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SIGN-CHANGING CRITICAL POINTS
FOR NONCOERCIVE FUNCTIONALS

YAOTIAN SHEN — ZHOUXIN LI — YOUJUN WANG

ABSTRACT. We study the existence of infinitely many sign-changing crit-
ical points and nonexistence of critical points to a class of noncoercive
functionals.

1. Introduction and main results

This paper is concerned with the existence of sign-changing critical points to
the problem which comes from the following functional

(1.1) I(u) = /Q [;aij(x)QQ(u)aiuaju — F(x, u)] dux,

where Q is a bounded smooth domain in R™, n > 2, a1[¢]? < a;;(2)&&; < aslé]?,
a;j = aji, a;j(x) € C*(Q), and ag > a3 > 0. The repeated indices indicate the

summation from 1 to N

ou “
Oiu = 9z, F(x,u) —/0 f(x,t)dt.

If g(u) = 1, then I(u) is smooth. The results about existence of infinitely
many critical points of I(u) can be found in [1], [4] and the existence of infinitely
many sign-changing critical points, in the case a;;(x) = d;;, was proved in [12].
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If g?(u) > ¢ > 0, then I(u) is nonsmooth and its principal part is coer-
cive. Results about the existence of critical points can be found in [2], [5]-[8],
[10], [11], etc.

If g?(u) > 0, then I(u) is nonsmooth and its principal part is noncoercive.
There are seldom results about the existence of critical points of such kind of
functionals. The first existence results are, up to our knowledge, due to [3],
where the authors studied the existence of minimum point and other nontrivial
critical points of the functional

Va2
J(u) = - d
(W) /Q L(l Tl om |

proving that if 0 < @ < N/(2N —2) and 2 < m < 2*(1 — «), then nontrivial
critical points to J(u) exist. Moreover, if m > 2* and 2 is a starshaped smooth

domain, then the Euler-Lagrange equation of J(u)
—div [(1 + |u])722Vu] — a1 + |u])~O+2) | V2 = u™~ L, 2 e Q,
u >0, r e

has no nontrivial solution in Hg(2) N L>°(Q) N H2().

As far as we know, there are no results on the existence of sign-changing
critical points to nonsmooth functionals with coercive or noncoercive principal
part.

The main purpose of the present paper is to study the existence of infin-
itely many sign-changing critical points and nonexistence of critical points of
nonsmooth functionals with noncoercive principal part.

We note that the derivative of I(u) is given by

(1.2) (I'(u), )

= [ st worndse + (6w as 0000 - o, 0]
Q

for every ¢ € C§°(Q).

In this paper, by introducing a change of variable, we transform the search of
critical points u(z) of (1.1) into the search of critical points v(x) of the following
functional:

(1.3) I(v) = /Q {aij(x)aivajv - F(w,Gl(v))] dz,

where v = G(u), G(u) = [} g(t)dt, u =G~} (v), g(t) > 0 in [0, +00). We have
G~1is of class C! and I;(v) is a smooth functional with coercive principal part.
We know that, for every ¢ € C§°(Q),

f(a, G (v))

e = oG T0)

[aij (x)é)lva]z/z —
Q

14 dx.
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We show that (1.2) is equivalent to (1.4), which means that u is a critical
point of I(u) if and only if v = G(u) is a critical point of I;(v). Indeed, if we
choose ¢ = 9/g(u) in (1.2), then we immediately get (1.4). On the other hand,
since u = G71(v), if we let ¢ = g(u)y in (1.4), we get (1.2). Therefore, in order
to find the critical points of (1.1), it suffices to study the critical points of (1.3).
Now, the Euler-Lagrange equation of the functional I1(v) can be simply write
as

—1
(1.5) —0j(ai;(x)0v) = W, x € Q.
In this case, we can employ the sign-changing critical point theory for smooth
functionals in [12] to study the existence of sign-changing critical points of I (v),
and then prove that those critical points are that of I(u). If we assume that g(u)
is even and f(z, u) is odd with respect to u, we have v is odd and v = G(|u|)sign u,
thus u has same sign of v.

REMARK 1.1. Since G(u) € H}(2), by Sobolev inequality, G(u) € L*" (Q).

Assume that | l‘im (u)/|u|]” = ¢, then, u € L2 (Q). Let g(u) = (1 + |ul)~, if
u|— o0
~v2* > 1 then vy =1—a, so, a < (N + 2)/2N.
In the following, we make the following assumptions on f and g.

