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ALMOST AUTOMORPHIC SOLUTIONS
FOR EVOLUTIONS EQUATIONS

BRUNO DE ANDRADE — EDER MATEUS — ARLUCIO VIANA

ABSTRACT. In this work we deal with existence and uniqueness of almost
automorphic solutions for abstract semilinear differential equations using
a mix of fixed point theory and extrapolation spaces theory. We apply
our abstract results in the framework of transmission problems for the
Bernoulli-Euler plate equation and heat conduction theory.

1. Introduction

In recent years, the theory of almost automorphic functions has been de-
veloped extensively and consequently there has been a considerable interest in
the existence of almost automorphic solutions of various kinds of evolution equa-
tions, see for instance [4], [6], [8], [10] and the references therein. In this work, we
study existence and uniqueness of almost automorphic mild solutions for a class
of abstract differential equations described in the form

(1.1) u'(t) = Au(t)+ f(t,u(t), teR,

where A is an unbounded linear operator, assumed to be Hille—Yosida of neg-
ative type, with domain D(A) not necessarily dense on some Banach space X,
f: R x Xo — X is a continuous function and Xy = D(A).
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It is well known that if the domain of the linear operator A is non-dense, the
classical theory of semigroups cannot be applied directly to treat the equation
(1.1). Indeed, the Hille-Yosida theorem gives necessary and sufficient conditions
for a linear operator to generate a Cy-semigroup, among these conditions there is
the density of the domain of the operator. On the other hand, there are a great
variety of semilinear differential equations with a linear part dominated by a non-
densely defined operator. Such situations arise, for example, from restrictions
made on the space where the equation is considered (e.g. periodic continuous
functions, Holder continuous functions) and from boundary conditions (e.g. the
set of continuous functions with null value on the boundary is non-dense in the
space of continuous functions).

However, in [14] the authors show that if the usual Hille-Yosida conditions are
satisfied, but without the assumption that D(A) be dense in X, then existence
and uniqueness results for the problem (1.1) can be obtained which are even
more general than those known when D(A) is dense in X. The main tool used
in [14] was the abstract extrapolation theory. First attempts to build this theory
where made by Da Prato and Grisvard [13] and Nagel [9] and used from various
purposes.

The main results of this work are contained in Sections 3 and 4. Basically,
they says that if the non-linear term in (1.1) is an almost automorphic function,
in some sense, and is a locally or globally Lipschitz continuous function, then
the equation (1.1) has a unique almost automorphic mild solution. As typical
applications of our abstract results we consider, e.g. the transmission problem
for the Bernoulli-Euler plate equation. Precisely, let 2; € Q@ C R", n > 2,
be strictly convex, bounded domains with smooth boundaries I'1 = 9Q; and
I'=0Q with Ty NT = 0. Then O = Q\ ©; is a bounded, connected domain with
boundary 00 = T'y UT. We are going to study the following mixed boundary
value problem

(02 + A% uy(z,t) = b(t) f(ur(z,t)) in Q; xR,
(07 + A?)ug(x,t) = b(t) f(uz(z, 1)) in O xR,
(1'2) Ul‘l“l = UZ‘FU al/u1|rl = al/u2|F17

cAuq|r, = Aus|r,, cd,Auqlr, = d,Aus|r,,

uslr =0, Aus|r = —ad,Orus|r,

where ¢ > 1 is a constant, v denotes the inner unit normal to the boundary, a is
a non-negative function on I'; b: R — R and f: R — R are real functions that
satisfies some additional conditions. Under natural assumptions on non-linear
term of (1.2), see Example 3.7, we show that this problem has a unique almost
automorphic mild solution.



ALMOST AUTOMORPHIC SOLUTIONS FOR EVOLUTIONS EQUATIONS 107

This work is organized as follows. In Section 2, we collect results and stan-
dard literature of almost automorphic functions. In particular we recall a result
of composition for almost autmorphic functions (see Lemma 2.4) which is very
important in our investigations. In Section 3, we study existence and uniqueness
of almost autmorphic mild solutions for the equation (1.1) with almost aut-
morphic conditions. In Section 4, we ensure sufficient conditions for existence
and uniqueness of almost autmorphic solutions to (1.1) with Stepanov almost
autmorphic conditions.

