triple (X, w, R4 is called a semidynamical system, if the function 7: X xRy — X
is continuous with 7(x,0) = z and n(w(x,t),s) = 7w(x,t + s), for all z € X and
t,s € Ry. We denote such system simply by (X, 7). For every z € X, we
consider the continuous function 7, : Ry — X given by 7, (t) = n(z,t) and we
call it the motion of x.

Let (X, 7) be a semidynamical system. Given x € X, the positive orbit of x

{m(z,t) : t € Ry}. Fort > 0 and x € X, we define
y,t) =} and, for A C [0,400) and D C X, we define

is given by 7t (z)
F(z,t)={ye X:

7(
F(D,A) =| J{F(z,t): x € D and t € A}.

Then a point z € X is called an initial point if F(x,t) = 0 for all ¢ > 0.

An impulsive semidynamical system (X, 7; M, I) consists of a semidynamical
system, (X, ), a nonempty closed subset M of X such that for every x € M,
there exists €, > 0 such that

F(z,(0,e,))NM =0 and =(z,(0,e,)) N M =0,

and a continuous function I: M — X whose action we explain below in the
description of the impulsive trajectory of an impulsive semidynamical system.
The set M is called the impulsive set and the function I is called impulse function.

We also define
M*(z) = ( U w(m,t)) N M.

t>0
Let (X,7; M, I) be an impulsive semidynamical system. We define the func-
tion ¢: X — (0,+o0] by

s if m(x,s) € M and w(z,t) ¢ M for 0 <t < s,

o) = +oo if M (z) = 0.

This means that ¢(z) is the least positive time for which the trajectory of x
meets M. Thus for each x € X, we call m(x, ¢(x)) the impulsive point of x.

The impulsive trajectory of x in (X,m;M,I) is an X —valued function 7,
defined on the subset [0,s) of Ry (s may be +00). The description of such
trajectory follows inductively as described in the following lines.

If M+ (z) =0, then 7, (¢t) = 7(x,t) for all t € Ry and ¢(x) = +oo. However,
if Mt (x) # 0, there is the smallest positive number sq such that 7(z, sg) = z1 €
M and w(x,t) ¢ M, for 0 < t < sg. Then we define 7, on [0, so] by

W(.’E,t), 0<t< s,

+ —
Ty, i = so,

T (t) =
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where 2 = I(z1) and ¢(x) = so. Let us denote = by z{ .

Since sg < +00, the process now continues from =7 onwards. If M+ (z]) = 0,
then we define 7, (t) = m(z],t — so) for so <t < +o0 and ¢(x]) = +oo. When
M*(z]) # 0, there is the smallest positive number s; such that 7(z],s;) =
o € M and w(x],t —s0) ¢ M, for so <t < sp+ s1. Then we define 7, on
[s0, 80 + s1] by

m(@f,t—s0), so <t < s+ s,
T (t) = I
an t:SO+51a

where ] = I(z2) and ¢(z]) = s1, and so on. Notice that 7, is defined on each
interval [t,, tn41], where tg = 0 and ¢,41 = D1 8, n = 0,1,... Hence 7, is
defined on [0,¢,41]-

The process above ends after a finite number of steps, whenever Mt (z;}) = ()
for some n. Or it continues infinitely, if M (z;}) # 0, n = 0,1,..., and in this

(&)
case the function 7, is defined on the interval [0,7'(x)), where T'(z) = > s;.
i=0

Let (X,7; M, I) be an impulsive semidynamical system. Given z € X, the
impulsive positive orbit of x is defined by the set

7 (2) = (F(a,0) £ € [0,T(2))}.

Analogously to the non-impulsive case, an impulsive semidynamical system
satisfies the following standard properties: 7(x,0) = z for all x € X and
7(7(x,t),s) = 7(x,t + s), for all z € X and for all ¢,s € [0,7(x)) such that
t+s€[0,T(x)). See [5] for a proof of it.

For details about the structure of these types of impulsive semidynamical
systems, the reader may consult [8], [5], [10] and [13], [14], [15], [19], [20].

3. Additional definitions and results

Let us consider a metric space X with metric d. By B(x,d) we mean the
open ball with center at € X and radius § > 0. Given A C X, let B(A4, §) =
{z € X : d(z,A) < §} where d(z,A) = inf{d(z, y) : y € A}. By A° we denote
the complement of the set A in X.

Let (X, 7) be a semidynamical system. Any closed set S C X containing x
(x € X) is called a section or a A-section through x, with A > 0, if there exists
a closed set L C X such that

(a) F(L,A) =5;
(b) F(L,[0,2X]) is a neighbourhood of z;
(¢) F(Lyw)NF(L,v)=0,for 0 < p<v <2\
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The set F'(L,[0,2)]) is called a tube or a A-tube and the set L is called a bar.
Let (X, m; M,I) be an impulsive semidynamical system. We now present the
conditions TC and STC for a tube.

Any tube F(L,[0,2)\]) given by a section S through x € X such that S C
M N F(L,[0,2]) is called TC-tube on . We say that a point x € M fulfills
the Tube Condition and we write (TC), if there exists a TC-tube F(L, [0, 2)])
through z. In particular, if S = M N F(L,[0,2)]) we have a STC-tube on x and
we say that a point x € M fulfills the Strong Tube Condition (we write (STC)),
if there exists a STC-tube F(L, [0,2A]) through z.