(f1) f(x,u) is a-Holder continuous with respect to x, u, and there exists
1 < p < 2* such that

[f (@, u)| < Cg(u)(1 + |G (u)P7).
(f2) [f(z,u)] < o(lg(w)G(u)]), as u — 0.
(f3) there exist p > 2, up > 0 such that for |u| > ug,
WF (3, 0)g(u) < (@, 0)G(w).

(f4) g(u) € C* is even and nonincrease, g(u) > 0 for u € [0,+00), and
f(x,u) is odd with respect to w.
REMARK 1.2. If g(u) = 1, then G(u) = u, the above assumptions (f;)—(f3)
were used in [1], and in this special case
(f1) [f(z,u)] < CA+[uf™h).
(f2) f(z,u) = o(|u]) as u — 0.
(f3) pF(z,u) < uf(z,u), for p > 2 and |u| > up.

REMARK 1.3. By (f3), for |u| > ug, we have
G(U)|G(U)\“d%(|G(U)I*“F($7U)) = —pug(W)F(z,u) + G(u) f(z,u) > 0.

Then we can integrate inequality

(G|, w) 2 0
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and obtain
(1.6) F(z,u) > C(z)|G(u)|*.

THEOREM 1.4. Assume that (f1)—(f4) hold, then there exist infinitely many
sign-changing critical points of the functional I(u).

COROLLARY 1.5. Assume that g(u) = (1+ |u]) ™ and 0 < a <1,2<m<
2*(1 — @), then there exist infinitely many sign-changing critical points of the
functional J(u).

THEOREM 1.6. Assume (f1), (f3) and (fy) hold, then there exist infinitely
many critical points of the functional I(u).

COROLLARY 1.7. Assume that g(u)=(1+ |u|)~* and 0<a<l, 2(1-a) < m <
2*(1 — &), then there exist infinitely many critical points of the functional J(u)
with the corresponding critical values tending to +oo.

If a;;(z) = d;; and f is independent on z, then the Euler-Lagrange equation
of I(u) is
1
(17) ~div (¢*(u)Vu) + 5 (9" () |[Vul* = f(u), =€,
' u =0, x € 01

THEOREM 1.8. Assume that ) is a starshaped domain, and f(u) satisfying
[f(w)] < g(u)(C + (G)'), for allp’ >0,
then if
. u)G(u

(1.8) 2 < W
problem (1.7) has no nontrivial solutions in W227/("+1)(Q) N HE (Q) N L>(Q).

COROLLARY 1.9. Assume that Q) is a starshaped domain and

F(u) = C|G(u)”,

then if 2* < B3, problem (1.7) has no nontrivial solutions in W22/ ("+1)(Q) N
HE () N L>e(Q).

In the case g(u) = 1 and G(u) = u, the nonexistence result of Theorem 1.8
is well known to us. The result we obtained in Theorem 1.8 generalized this well
known nonexistence result. An simple example in point is g(u) = (1 + |u|)~*.

In this case, if
1+ fupt= — 1)
11— alf
and 2* < (3, then conclusion of Theorem 1.8 holds. At this time, we see that
F(u) ~ Clu|*~=*)8. This improve the results in [3].

Fw) = ol
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REMARK 1.10. The assumption m < 2*(1 — «) in Corollary 1.5 is necessary
when 2 is a starshaped domain.

2. Tools of even functional and Pohozaev identity

In this section, we introduce some theorems which are needed in Section 3,
in order to study the existence of infinitely many sign-changing critical points
of I(u). We improve the Pohozaev identity in the end of this section.

THEOREM 2.1. Let X be a separable Hilbert space. X; be an i dimensional
subspace of X and Y; = X;-. Suppose I(u) € C1(X,R) is even in u and satisfies
Palais—Smale condition, and if for all positive integers i, there exist p; and r;
such that

(a) b = Yirl\lf\l I(u) — 400, asi— +oo.
ueyY;, ||u||=r;

(b) a; = max I(u) <0.
ueXi, [lull=pi

Then I(u) has a sequence of critical values tending to +oo.
PROOF. See [4]. O

Now we recall some facts from [12] which are needed in the proof of our main
theorems.
Let G € C1(E,R), E is a Hilbert space, and the gradient G’ be of the form

G'(u) =u— Kg(u),
where Kg: E — E is a continuous operator. Let K :={u € E : G'(u) = 0} and
E :=FE\K, Kla,b] :={u e K:G(u) € [a,b]}. Let P be a positive cone of E.
For pg > 0, define
Do :={u € E : dist(u, P) < po}.