Acknowledgements. This paper was initiated while the first author was
visiting the Universidade Federal de Sergipe (Sergipe, Brasil) during May 2011.
B. de Andrade would like to thank the DMAI-UFS for they kind invitation and
hospitality.

2. Preliminaries

Before stating the precise problems of concern in this paper, let us intro-
duce the basic results and notations we will be considering. Consider (X, || - ||)
and (Y, || - ||) Banach spaces. In this work BC(R;X) denotes the space con-
sisting of the continuous and bounded functions from R into X endowed with
the norm of the uniform convergence which is denoted for | - ||». Furthermore,
the notation £(X,Y) stands for the space of bounded linear operators from X
into Y endowed with the uniform operator topology, and we abbreviate to £(X)
whenever X =Y.

2.1. Almost automorphic functions. We begin recalling the notion of
almost automorphic function (1).

DEFINITION 2.1. A continuous function f: R — X is called almost automor-
phic if for every sequence of real numbers (s])nen there exists a subsequence
(8n)nen C (8),)nen such that

lm || f(t+ sn —sm) — f(®)|| = 0.

n,1m— 00
ExaMPLE 2.2. Concrete examples of almost automorphic functions are given
by the functions
a(t) = cos ( ! ) and b(t) =sin ( ! )7
cos(t) + cos(v/2t) sin(t) + sin(v/2t)
for t € R.

DEFINITION 2.3. Let X and Y be two Banach spaces. A continuous function
fi RxY — X is said to be almost automorphic if f(t,z) is almost automorphic
in ¢ € R uniformly for all z € K, where K is any bounded subset of Y.

(1) This definition is due to Bochner (see [3]).
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In this work we use the notation AA(X) to represent the subset of BC(R; X)
formed by the almost automorphic functions. We observe that (AA(X), || - ||co)
is a Banach space. Furthermore, if f € AA(X) then the set {f(¢) : ¢t € R} is
a relatively compact subset of X. Similarly, we set AA(Y; X) to represent the
set of all functions almost automorphic in ¢ uniformly for z € Y.

The following result is standard in the theory of almost automorphic func-

tions.

LEMMA 2.4 [7]. If f: R XY +— X is almost automorphic, and h € AA(Y),
and assume that f(t, -) is uniformly continuous on each bounded subset K C'Y
uniformly for t € R, that is for any € > 0, there exists § > 0 such that x,y € K
and ||x —y|| < 0 imply that || f(t,z) — f(t,y)|| < & for allt € R, then the function
f(-h(+)) € AA(X).

2.2. Stepanov almost automorphic functions. Let (X, |- |), (Y, - 1)
be Banach spaces. We remember the concept of Stepanov almost automorphic
functions.

DEFINITION 2.5. The space BS?(X) of all Stepanov functions, with the ex-
ponent p, consists of all measurable functions f on R with values in X such
that

t+1 1/p
1 llse = sup ( / ||f(T)||’”dT) c i
teR t

We observe that, whenever p > ¢ > 1, LP(R, X) C BSP(X) C L} (R, X)

and BSP(X) C BSY(X). Furthermore, for each p > 1, we have the following

continuous inclusion

(BCX), [ - [loo) = (BSP(X), || - [[s»)-



ALMOST AUTOMORPHIC SOLUTIONS FOR EVOLUTIONS EQUATIONS 109

REMARK 2.6. In the above definition, we can replace the norm || - ||s» by the
norm obtained varying the length of the integration interval as

1t 1/p
W =sw (1 [ 1)

where [ > 0 and we obtain a new norm equivalent to the old one.