The following theorem concerns the continuity of ¢ which is accomplished
outside M for M satisfying the condition TC.

THEOREM 3.1 [13, Theorem 3.8]. Consider an impulsive semidynamical sys-
tem (X, m; M, I). Assume that no initial point in (X, ) belongs to the impulsive
set M and that each element of M satisfies the condition (TC). Then ¢ is con-
tinuous at x if and only if x ¢ M.

Now, consider an impulsive semidynamical system (X, m; M,I) and A C X.
We define

(A = |7 (@) and F(At)= ] F(z,1)

z€A z€A
for each t > 0. If 77 (A) C A, we say that A is positively T-invariant. And, a set
A is I-invariant if I(z) € Aforallz € AN M.
The limit set of A C X in (X, 7; M, I) is given by

LT(A) = {y € X : there exist sequences {x,,}n,>1 C A and {t,}n>1 C R4

n—-+oo n—-+oo

such that ¢, ———— +o0 and T(xy, t,) —— y}
The prolongational limit set of A C X is given by

jJr(A) = {y € X : there are sequences {2, }n,>1 C X and {t, }n>1 C Ry

n—-+4+oo n—-+4oo

such that d(z,, A) oo, 0, t, —— +oo and T(xy, t,) —— y}

and the prolongation set of A C X is given by

Dt(A) = {y € X : there exist sequences {zp}n>1 C X and {t,}n>1 C R4

such that d(z,, A) =% 0 and 7 (zp, tn) —— y}
If A= {z} weset LT(z) = LT({z}), J*(z) = J*({z}) and D*(z) = D*({z}).
In the sequel, we mention some auxiliary results that will be very useful later
in this paper. For each x € X, the motion 7(z,t) is defined for every ¢ > 0, that
is, [0, +00) denotes the maximal interval of definition of 7.



126 E.M. BoNnOoTTO — M.Z. JIMENEZ

LEMMA 3.2 [5, Lemma 3.2]. Given an impulsive semidynamical system (X, m;
M, 1), suppose w € X\ M and {z,}n>1 is a sequence in X which converges to w.

Then, for anyt > 0 there is a sequence {ep}n>1 C R such that €, D2H0 0 and

F(2ns b+ £0) 2252 F(w, t).
LEMMA 3.3 [10, Lemma 3.3]. Given an impulsive semidynamical system
(X,m; M,I), suppose w € X \ M and {z,}n>1 is a sequence in X which con-
k
verges to w. Then, for any t > 0 such that t # > ¢(w;'), k=0,1,..., we have
§=0

n—+oo ~

T(2n,t) —— T(w, t).

LEMMA 3.4 [10, Lemma 3.1]. Let (X, 7; M, I) be an impulsive semidynamical
system and x € X. Suppose qﬁ(acj) < 0o for every j =0,1,... Then

(@) =7t (@) ULt (x) Uz, j=1,2,...},

where x; = 7T(£Cj+_1,¢(wj+_1)), j=1,2,..., and 7T (x) is the positive orbit of x
with respect to . Note that if qb(x;r) <400, 7=0,1,...,k and q’)(sr:;ﬂ) = 400
then

@) =7t (@) UL (x)Uf{z; 1 j=1,...,k+1}.

A point z € X is called stationary or rest point with respect to 7, if 7(x,t) =
x for all ¢ > 0, it is a periodic point with respect to 7, if 7(z,t) = x for some
t > 0 and x is not stationary, and z is an eventually periodic point with respect
to 7, if 7(x,t) is periodic for some t > 0. The set 77 (x), 2 € X, is said to be
eventually periodic if 7(x,t) is an eventually periodic point for all ¢t > 0.

A point z € X \ M is positively Poisson T-stable if z € E"‘(m), see Defini-
tion 3.2 and Theorem 3.1 in [10].

THEOREM 3.5 [10, Theorem 3.3]. Let (X,m; M,I) be an impulsive semidy-
namical system and suppose X is a complete metric space. Let x € X \ M be

positively Poisson T-stable and not an eventually periodic point. Then the set
Lt (z) — 7 (x) is dense in LT (z).

4. The main results

Throughout this section we shall consider an impulsive semidynamical system
(X,m; M, TI), where (X,d) is a metric space. Moreover, we shall assume the
following additional hypotheses:

(H1) No initial point in (X, 7) belongs to the impulsive set M and each ele-
ment of M satisfies the condition (STC), consequently ¢ is continuous
on X \ M (see Theorem 3.1).

(H2) MNI(M)=0.

(H3) For each x € X, the motion 7(x,t) is defined for every ¢ > 0, that is,
[0,4+00) denotes the maximal interval of definition of 7.
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4.1. Minimal sets. In [20], Kaul defines the concept of minimality for a set
A in an impulsive semidynamical system (X, m; M, I) in the following way:

A is minimal in (X, m; M, I)if A=7+(z) for all z € A\ M.
However, in the classical theory of continuous dynamical systems, a set A in
a dynamical system (X, 7) is called minimal if A is nonempty, closed, invariant
and it does not contain any proper subset with these properties, see Definition 3.1
(Chapter I1I) from [4]. As consequence, it follows that a nonempty set A C X is

minimal if and only if 7+ (z) = A for every x € A, see Theorem 3.2 (Chapter III)
in [4].