Then Dy is an open convex set containing the positive cone P in its interior. Set
DZ=DOU(—D0), SZE\D

We assume that:
(A) Kg(£Do) C £Dy.

Let Y, M be two subspaces of F with dimY < oo, dimY — codim M > 1 and
(M\{0})N(—=PUP) = 0; that is, the nontrivial elements of M are sign-changing.
We assume that P is weakly closed; that is, if P 3 up, — w weakly in (E, || - ||),
then u € P. Moreover, we assume that there is another norm || - ||, of E such
that [Jull. < Cil|u|| for all uw € E; here C, > 0 is a constant. We assume also
that:

(A7) Assume that for any a,b > 0, there is co = c2(a, b) such that

G(u)<a and |ul«<b = |ul <co.
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(A3) lim  G(u) = —o0, and sup G := S.
u€eY, [luf|—oo Y
The following theorem was taken from [12, Theorem 5.6], readers can refer
to [12] for its proof.

THEOREM 2.2. Assume (A), (AY) and (A%). If the even functional G satis-
fies the (w* —PS). condition (see [12, Definition 3.3]) at level ¢ for each ¢ € [, ],
then

Kiy—e,B8+en(E\(-PUP))£D foralle >0 small

In the following, we introduce the Pohozaev identity in [9]. A main difference
between our statement and the conclusions in [9] is that we consider the identity
not in the usual C? space, but in the Sobolev space W%P1 N H{, where p; =
2n/(n+1) < 2.

We consider the following problem:

{ —Au = f(u), z€qQ,

2.1
@1) u =0, x € 0.

THEOREM 2.2. Assume that u is a solution to problem (2.1), u € W2P1(Q)
with p1 = 2n/(n+ 1) < 2 and that

(2.2) [f(w)] < C(A+ [u]?),

where ¢ < (n+1)/(n—3) ifn >3 and 0 < ¢ < 0o if n = 3. Then there holds
n—2 1 [ |0ul]?

2. — 2 F S g

(2.3) 5 /Q\Vu\ dm—&—n/g (u)dx 5 /BQ % (x,v) ds,

where v denote the unit outer normal of 09, (z,v) = (x;, ;).

PROOF. Since u € W2P1(Q), we have |Vu| € L>*/(»=1(Q). We can employ
Holder inequality to obtain that

(n+1)/(2n) (n—1)/(2n)
/|Au||Vu|dz§ </ Au|2n/(n+1)> (|VU|2n/(n1)> .
Q Q

Thus (2 - Vu)Au is integrable. On the other hand, since u € W22*/("+1(Q), we
have u € W2~ (n+1)/(2n).2n/(n4+1)(5Q)). Then we can use the fractional Sobolev
embedding theorem to obtain that u € W12(9Q). Multiplying (2.1) by (z - Vu)
and then integrating by part, we get

—/Au(x-Vu)dw: (1_n>/ |Vu|2—1/ \Vul|?(z,v) ds.
Q 2) Ja 2 Jog

Furthermore, since u € W2/ ("=1)(Q), we obtain that u € L?>"/(=3)(Q) for
n >3, and u € L1(Q), 0 < ¢ < oo, for n = 3. Then by (2.2),

C q
/Q\f(u)nvumxg (/Q|Vu||u| d:c+/QVudx>,
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and by Holder inequality,

(n—1)/(2n) (n+1)/(2n)
9 < n/(n— qz2n/(n
/|Vu||u\ < (/ |Vl ”) (/ Ju| 22/ *”dw) :
Q Q Q

Since ¢ < (n+1)/(n —3), the index in the above inequality ¢2n/(n+1) <
2n/(n — 3). It results that f(u)(z - Vu) is integrable and that

/Qf(u)(x~Vu)dz—/Q§ixidx—n/QF(u)dx.

This completes the proof. O

3. Proof of the main theorems

In this section, ||-||, denote the norm of L™(2),1 <r < occand C;,i =0,1,...
will denote positive constants.

Let E be the Hilbert space equivalent to Hg (£2) and define the inner product
of E by

(u,v)z/aij(x)aiuajvdx.
Q

The norm of E is given by |ju|| = (u,u)*/2. That is, E is the closer of C§°(Q)
under the norm || - ||.
Let 0 < A1 < A2 < ... be the distinct eigenvalues of the operator

—6j (Clij (1‘)611})

on 2 with zero boundary value. Then each A has finite multiplicity. The
principal eigenvalue A is simple with a positive eigenfunction 7, and the eigen-
functions ¢y corresponding to Ay (k > 2) are sign-changing. Let N denote the
eigenspace of A\;. Then dim Ny < co. We fix k and let E := N1 ®... P Ni. Let

L(v) = %HUHQ - / F(x,G"*(v))dr, v€E.
Q
Then I is of class C'(E,R) and
G~'(v))
It (v),w) = (v,w —/Lwdx, for all w € E,
< 1( ) > < > O g(G_l(U))

that is, I1 =id — K, , where K, is a continuous operator.