DEFINITION 2.7. A function f € BSP(X) is called Stepanov almost auto-
morphic if for every sequence of real numbers (s),)nen there are a subsequence
($n)nen C (s),)nen and a function g € LP(R, X) such that

1 1/p
</ ||f(t+sn+s)—g(t+s)|”ds> o,
0
and

1 1/p
(/ ||g(t—sn+s)—f(t+s)|pds> S,
0
as n — oo pointwise on R.

We denote the set of all Stepanov almost automorphic functions by AS?(X).
For p > ¢ > 1, we have that

AA(X) C ASP(X) C ASY(X).

EXAMPLE 2.8 [11]. Let (z5,)nen C X be an almost automorphic sequence
and consider € € (0,1/2). Define the function

x, forte(n—e,n+e),
f(t) =

0  otherwise.
Then f € ASP(X) for every p > 1 and f ¢ AA(X).

DEFINITION 2.9. A function f: R x Y — X is called Stepanov almost auto-
morphic int € R for x € Y, if f(-,u) € ASP(X) for each u € Y.

We denote the set of all Stepanov almost automorphic functions f: RxY — X
by ASP(Y, X). We close this subsection with a composition result. The proof is
a standard application of the Minkowski’s inequality.

LEMMA 2.10. Let f € ASP(Y, X) and suppose that there is L > 0 such that

1t @) = f(& )l < Lz —yll,

for allt € R and for allx,y € Y. If ¢ € ASP(Y) then the function f(-,¢(-)) €
ASP(X).
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2.3. Hille-Yosida operators. We recall some basic properties of extra-
polation spaces for Hille—Yosida operators which are a natural tool in our setting.

DEFINITION 2.11. Let X be a Banach space and A be a linear operator with
domain D(A). One says that (A4, D(A)) is a Hille-Yosida operator on X if there
exist w € R and a positive constant M > 1 such that (w,00) C p(A) and

sup{(A —w)"||(A—=A4) " :neN, A >w} <M.

The infinimum of such w is called the type of A. If the constant w can be
chosen smaller than zero, A is called of negative type.

Let (A, D(A)) be a Hille-Yosida operator on X and X, = D(A). Let
Ag: D(Ap) C Xo — Xo be the realization of A on

D(Ao) = {{,C S D(A) : Ax € Xo}
We have the following result.

LEMMA 2.12 [5]. The operator Ay is the infinitesimal generator of a Cy-
semigroup (To(t))i>0 on Xo with |To(t)|] < Me*t for t > 0. Moreover, p(A) C
p(Ao) and R(\, Ag) = R(\, A)|x,, for A € p(A).

In this work we assume that (A4, D(A)) is a Hille-Yosida operator of negative
type on X. This implies that 0 € p(A), i.e. A7t € £L(X). We remark that the
expression ||z||_1 = || Ay '/ define a norm on Xj.

DEFINITION 2.13. The completion of (X, || ||-1), denoted by X_1, is called
the extrapolation space of X associated with Ag.

We note that X is an intermediary space between X, and X_; and (see [9])
Xo—> X — X_4.

Since Ag'To(t) = To(t)Ag ", we have that |To(t)z||-1 < | To(t)||z(xo)llll-1
which implies that Tp(¢) has a unique bounded linear extension T_1(t) to X_;.
The operator family (T_1(¢))¢>0 is a Co-semigroup on X_1, called the extrapo-
lated semigroup of (Tp(t))t>0. In the sequel, (A_1, D(A_1)) is the generator of
(T-1(t))e>0-

LEMMA 2.14 [9]. Under the previous conditions, the following properties are
verified.

(a) D(A—1) = Xo and [T_1(t)|lccx 1) = 1To@)ll2(x,) for every t = 0.

(b) The operator A_1: Xg — X_1 is the unique continuous extension of
Ag: D(Ap) € (Xos |l 1) = (X1, - |l=1) and X — Ay is an isometry
from (Xo, | - 1I) into (X1, - | -1).