Thus, we define the concept of minimality for impulsive semidynamical sys-
tems as presented in [4] and we show that the definition from Kaul is equivalent
to our definition.

DEFINITION 4.1. A set A C X is minimal in (X, 7; M, I) if the following
conditions hold:

(a) A\M #0;

(b) A is closed;

(c

) A\ M is positively T-invariant;
(d) A does not contain any proper subset satisfying (a), (b) and (c).

REMARK 4.2. Given an impulsive semidynamical system (X,7;M,I), we
suppose that there is a point z € X \ M such that I(w(z,¢(z))) = z. Then
A =7(z,[0,¢(z)]) is minimal in (X, m; M, I).

In the sequel, we show that the definition given by Kaul, [20], is equivalent
to Definition 4.1. But before that we present an auxiliary result.

PROPOSITION 4.3. Let (X,7; M, I) be an impulsive semidynamical system.
Then the set L™ (x) \ M is positively T-invariant for all x € X.

PROOF. Suppose LT (z)\ M is nonempty. Let y € LT (z)\ M and ¢ > 0 be

n—-+oo

arbitrary. Then there is a sequence {¢,, },>1 C Ry with ¢,, ——— +o00 such that

n—-+oo

7(x,t,) — y. Since y ¢ M we may assume that {7(z,t,)}n>1 C X \ M.

Then by Lemma 3.2, there is a sequence {¢,}n,>1 C R with ¢, 220 0 such

that

n—+oo ~

T(x,ty +t+en) = T(T(x,t,), t +€,) —— T(y, t).

n—-+oo

Note that {t,, + ¢+ en}n>1 C Ry with ¢, +t + &, ——— +00. Then 7(y,t) €
LT (z)\ M because I(M)NM = () (see hypothesis (H2)). Since ¢ > 0 is arbitrary
the result is proved. O

THEOREM 4.4. A set A C X is minimal in (X, m; M, I) if and only if A =

7t (z) for allz € A\ M.
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PROOF. First, let us suppose that A is minimal. Let 2 € A\ M be arbitrary.
Since A\ M is positively 7-invariant, we have 7 (z) C A, and since A is closed
it follows that

(@) C A=A

Note that 7+ () \ M # (), 7+ () is closed and 7+ (x)\ M is positively 7-invariant

(by Proposition 4.3 and Lemma 3.4). By minimality of A we have 7+(x) = A.
Now, let us show the sufficient condition. Let B C A such that B\ M # 0, B
is closed and B\ M is positively m-invariant. If b € B\ M then b € A\ M and we

have A =7+ (b). Since B\ M is positively 7-invariant, we get B C A =7+ (b) C
B = B, and consequently A = B. Hence, A is minimal in (X, m; M, I). O

We have another way to characterize minimal sets under an additional hy-
pothesis, see the next theorem.

THEOREM 4.5. Let A C X and suppose LT (z)\ M # 0 for all z € A. Then
A is minimal in (X, m, M, I) if and only if A= LT (z) for allx € A\ M.

PROOF. Let us show the necessary condition. Let z € A\ M be arbitrary.
By Theorem 4.4 we have 7+ (z) = A. Then L*(z) C A. Since Lt (z)\ M # 0,
L*(z) is closed, L*(z) \ M is positively #-invariant (Proposition 4.3) and A is
minimal, we have LT (z) = A.

Now, let us show the sufficient condition. Suppose that A is not minimal,
then there is a proper subset B of A such that B\ M # ), B is closed and
B\ M is positively 7-invariant. Given b € B\ M, it follows that b € A\ M.
By hypothesis we have A = L*(b). Since B\ M is positively 7-invariant, we get
BCA=L" (b) C B = B. Therefore, A = B and it is a contradiction. Then A
is minimal and the theorem follows. (]

By the proof of Theorem 4.5, we have the following result.

THEOREM 4.6. Let A C X be a minimal set and x € A\ M be a point such
that LT () \ M # 0. Then A= L*(z).

Let z € X. The trajectory of x is continuous provided that 7+ (z) is minimal.
See the next result.

LEMMA 4.7. Let (X, m; M, I) be an impulsive semidynamical system. If 7+ (z)
is minimal then 7+ (z) = 71 ().

PROOF. We need to show that ¢(z) = +oo. Suppose that ¢(x) < +o0o. Set
1 =m(x,¢(x)) € M. Then zy € 7+ (x). By minimality of 7+ (z) we have 71 (x)
closed. Then z; € 71 (x). But it is a contradiction because 7(x, (0, +00))NM = ()
for all z € X as I(M) N M = (). Therefore, ¢(z) = +o0. O
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Given a continuous dynamical system it is known that every nonempty com-
pact invariant set contains a compact minimal set, see Theorem 4.4 (Chapter I1T)
in [4] for instance. In the next lines, we are going to present conditions to obtain
this result for impulsive systems. For that we start by defining a special type of
minimality in (X, m; M, T).

DEFINITION 4.8. A set A C X is I—minimal in (X, m; M, I) if the following
conditions hold:
(a) A\ M #0;
(b) A is closed;
(¢) A\ M is positively 7- invariant;
(d) I(ANM) C A;
(e) A does not contain any proper subset satisfying the four properties
above.