LEMMA 3.1. Assume that (f1) and (f3) hold, then I (v) satisfies the (PS)
condition.

PROOF. Let ¢ € R and let v, € H(£2) be such that

(3.1) Ii(vn) — ¢,
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and

(3.2) <Il(vh),so>—/9[”( ) 0on 03 = = G Ty #] 4 = oWlel
By (f3), we have

(3.3) Fla, G Ln)) < @G o o

= ug(GTH(vn))
where Cy > 0 is a constant. Taking ¢ = vy, in (3.2) and using (3.3), we obtain
from (3.1) that

CH/Q Baij(x) divn, Ojun F(x,Gl(vh))] dz

1 1

2/ ( _ )M(m) B,0n 0y0n d + o(1)[on | = Col€,
a\2 1%

where |2| denote the Lebesgue’s measure of 2. This results that vy, is bounded in
H}(2). Then there exists a subsequence of vy, denote still by vy, and v € Hg ()
such that vy, — v in Hg () with [jvp, — vgll, — 0 as h,k — co. We prove that
vp, — v strongly in H}(Q). In fact, taking ¢ = vy, — vy in (I](vs) — I} (vk), @),
through direct computation, we obtain that

f(@, G (won)  f(@, G (w))

(3.4) [lon —vil? S/Q 9(G—(up)) 9(G=1(vr))
+o(1)[on — v

S(/ fle, G () fl2, G ()
Q

Nvn = villp + o(1)]|vn — vl

|vp, — vg| dx

p/(p—1) (p—1)/p
dax)

9(G=1(vn)) 9(G=1(vr))

here we have used Holder inequality. On the other hand, from (f;), we have

/ f(x’G_l(Uh))
al 9(G~(vn))

Thus we get the conclusion from (3.4). O

p/(p—1)

dx < C/ (1 + |op|P~HP/ =Y dz < €.
Q

Before we prove Theorem 1.3, we need the following several lemmas which
are similar to those in [12].

LEMMA 3.2. I;(v) — —o0 as ||v]| — oo, for all v € E.
PROOF. According to (f3) and (1.6), we know that for |v| > G(uy),
F(z,G7'(v)) > Colv*, p>2.
Thus for all v, we have

F(m,G_l(v)) > Calv|* — Cs,
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Furthermore, since Fy, is a finite dimensional space, and norms of a finite dimen-
sional space are all equivalent, we have

1 _ 1
B = 510l = [ PG w)de < 5 o]? - ool + Caj0 = =

as ||v|| — oo, v € E. O

Now we consider another norm |[v]. := ||v]|s of E, s € (2,2*). Then ||v|s <
Cyllv]| for all v € E; here C, > 0 is a constant and ||v, — v|[+ — 0 whenever
v, = v weakly in (E, || - ||). Write E = Ex_1 & Ej- ;. Let

lollS [olll[lls
Q*(p) == {vEEkL : -+ =pq,
Pl lloll + Dallolls

where p, D, are fixed constants. We have
LEMMA 3.3. ||v||s < ¢, for all v € Q*(p), where c; > 0 is a constant.

By the assumptions, we may find a C'r > 0 such that
Fla,G (1)) < ixlw +Cplt], forallzeQ, teR;
here 2 < s < 2*. For any a,b > 0, there is a ¢o = ¢3(a,b) > 0 such that
L(v)<a and |v|s<b = || < co.

By Lemma 3.2, lim  I1(v) = —oo, where Y = Ej. Then (A7) and (A3)

veY, ||v]|—oo
are satisfied.

We define sup I; := (5. Denote Ilﬁ ={veE:I(v) <p} Let
Y
Q™ = Q*(p)ﬂ[lﬁ, glf*ll = .

Set P :={v € E : v(x) > 0 for almost every z € Q}. Then P(—P) is the
positive (negative) cone of E and weakly closed. Similar to Lemma 5.4 in [12],
there is a 0 := §(3) such that dist(Q**, P) := §(3) > 0. We define

Do(po) :={v € E : dist(v,P) < po},
where pg is determined by the following lemma.