(c) If X € p(Ag), then (A — A_1)~ ! exists and (A — A_1)™t € L(X_1). In
particular, X € p(A_1) and R(\, A_1)|x, = R(}, Ao).
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(d) The space Xog = D(A) is dense in (X_1,]||-||-1). Thus, the extrapolation
space X_1 is also the completion of (X, -||-1) and X < X_1. More-
over, A_y is an extension of A to X_1. In particular, if X € p(A), then
RN\ A_1)|x = R(\ A) and R(M\, A_1)X = D(A).

LEMMA 2.15 [1]. Let f € BC(R; X). Then the following properties are valid.
t

(a) T-1x f(t) = / T_1(t—8)f(s)ds € Xy, for every t € R.

— 00

¢

(b) |1 T-1 x f(t)]] < Ce“’t/ e | f(s)|| ds where C > 0 is independent of
t and f. -

(¢) The linear operator A: BC(R,X) — BC(R, Xy) defined by A(f)(t) =
T_1 % f(t) is continuous.

0

(@) lin \ Ty f0) - [ (o) ds
- —o0

(e) z(t) = T_1 * f(¢t) is the unique bounded mild solution in Xo of z'(t) =
Ax(t)+ f(t), t e R.

=0, for every t € R.

REMARK 2.16. For the rest of this work we assume that (A, D(A)) is a Hille-
Yosida operator of negative type. Therefore, there are constants M > 1 and
w < 0 such that

IT_1 ()] < Me', t>0

)

where (T_1(t)):>0 is the extrapolated semigroup associated to (To(t)):>o0-

3. Almost automorphic solutions
with almost automorphic conditions

The next result assure the regularity of the covolution of the semigroup
(T-1(%))t>0 with almost automorphic functions. This result will be very useful
in our approach of the equation (1.1).

LEMMA 3.1. Ifu € AA(Xy), then z: R — X, defined by

z(t) = / T_1(t— s)u(s)ds

— 00

is in AA(Xp).

PRrROOF. From Lemma 2.15, we have that z(t) € Xy. Since u € AA(X)),
there is a sequence (s,) C R and g: R — Xj such that g(¢) = lim u(t + s,)
n—oo
uniformly for ¢ € R. Then,

t+sn t
2(t+ sp) = / T_1(t+ s, — s)u(s)ds = / T_1(t — s)u(s + s,) ds.

— 00 —0o0
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The Dominated Convergence Theorem yields
t
z2(t+ sp) — / T_1(t—s)g(s)ds, asn — oc.
—0o0
A similar computation shows that

/ B T_1(t— s, —s)g(s)ds = / T_1(t —s5)g(s = sn)ds — z(t), asn — oo,

— 00 — 0o

and this conclude the proof. O

REMARK 3.2. An immediate consequence of Lemma 3.1 is the existence of
almost automorphic mild solution for the nonhomogeneous linear peoblem

(3.1) u'(t) = Au(t) + f(t), tER,
where A is a Hille—Yosida operator of negative type on a Banach space X and

f e AA(Xy).

THEOREM 3.3. Let f € AA(Xo,X) as in Lemma 2.4. Assume that there
exists a function L € L (R;[0,00)) such that

loc
Let
t
0(t) = / et (s)ds, teR.

— 0o
Suppose that there is a positive constant K < 1 such that MO(t) < K, for all
t € R. Then the equation (1.1) has a unique mild solution in AA(Xoy).

PROOF. We define the operator A on the space AA(Xy) by

(3.3) Au(t) = / T_1(t —s)f(s,u(s))ds.

— 00

It follows from Lemma 2.4 that f(-,u(-)) € AA(X) for every u € AA(Xp).
Furthermore, by Lemma 3.1 we have that the operator A: AA(Xy) — AA(Xy)
is well defined. We next proof that A is a K-contraction. In fact, if u,v € AA(Xy)
we have that

t
[Au(t) — Av(D)| S/ M= L(s)||u(s) — o(s)|| ds
< MO@t)|lu—vf < Ku—v/l-
Hence, by the Banach’s fixed point theorem we conclude the proof. U

The next results are immediate consequences of Theorem 3.3.
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COROLLARY 3.4. Let f € AA(Xo, X) and suppose that f satisfies the Lip-
schitz condition (3.2) with L a bounded continuous function. Let

t
0(t) / =L (s)ds, tcR.