DEFINITION 4.9. The impulsive set M satisfies a special tube condition, we
write SSTC, if M satisfies the condition STC and for any = € M and for any
A-tube F(L,[0,2)]) through = we have the condtion: if z € F(L,u), 0 < pu < A,
then there is w € S = M N F(L,[0,2A]) such that m(w, A\ — p) = z.

Lemma 4.10 below gives sufficient conditions for a limit set to be I-invariant.

LEMMA 4.10. Let (X, M;M,I) be an impulsive semidynamical system, M
satisfies SSTC and assume that there exists €9 > 0 such that w(M,[0,g0]) N
I(M)=0. Then I(LT(z)N M) C LT (z), z € X.

PROOF. Suppose that LT (z) N M # § for some z € X. Let a € LT(z) N

n—-+oo

M. Then there is a sequence {t,},>1 C R4 such that t, ———— 400 and
7(x,ty) D240, 4. Since M satisfies the condition STC, there exists a STC-tube
F(L,[0,2X]) through a given by a section S C M such that S = MNF(L, [0, 2]]).
We may assume A < gg. Since the tube is a neighbourhood of a, there is 5 > 0
such that

B(a,n) C F(L,[0,2}]).

Let Ay = F(L,()\,2)\]) N B(a,n) and Ay = F(L,[0,\]) N B(a,n).

Let {7 (x, tn, ) }x>1 be any subsequence of {7 (z, t,)}n>1. We claim that there
is a number £ > 0 such that {7 (z, ¢, ) }n,>¢ C A1. In fact, suppose the contrary.
For convenience we assume that {7(x,t,,)}x>1 C A2. Let yp = 7(x,ty,), k =
1,2, ... By the properties of a tube, there is s € [0, A] such that F(yk,si) C S
for each k£ =1,2,..., that is,

W(F(ykv Sk?)7 Sk) = Yk,

k =1,2,... Let ko > 0 such that ¢, — s, > 0 for all k¥ > ko. Since 7(z,t) ¢
+oo

F(yn, spn) for all ¢ > 0, because I(M)N M = () by hypothesis (H2), there are
1

n=
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), € (tn, — Sk.tn,) and wy € M such that I(wg) = 7(x,t},) for k > ko. Also,
note that
I(wy) = 7(x,t),) € F(L,[0,)\]) for k> k.
Since F(L,[0,A]) C 7(M,[0,e0]) we have I(wg) € m(M,[0,&0]) N I(M) for all
k > ko, which contradicts the hypothesis.
Hence, we may assume {7(z,t,)}n>1 C Ai. Thus we have

tn = O(T(2,tn)) 22H0 0 and I(m(7(z,tn), in)) oo, I(a),

that is,
Ty by + i) ~=255 I(a).
Therefore, I(a) € L*(z) and the result is proved. O

The next theorem gives a characterization for I-minimal sets.

THEOREM 4.11. Let (X, M; M, I) be an impulsive semidynamical system, M
satisfies SSTC and assume that there exists g > 0 such that w(M,[0,g0]) N

I(M) =10. Then a set A C X is I-minimal if and only if A = 7t (z) for all
re A\ M.

PROOF. It is enough to use Lemma 4.10 and the proof of Theorem 4.4. [

COROLLARY 4.12. Let (X, M;M,I) be an impulsive semidynamical system,
M satisfies SSTC and assume that there exists eg > 0 such that (M, [0, e0]) N
I(M)=10. Then A is I-minimal if and only if A is minimal.

Follow below the result that gives conditions for a compact set to contain

a minimal set.

THEOREM 4.13. Let (X, M; M, I) be an impulsive semidynamical system, M
satisfies SSTC and assume that there exists g > 0 such that w(M,[0,e0]) N
I(M)=10. Let F C X be a compact set such that F'\ M is a nonempty positively
m-invariant set and F is I-invariant. Then F' contains a minimal set.

PrOOF. We are going to show that F' contains an I-minimal subset. The
proof follows by Zorn’s Lemma. Consider the family

oc={BCF:B\M&#0, Bis compact,
B\ M is positively m-invariant and B is [-invariant}.

Note that o # () because F € o.

Given Bi, By € o, we define the partial ordering relation “<” by inclusion,
that is, By < By if and only if B; C By. Let 0* = {B)}xea be a total ordered
subset of o by relation <. Note that () By, # 0, for any By,,..., By, € 0*. Set

i=1
J = [N Bx. We claim that J € o. In fact, note that:
AEA
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(i) J #0.

Indeed, suppose that J = (), then FF C |J Bf. By compactness of F' there are
AEA

AL,y An € Asuch that F' C |J B, . Since By, C F foralli =1,...,n, we have
i=1

7=

N By, C B, foralli=1,...,n. Then (] By, = (), which is a contradiction.
i=1 i=1

Hence, J # 0.

(ii) J C F and J is compact.
(iii) J\ M # 0.

In fact, suppose that J\ M = 0. Then J = (| B C M. Let x € J, then
AEA
x € BxNM for all A € A. Since each By is I-invariant we have I(z) € By \ M

for all A € A. Consequently, I(z) € J\ M which is a contradiction. Hence,
J\ M #0.