LEMMA 3.4. Under the assumptions of (f1)—(fs), there exists a po € (0,0)
such that Kr, (£Do(p0)) C £Do(po)-

PROOF. The proof is quite similar to that of Lemma 2.29 in [12]. O

Let D := —Dy(po) U Do(po) and S := E \ D. We assume

Q™ =Q(p)nI CS.
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LEMMA 3.5. Assume that (f1)—(fs) hold, then I1(v) has infinitely many sign-
changing critical points.

PROOF. The proof is similar to that of Theorem 5.7 in [12]. O

PROOF OF THEOREM 1.4. By Lemma 3.5, we know that there exist infinitely
many sign-changing critical points of I1(v) and that the sign-changing critical
point v satisfies

(2) O:v O _7f(x,G_1(v)) T = or a
/Q[a”( ) Oiv 0j eI go}d 0, forallpeE.

Let v = G(u), then 9;v = g(u)d;u. Substituting it into the above equality, we
get

f@,u) w] dr =0, forallpcE.

[ Jast@rawous; o -
Q g(u)
Now let ¢ = g(u)y, ¥ € C§°(2), then

| s 0w + 5 @ras@omou - swas | a0

for all ¥ € C5°(£2). Therefore, u is a critical point of I(u). Since v = G(u) =

G(|u|)signu, v has same sign of u, thus w is a sign-changing critical point

of I(u). O
REMARK 3.6. If 9Q is smooth, then v € C%%(Q).

PROOF OF COROLLARY 1.5. We need only to prove that J(u) satisfies con-
ditions (f1)-(f3). In fact, since m > 2 > 2(1 — «), we can choose € > 0 such that
pw=m(l—¢)/(1—a)> 2, then there exists ug > 0 sufficiently large and such
that for |u| > uo,

pE (u)g(u) < f(u)G(u),

where
m 1+ Ju) = — 1
F(u) = %, flu) = |u/™ tsignu, G(u)= % sign u.
This implies that (f3) holds. Since m > 2, it follows that (f3) holds also. O

We employ Theorem 2.1 to prove Theorem 1.6.

PROOF OF THEOREM 1.6. Theorem 2.1 applied. Firstly, we prove (a). We
take X; = E; =N1®...®N;, Y; = Xf- and consider the following functional

1

Ii(v) = 3 ||v||2 — /QF(:E,Gil(U)) dx.

By (f1) we know that |F(z,G71(v))| < C(1 + |[v])P. Then for v € Y;, we have

(3:5) lvll3 < 2.

v
Ait1 |
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By Gagliondi-Nirenberg inequality ||v], < Cy|v|*|lv[3~*, where C, > 0 is
a constant and « € (0, 1) is defined by

Then by (3.5), we get

1—o —p(1—a)/2 - —p(l—a)/2
[v][2 < CEllolP{ol5" ) < C2llo)|Pen B2 ol PA=9) = CR|fof[P AR,

Therefore, we have

1 —p(1-a)/2
1(0) 2 3ol = CEllolPAZ " — Culel

1 —9,—p(l-a
— bl (5 - gl =2x ) - el

Since A; — oo, we can take ||v|| = r; such that CI’)’rf*Q/\i_p(l_a)/2 = 1/4. Thus
for i — 400, we have I (v) — +oo.

Next we prove (b). By (1.6) we have F(z, G™1(v)) > Cs|v|#, for |v] > G(up).
Thus, for any v, we have F(z,G™1(v)) > Cs|v|* — Cé.

Since X is a finite dimensional space, and norms of finite dimensional space
are all equivalent, we deduce that

1 _ 1
L(v) = Slol* - /Q F(z,G7(v) dz < Slol* = Cs[Jvllf; - Col€-

This gives max  [;(v) <0, for p; sufficiently large. Since g is even, we have

vEXy, [lvll=pi
G is add and so does G~1(v), this results that F(x, G™1(v)) is even. Thus from
Theorem 2.1, we get the conclusion of the theorem. O

PRrROOF OF COROLLARY 1.7. Similar to the proof for Corollary 1.5, we obtain
that (f3) holds. Then we can get the conclusion from Theorem 1.6. g

PROOF OF THEOREM 1.8. Assume on the contrary that u € H2(Q)NHE(Q)N
L>(Q) is a solution of (1.7), then v = G(u) is a solution of

o FE)
A=)

We multiply (3.6) by v and integrate over 2. We have

/Q|Vv|2dx—/Qde:0.

Then (2.3) and (1.8) imply that « = 0 on Q. O

(3.6)
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