Suppose that there is a positive constant K < 1 such that MO(t) < K, for all
t € R. Then the equation (1.1) has a unique mild solution in AA(Xy).

ExXAMPLE 3.5. We consider a simple application of our abstract results. Let
a € AA(R) and consider the partial differential equation

Ut = Ugy — u+ asin(u) in R x [0, 7],

(34) u=20 on R x {0, 7}.

Let X = C([0,7];R) and define the operator A on X by Au = v’ — u, with
domain D(A) ={u e X : v’ € X, u(0) = u(w) = 0}.

It is well known that A is a Hille-Yosida operator of type —1 with do-
main non-dense. Equation (3.4) can be rewritten as an abstract system of the
form (1.1), where u(t)(s) = u(t, s),

[t 9)(x) = a(t) sin(p(x)),
forall g € X, ¢t € R and z € [0,7]. If we assume that M||al|e < |w]|, then the

equation (3.4) has a unique almost automorphic mild solution.

COROLLARY 3.6. Let f € AA(Xo, X) and suppose that f satisfies the Lip-
schitz condition

Ift,z)— ft, Il < K|lz—yl forallz,ye XoandteR.

If K is small enough, then the equation (1.1) has a unique mild solution in
AA(Xp).

ExampPLE 3.7. Consider the transmission problem for the Bernoulli-Euler
plate equation (1.2). We suppose that there is a constant ag > 0 such that
ap < a on I'. Furthermore, we assume that b € AA(R). Consider the function

¢ in Qq,

alx) =
(=) 1 inO.

To treat the problem (1.2) we will follow some ideas of [2]. To this end, introduce
the Hilbert space H =V x H, where H = L?(Q, a(z) ! dz) and the space V is
defined as follows. On the Hilbert space H consider the operator G defined by

G( “ > = < —cAn ), for all < “ ) € D(Q),
Us —Ausg Ug
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with domain
(35) D(G) = {(u1,uz) € H=L*(,c "dz) ® L*(0) : uy € H* (),
Uz € H2(0)7 us|r =0, u1|p, = u2lr,, dyuilr, = dyus|r, }.

The operator G is a strictly positive self-adjoint one with a compact resolvent.
Set V = D(G) with norm || - ||y = |G - || -
We can rewrite (1.2) as follows. Define the operator A : D(A) C H — H by

A< . ) - —i( ian, ) for all < . ) € D(A),

(3.6) D(A) = {(u,v) € H: (v,A%) € H, ulr =0, Au|r = —ad,v|r,

where

ulr, =v|r,, dulr, = dv|r,, cAulr, = Av|r,, cd,Aulr, = 0, Avr, }.

Using Green’s formula we can see that

Im<A< Z )( Z )>H :/Fa\&,v\QdFZQ for all ( Z ) € D(A).

This implies that A generates a Cy-semigroup (T'(t));>0 (e.g. see Theorems 4.3
and 4.6 from [12, p.14-15]). On the other hand, follows from [2] that the resolvent
set p(A) is a discrete set of eigenvalues of A. Moreover, A has no eigenvalue on
the real axis. Consequently, there are constants M > 1 and w < 0 such that
IT@)|| < Me*t, t > 0. Finally, we will assume that the function f: R — R
is a globally Lipschitz continuous function with constant K > 0. If K is small
enough, then the problem (1.2) has a unique almost automorphic mild solution.

We now move on to the problem of locally Lipschitz perturbations for equa-
tion (1.1). In this sense, the following theorem is the main result of this section.

REMARK 3.8. In the following result we will use the notion of locally bounded
function, that is, we consider a function L: X x Xy — [0, 00) such that for every
r > 0 there is a constant k(r) > 0 such that L(z,y) < k(r), for all z,y € X,
with [|z|| <7 and |y|| < 7.