(iv) J\ M is positively 7-invariant.
In fact,let x € J\ M = () (Bx\ M). Then z € By \ M for all A € A and since
By \ M is positively %—inAv:;iant we have

m(x,t) € B\ M forallt>0andall A € A.

Thus
F(z,t) € [(BA\M)=J\M forallt>0.
AEA
Since z € J\ M is arbitrary, it follows that J \ M is positively 7-invariant.
(v) J is I-invariant.
Let x € JN M, then x € By N M for all A\ € A. Since each B, is I-invariant we

have I(z) € By for all A € A, that is, I(x) € J.

In conclusion, J = (| By € 0.
AEA
On the other hand, if B € ¢* then J C B. Thus by Zorn’s Lemma it

follows that o admits a minimal element that is the I-minimal subset of F'. By
Corollary 4.12 this I-minimal set is a minimal set. O

THEOREM 4.14. Let (X, M;M,I) be an impulsive semidynamical, M sa-
tisfies condition SSTC system and assume that there exists €9 > 0 such that
7(M,[0,e0)) NI(M) = 0. Let x € X be such that T+ (x) is compact and Lt (z)\
M # 0. Then L (z) contains a compact minimal set.

PROOF. Since 7+ (z) is compact it follows that Lt (z) is nonempty and com-
pact. By hypotheses, we have LT (z) \ M # 0. Since L*(z)\ M is positively
F-invariant and L+ (2) is I-invariant (Lemma 4.10), it follows by Theorem 4.13
that LT (z) contains a minimal set. O
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4.2. Almost periodic and recurrent motions. In this section, we define
the concepts of almost periodic and recurrent motions in impulsive semidynam-
ical systems. Then we establish results which encompass these concepts.

DEFINITION 4.15. A point = € X is said to be T—recurrent if for every € > 0
there exists a T = T'(g) > 0, such that for every t,s > 0, the interval [0, 7
contains a number 7 > 0 such that

d(7(z,t),7(x, s + 7)) < e.
A positive orbit 77 (x) is said to be T-recurrent if z € X is 7-recurrent.

REMARK 4.16. If x € X is 7-recurrent then given ¢ > 0 thereis T = T'(¢) > 0
such that 7 (z) C B(7(x,[t,t + T)),¢), for all t > 0.

The next result gives sufficient conditions for a point to be 7-recurrent.

THEOREM 4.17. Let (X, m; M, I) be an impulsive semidynamical system and
A C X be a compact minimal set. If v € A\ M, then x is T-recurrent.

PROOF. Suppose that x is not 7-recurrent. Then there are ¢ > 0 and se-
n—-+oo

quences {7}, }n>1, {Sn}n>1, {tn}n>1 C Ry such that T,, ———— 400 and
(4.1) d(7(z,ty), (2,8, + 7)) > forall 7€[0,T,], n=1,2,...

Since © € A\ M and A\ M is positively 7-invariant, we have

- ~ Ty
{7(z,tn)n>1 CA\M CA and {ﬂ'(:r:,sn—i—2)} CA\M C A.
n>1

By compactness of A, we may assume without loss of generality that

~ n o0 ~ Tn n o0
W(m,tn)La€A7 w(x,sn+2>L>beA.

Case 1. b ¢ M. Let t > 0 be fixed and arbitrary. First, suppose that
k

t# > gb(bj) for all k = 0,1,2,... In this case, by continuity of m and I, there
§=0

is 6 > 0 such that if d(y,b) < § then

(4.2) d(F(y, 1), 7(b,1)) < .
On the other hand, one can find a number ny € N such that
Thyo
t
2 >
(4.3) d(7(z,tn),a) < g, for all n > ny,

~ T,
d(w <x,sn—|—2>,b) <9, for all n > ng.
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Using (4.1), (4.2) and (4.3) we obtain

T,
d(%(b’ t)’ a) = d<%($, tno)? 7~T(33, Sno 1 20 + t))

~ f~ T, ~ e € €
- d(w(b,t),ﬂ'(ﬂ(x,sno + 2°>,t>) —d(T(,tny),a) > € — 37373
Since the choice of ¢ is arbitrary, we have
k
~ €
(4.4) d(7(b,t),a) > 3 for all ¢ > 0 such that t # Z(b(bj), k=0,1,2,...
j=0

k
Now, suppose that there exists & € N such that t = qb(bj'). We can take
i=0
a sequence {\, },>1 of positive real numbers such that

k k k+1
n—-4oo .
An N " (bF) with Y g(bF) < Aw < Y o(b)).
7=0 j=0 j=0

Using (4.4) we have

d(m(b, Ap),a) > forn=1,2,...,

SO .
- i €
d<w<b,;¢(bj )>,a> > 2,
since 7 is continuous from the right.
Therefore, we can conclude that d(7 (b, t),a) > /3 for all t > 0, which implies
that a ¢ 7+ (b). This is a contradiction since A is minimal.
Case 2. b € M. Since M satisfies the condition STC, there exists a STC-tube
F(L,[0,2)]) through b given by a section S. Since the tube is a neighbourhood
of b, there is n > 0 such that B(b,n) C F(L,[0,2)\]). Denote H; and Hj by

Hy = F(L,(\2\) N B(b,y) and H, = F(L, [0, \]) N B(b,n).

Consider w,, = 7(x, 5, + T1,/2) and recall that w, noEeo Here, we need to

analyse two cases: when {w, },>1 admits subsequence in Hy and when {wy, }n>1
admits subsequence in Hs.
(a) Suppose that the sequence {wy},>1 admits a subsequence {wy, }r>1

r—>+00

in Hy. In this case we have ¢(w,,, ) ———— 0. Then

%(:,;, Sn. + TST T qﬁ(wnr)) I2E I(b).

Since A\ M is positively 7—invariant and x € A\ M we have I(b) € A = A.
Consider the motion 7(I(b),t). Since I(M)N M = () we have I(b) ¢ M. By
following the ideas of Case 1 we conclude that d(7(I(b),t),a) > /3 for all t > 0,
which implies that a ¢ 7+ (I (b)), which is a contradiction because A is minimal.
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(b) Suppose now that the sequence {w,, },,>1 admits a subsequence {ws,, }s>1
in Hy. Consider 0 < A < ¢(b). Since w,, ~—+25 b, we have

S5—r

~ Tn 00~
w(m,sns + 25 —|—)\) S2H0, F(b, A).

Since x € A\ M and A\ M is positively 7-invariant, we get b; = 7(b,\) € A = A.
Note that by ¢ M since I(M) N M = (. Considering the motion 7(b1,t), we use
again the proof of Case 1 and we obtain a contradiction.

This shows that z € A\ M is T-recurrent and the theorem is proved. i

Theorem 4.18 presents conditions for a point outside of the set M to admit
the closure of its positive orbit minimal.

THEOREM 4.18. Let (X, m; M, I) be an impulsive semidynamical system where

X is a complete metric space and x € X. If 7+ (z) is w-recurrent then 7+ (x) is

compact. Furthermore, if x ¢ M then 7t (x) is minimal.

PRrROOF. First, let us show that 7+ (x) is compact. Let € > 0 be given. Since
7t (x) is T-recurrent there is T'= T'(¢) > 0 such that

(4.5) A (z, 1), 7(z, [0, T])) < g for all ¢ > 0.

Let y € 7t (x), then there is a sequence {y, },,>1 C 71 () such that
(4.6) Yn —5 g,
Let y,, = w(z,t,) with t, € Ry, n=1,2,... Using (4.5) we have

d(yn, 7(x,[0,T))) < g n=1,2...

When n — +o0, we get

(4.7) dly, 7z, [0.7))) < 5.

On the other hand, since 7(x,[0,T]) is compact it is totally bounded, that is,
there are points 1, ...,z, € 7(z,[0,T]) such that

— €
(4.8) 7(z,[0,T]) C HB(mi72).
By compactness there is z € 7(x, [0, T]) such that
(4.9) d(y, z) = d(y, 7 (x, [0, T1)).
By (4.8) there is z; € 7(x, [0, T]) for some i € {1,...,n} such that
(4.10) d(z, ;) < ;
Thus using (4.7), (4.9) and (4.10) we obtain

d(y,z;) < d(y,z) +d(z,2;) < % + % —¢.
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Then 7+ (z) C |J B(x;,€), which means that 7+ (z) is totally bounded. Since
i=1

X is complete it follows that 7+ (z) is compact.

Now, let us show the second part of the theorem. Suppose z ¢ M. We

are going to show that 7+ (z) is minimal. Suppose to the contrary that there
is a proper subset A C 7t (z) such that A\ M # 0, A is closed and A\ M is
positively 7—invariant.

It is clear that x ¢ A because A\ M is positively 7-invariant and A is
closed. Thus d(z,A) = d > 0. Choose 0 < ¢ < d/2. Since x is T-recurrent
there is T = T'(e) > 0 such that for every t,s € Ry there is 7 € [0,7] with
d(m(x,t),7(x, s + 7)) < €.

Choose ¢ € A\ M. Since A is closed and A\ M positively 7-invariant, we
have 7+(¢q) C A. Then

(4.11) d(z,m(q,t)) > d(x,A) =d >2e forallt>0.

On the other hand, since ¢ € 7+(z) and g ¢ M it follows that ¢ € 7" (z) or
g€ Lt(x).

First, suppose that ¢ € 7 (x). Then q = 7(z, s) for some s > 0. By (4.11)
we have d(x,7(z,s +t)) > 2¢ for all ¢ > 0. It is a contradiction because x is
T-recurrent.

Second, suppose that ¢ € E*(m) Then there is a sequence {\,}n,>1 C Ry
such that A, ~=+% 400 and m(x, Ap) RimascN q. By m—recurrency of x there
is r,, € [0,T] such that

(4.12) Az, 7(2, A + 1)) < g

for all n = 1,2, ... We may assume 7, ———% r € [0, 7).
n—-+oo n—-+oo

Since r, ——— 7, T(x, A,) ———— ¢ and ¢ ¢ M it follows by the proof of

n—4+oo ~

k
Lemma 3.6 (Case 1) from [7] that 7(z, A, + 1) ——— 7(q,7) if r # > d)(q;)
§=0
k
forall k e N. And, if r =) qﬁ(qj) for some k € N, then
§=0