THEOREM 3.9. Consider f € AA(Xo, X) and let L: X x Xo — [0,00) be
a locally bounded function such that

1f(tz) = ft )l < Lz y) U+ o) + [yl lle —yll, foralit e R
with [ > 1. Suppose that there is R > 0 such that

1/ Oy M k(R)(R+2R')
K — = =<1 here K(R) := ——~———~
< (R) + 7 ] <1, where K(R) 7 ,
with k(R) as in Remark 3.8. Then, the equation (1.1) has a unique mild solution
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PROOF. Define the operator A by expression (3.3). Consider R > 0 such
that (RK(R) + [1£(-, 0)llo)M/|o| < R.

Let Bg be the closed ball B = {u € AA(Xp) : ||u[lec < R} C AA(Xp). We
observe that, if u € Bg, then

IIAU(t)IIS/ [T-1(t — ) f (s, u(s))] ds

— 00

SM[ e L(u(s), 0)(L + [lu(s)|~ 1) u(s)|| ds

t

+ MIFC0) o / £41=5) d

— 00

<(RK(R) + Hf(-,O)IIoo)% <R.

Therefore, A(Br) C Bg. It remains to show that A is a contraction. But this

follows from estimate
t

[Au(t) — Av(t)]| S/ IT-1(t = 5)(f(s,u(s)) = f(s,v(s)))ll ds

— 0o

< M/_ e Lu(s), 0(9)) (L + fu(s) ' + [lo(s)['™1) dsllu — vllo

< (M) = vl

jwl

Since MK (R)/|w| < 1, the assertion is a consequence of the Banach fixed point
theorem and the proof is completed. O

COROLLARY 3.10. Let f € AA(Xo, X) and assume that there is a constant
¢ > 0 such that for every z,y € Xy we have

B7) ) = fE )l < e+l + Il lle —yll,  for alit €R,

with | > 1. If ¢ is small enough then the equation (1.1) has a unique almost

automorphic mild solution.

COROLLARY 3.11. Let f € AA(Xo, X) and assume that for every r > 0 there
is a constant L(r) > 0 such that for every x,y € Xo, with ||z]| <r and ||y|| < r,
we have

(3-8) £t 2) = f(& )l < L(r)lle —yll,  forallt € R.

If there is R > 0 such that

<1.

(L(R) + ||f(0)||oo> %

R
Then, the equation (1.1) has a unique mild solution in AA(Xy).
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EXAMPLE 3.12. Consider the set B = {z € R™ : ||z|| < 1} and let S"~! =
0B. We study existence and uniqueness of almost automorphic mild solutions
for the nonhomogeneous equation:

us = Au+ag(u) inRx B,

(3.9)
u=0 on R x 8§71,
where a € AA(R) and g € C*(R, R) satisfies the additional condition:

O
‘8“71 ’

|s]— o0
with [ > 1. Then for each n > 0 there is C,, > 0 such that
19(s1) = g(s2)| < (Cy +nls1'™" +nls2| " )|s1 —sof, for all 51,52 € R.

To treat system (3.9), we choose the space X = C(B;R) and the operator A
defined by Av = Av + wv, w < 0, with domain

DA ={veX:v=00nS"""and Av € X}.

In this case, Xo = Cy(B;R) # X and therefore A is a Hille-Yosida operator of
negative type w with non-dense domain. Its clear that (3.9) can be rewritten as
an abstract system of the form

u'(t) = Au(t) + f(t,u(t)), teR,

where u(t)(z) = u(t,z) and f(¢t,¥)(x) = a(t)f(¥(x)) —wi(x), t € R, x € B.
Furthermore, we have that

£t w1) = f(E 42l < e [l + w2 ) 1er = wall, - for all 4,4 € Xo.

Hence, if ¢ = ¢(w) > 0 is small enough the system (3.9) has a unique almost
automorphic mild solution.