%(1’7 An + rn) m} ql;:_l = %(%T) or %(.’E, An + Tn) m) qk+1-

When n approaches 400, it follows by (4.12) and by the above convergencies
that

(4.13) d(z,7(q,7)) <

N ™

or

(4.14) d(z, grs1) <

DN ™
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If (4.13) occurs it follows by (4.11) that 2¢ < d(x,7(q,r)) < /2, which is
a contradiction.
If (4.14) occurs, we take a sequence {\, },>1 C Ry such that 0 < A, < é(g;")

n——+00

and A\, ———> ¢(q;"). Then by (4.11) we have

d<x,%<q, kf o(q)) + A,,)) = d(z, (g5, \n)) > 2,

j=—1

where ¢(¢*,) = 0. Then d(x, grt1) = ngr-lr—loo d(z,7(q;", An)) > 2¢ which contra-

dicts (4.14). Therefore, 7t (x) is minimal. O

The next definition concerns the concept of relatively dense sets, see Defini-
tion 3.11 (Chapter III) from [4].

DEFINITION 4.19. A set D C Ry is called relatively dense if there is a number
L > 0 such that

Dn(a,a+L)#0 forall a>0.

Next, we present a result which relate the concept of recurrence with rela-
tively dense sets.

THEOREM 4.20. Let (X, m; M, I) be an impulsive semidynamical system and
7t (x) be compact for some x € X \ M. The positive orbit T+ (z) is T-recurrent
if and only if for each € > 0 the set K. = {t € Ry : d(x,7(x, 1)) < €} is relatively
dense.

PrROOF. Let us show the necessary condition. Given ¢ > 0 there is T =
T'(e) > 0 such that

d(7(z,t), 7 (z, o, + T])) < €
for all ¢ > 0 and for all & > 0. In particular, d(z,7(z, [o,a + T])) < ¢, for all
« > 0. Then
K.Njo,a+T)#0 foralle>0.

Therefore, K. is relatively dense and L = T in this case.
Now, let us show the sufficient condition. Suppose that K. is relatively dense

for all ¢ > 0. We are going to show that 77 (x) is T-recurrent. Since 7+ (x) is

compact it is enough to show that 7+ () is minimal, see Theorem 4.17. Suppose
that 7+ (x) is not minimal, then there is a proper subset A C 7+ (z) such that
A\ M # 0, Ais closed and A\ M is positively T-invariant.

Note that ¢ A because A\ M is positively m-invariant and A is closed.
Thus d(z, A) = d > 0. Choose 0 < £ < d/2. Then there is T = T(¢) > 0 such

that

(4.15) K.N[o,a+T]#0 forall a>0.
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Take g € A\ M. Since A\ M is positively T-invariant, we have 77 (q) C A.
Then d = d(z, A) < d(z,7(q,t)), for all t > 0. Hence,

(4.16) d(xz,7(q,t)) > 2¢ forall t > 0.

Since ¢ € 7t (x) and ¢ ¢ M, it follows that ¢ € 7 (z) or ¢ € Lt (z) (sce
Lemma 3.4).

First, suppose that ¢ € #7(z). Then q = 7(x,s) for some s > 0. Then by
(4.16) we have d(z,7(x,s+t)) > 2¢ for all ¢ > 0. Thus K. N|[s,s+T] = 0 which
contradicts (4.15).

Now suppose that g € L*(z). Then there is a sequence {An}tn>1 C Ry such
that A, =% +00 and 7(x, An) 220, . By hypothesis, for each A, there
is 0, € [0, T such that

(4.17) d(x, 7 (2, A\ + 1)) < &,

n=1,2,... We may assume without loss of generality that 7, e, 7. Since
T(x, A\n) 2240, 4 and g ¢ M it follows by the proof of Lemma 3.6 (Case 1)
k
n—-+4oo

from [7] that 7(z, \p + nn) ——— 7(g,n) if n # > ng(qj') for all £ € N. If
7=0

k
n=>, ¢(qf) for some k € N then
=0
%(Ia)\n“i’nn) mq:+1 :7~T(q7’l7) or 7~T(I,>\n+nn) mqk—kl-

When n approaches +oo in (4.17) we get

(4.18) d(z,7(q,n)) < e
(4.19) d(z, qry1) < e.

If (4.18) occurs it follows by (4.16) that 2¢ < d(x,7(q,n)) < e, which is a con-
tradiction.
However, if (4.19) occurs, we take a sequence {un}n>1 C Ry such that

n—-+oo

0< pn < qS(q,:) and p, ——— gb(q,:'). Then by (4.16) we have

k—1
d(ﬂc,%(q, > () +un)> = d(z, (g, pn)) > 2¢
j=—1
where ¢(q*,) = 0. It implies that d(z,qri1) =
which contradicts (4.19).

Therefore, 7+ (z) is minimal and by Theorem 4.17 it follows that 7 (z) is

m (xaﬂ(ql—:’un)) > 2e,

li
n—-+oo

T-recurrent. O
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DEFINITION 4.21. A point « € X is said to be almost T-periodic if for every
€ > 0, there exists a T' = T'(¢) > 0 such that for every a > 0, the interval
[, + T contains a number 7 = 7(«) > 0 such that d(7(z,t),7(z,t + 7)) < ¢
for all t > 0.

LEMMA 4.22. If x € X is almost T-periodic, then every point y € 7+ (x) is
also almost m-periodic.

PROOF. Let x € X be almost 7-periodic and € > 0 be given. Then there is
T = T(e) > 0 such that for all @ > 0 the interval [o, @ + T contains a number
7 = 7(a)) > 0 such that

(4.20) d(7(x,t),7(x,t +7)) <e forallt>0.

Take y € 7 (x), then y = T(x, s) for some s > 0. For each a > 0 consider the
number 7 > 0 chosen above, then by (4.20) we have

d(7(y, 1), 7(y,t + 7)) = d(7(7(x, 5), 1), 7 (7 (2, 5), ¢ + 7))
=d(7(z,s+1t),7T(r,s+t+7)) <e,
for all t > 0. Therefore, for all @ > 0 the interval [a, @ + T contains a number

7 = 7(a) > 0 such that d(7(y,t),7(y,t + 7)) < e for all t > 0, that is, y € 77 (z)
is almost 7-periodic. O

The next result shows sufficient conditions for an almost m-periodic point to
be m-recurrent.

THEOREM 4.23. Let (X, m; M, I) be an impulsive semidynamical system and

7t (z) be compact for some x € X \ M. If x is almost T-periodic then x is

T-recurrent.

PrROOF. Given ¢ > 0, there is T = T'(¢) > 0 such that for every @ > 0 the
interval [a, @ + T contains a number 7 = 7(a) > 0 such that

d(7(z,t),m(x,t+ 7)) <e forallt>0.
Consider K. = {s € Ry : d(z,7(z,s)) < ¢}. We have
K.Njo,a+T]#0 foral a>0.
Since € > 0 is arbitrary it follows by Theorem 4.20 that z is 7w-recurrent. O

In Theorems 4.24 and 4.25, given € X we suppose that ¢(z}7) < +oo for
all k =0,1,... Thus the sequence {zy}r>1 represents all the impulsive points,
21 = (), ¢(z}))), k =0,1... These theorems deal with the relation between
periodic and eventually periodic motions. If d)(x:) = +4oo for some k € N the
results hold.
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THEOREM 4.24. Let (X, m; M, I) be an impulsive semidynamical system. Sup-
pose that X is complete and L™ (x) \ M # 0 for some x € X \ M. If 7 (z) U
{zk}e>1 is minimal then x is eventually periodic.

PROOF. Suppose that z € X is not eventually periodic. Since 7% (x) U
{21 }r>1 is minimal and L*(x) \ M # 0 it follows by Theorem 4.6 that 7+ () U
{zp}e>1 = L*(z). Consequently, z € L*(z), that is ,  is positively Poisson
m-stable. Then by Theorem 3.5 we have

Lt(z) — 7+ (z) = Lt (2).

Thus {24 }r>1 = L (2) which is a contradiction since Lt ()\ M # §. Therefore,
x is eventually periodic. O

THEOREM 4.25. Let (X, m; M, ) be an impulsive semidynamical system and
x € X\ M be such that x € LV (x). If x is eventually periodic then x is periodic.

PROOF. Since x is eventually periodic there is ¢ > 0 such that 7(z,t) is
periodic. Thus there is T' > 0 such that 7(z,t + T) = 7(x, t).

k
Case 1. T # (b(xj) for all k € N.
3=0

By hypothesis we have € L*(z), then there is a sequence {t, }n>1 C Ry,

tn oo, +o00 such that

(4.21) T, ty) 2252

k
Since x ¢ M and T # Y qﬁ(x;r) for all £ € N, it follows by Lemma 3.3 that
§j=0

(4.22) T2ty + T) 222 7(2,T).

On the other hand, there is ng € N such that ¢, > ¢ for all n > ng. Moreover,
we have
m(x,t, +T) = 7(x,t,) for all n > ng.

When n — +o0 in the above equality and using (4.21) and (4.22) we obtain
7(x,T) = z. Then z is periodic.

k
Case 2. T = Zgb(zj) for some k € N.
=0
k1
Take ¢ > 0 such that ¢ < min{¢(z),d(z;,,)} and T + ¢ < Zqﬁ(mj)
=0

Since 2 € L*(x), there is a sequence {tntn>1 C Ry, t, 17, oo such
n—-+oo

that 7(z,t,) —— . Since x ¢ M and 0 < £ < ¢(z) it follows by Lemma 3.3
that

(4.23) T, by + €) 2% 7 (x,€).
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k k41
Also, since Y gb(x;’) <TH+e< (a:j) it follows again by Lemma 3.3 that
3=0 3=0
(4.24) T2, tn + T + ) 2252 72, T +¢).

On the other hand, there is ng € N such that ¢, > t for all n > ng. This
implies that ¢, + & > t for all n > ng. Since 7(z,t) is periodic with period T we
obtain

T(x,ty +e+T) =7(x,t, +) forall n > ng.
When n — 400 in the above equality and take in account (4.23) and (4.24) we
get T(x, T + ) = 7(x,e). Since 7 is continuous from the right and ¢ > 0 is
arbitrary we have

7(x,T) = 515& m(x, T +¢e) = Elir(r]l+ (x,€) = x.

Thus z is periodic. O
According to Theorems 4.24 and 4.25, we obtain the following result.

COROLLARY 4.26. Let (X,m;M,I) be an impulsive semidynamical system.
Suppose X complete and let x € X \ M be such that LT (x) \ M # 0. If 7+ (z) U
{zk}r>1 is minimal then = is periodic.
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