4. Almost automorphic solutions
with Stepanov almost automorphic conditions

This section deals with existence and uniqueness of almost automorphic mild
solution to equation (1.1) with Stepanov almost automorphic conditions. We fix
qg=p/(p—1), p> 1. We have the following auxiliary result:

LEMMA 4.1. Let f € ASP(X)NC(R, X), withp > 1. Given n € N, consider
)= [ Ta(se- e
n—1

Then, v, € AA(Xy), for every n € N.
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ProoF. In fact, let (sm)men C R. Since f € ASP(X), there are a subse-
quence (Spm, Jken C (Sm)men and a function g € ASP(X) such that

(4.1) (/01 |f(t+ sm, +0)—g(t+o)|P da)l/p — 0,

as k — oo. Let v, = f:_l T_1(&€)g(t—&) d¢. Follows from the Holder’s inequality
that

fontt + 5 =Tl = | [ T+ 3~ ) = ot - ) ]

<M / "1ew5||<f<t+smk o) glt— )| de

<M( [ e dg)l/q( | s =9 e - 5>>|Pd§)1/p

K[ 106 o -9 - ate )

—1

where K = K(q,w, M) is constant. Then, (4.1) implies that
[[on(t + sm) — vn(8)] = 0,
as k — oo. Similarly, we have that
[On(t = sm) —vn ()| =0
as k — oo, and this conclude the proof. O

LEMMA 4.2. Let f € ASP(X)NC(R, X), with p > 1. Then the function
t

) = / T \(t - 5)f(s) € AA(Xo).

— 00

e
-

PROOF. Let (v,)nen be as in the Lemma 4.1. Note that

t—n+1
vp(t) = /t T_1(t — s)f(s)ds.

—n
Hence,
t—n+1
[onll < M )| f(s)] ds.
t—n
Using the Holder’s inequality, we obtain

t—n+1 1/q t—n+1 1/p
ewt=oas) ([ ) s
-n t—n

[[on]| <M

T

M
< (%=1 — ety £l g,
{/qlwl
M wn M w
< € (eqlwl _ 1)1/q||f||sz> < € (eqlwl + 1)1/q||f||sz>-

:

/qlw T Yalwl
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Since the series
(‘Mew(eqw + 1)1/q> i AL
\/q q|CU| n=1

o0
is convergent, follows from the Weierstrass test that > v, is uniformly conver-

n=1
gent in R. Let u(t) = > v,. Clearly, we get
n=1
t
u(t) = / T 1(t—s)f(s)ds, teR,
and from Lemma 4.1 we conclude that u € AA(X)). O

REMARK 4.3. An immediate consequence of Lemma 4.2 is the existence of
almost automorphic mild solution for the nonhomogeneous linear peoblem

u'(t) = Au(t) + f(t), teR,
where A is a Hille-Yosida operator of negative type on a Banach space X and
feASP(X)NCR, X), with p > 1.
THEOREM 4.4. Let f € ASP(Xo,X) and suppose that there is a constant
L > 0 such that
lf(t,z) — ft, )|l < Lllz—yll, forallt eR and all z,y € X,.

Then the equation (1.1) has a unique mild solution u € AA(Xy), whenever
ML/|w| < 1.

PROOF. Define A on AA(Xj) by (3.3). Using Lemmas 2.10 and 4.2, we have
that A(AA(Xy)) C AA(Xy) C ASP(Xy). Therefore, A: AA(Xo) - AA(Xp) is
well defined. On the other hand,

¢ ML
[Au(t) — Av(t)]| < / M=) L||u(s) — v(s)|| ds < WHU — V]|oo;
for every t € R. Therefore, the result is consequence of the Banach fixed point
theorem. 0

We close this work with the following example.

EXAMPLE 4.5 (Example 3.12 revisited). Let 2 C R™ be a bounded open set
with regular boundary 9). Consider the problem

up=Au+af(u) inRxQ,

(4.2)
u=0 on R x 092,

where, a € ASP(R) and f € C(R,R) is a globally L-Lipschitz function. With
the same procedure of the Example 3.12 we can rewrite the problem (4.2) in the
abstract form (1.1). Then, if L is small enough we have that the problem (4.2)
has a unique almost automorphic mild solution.
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