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EXISTENCE OF PERIODIC SOLUTIONS
FOR p-LAPLACIAN NEUTRAL FUNCTIONAL EQUATION
WITH MULTIPLE DEVIATING ARGUMENTS

TIAN XIANG — RONG YUAN

ABSTRACT. By using the theory of coincidence degree and some refined
analysis techniques, we study a general kind of periodic solutions to p-
Laplacian neutral functional differential equation with multiple deviating
arguments. A general analysis method to tackle with such equations is
formed. Some new and universal results on the existence of periodic so-
lutions are obtained, meanwhile, some known results in the literatures are
improved. An example is provided as an application to our theorems.

1. Introduction

Throughout this paper, 1 < p < oo is a fixed real number. The conjugate
exponent of p is denoted by ¢, i.e. 1/p+1/g =1. Let p,: R — R be defined by
¢p(u) = |u|P~2u. Then ¢, is a homeomorphism of R with the inverse ¢,. In
this paper, we study the existence of periodic solutions for p-Laplacian neutral
functional differential equation with multiple deviating arguments

(L1)  (ep((2(t) — cx(t —a))"))
= h(@'(t) + f(2(t)2'(t) + Z Bi(t)g(x(t —7;(t))) + p(t),
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where f,g,h € C(R,R); 8;(t), 75(t) ( =1,...,n), p(t) are continuous periodic
functions defined on R with period T" > 0, o,¢ € R are constants such that
el # 1.

The problem of periodic solutions of ordinary differential equation was widely
studied, see [1]-[3], [9]. In recent years, there are many results about periodic
solutions for some types of second-order differential equations with deviating
arguments ( [6]-[8], [11], [13] and the references therein). For example, in [11],
the author considered a kind of Rayleigh equation with a deviating argument in
the following form

(1.2) a"(t) + h(2'(t) + g(x(t — 7(t)) = p(t),

where h, g, p and 7 are real continuous functions defined on R, 7 and p are
periodic with period 27. Under the conditions that h(0) = 0, fOT p(t)dt =0 and
some other assumptions, the author studied the existence of periodic solution
of equation (1.2). In [7], the authors considered the following equation with
a deviating argument

(1.3) (x(t) +cx(t —7r))" +h(z' @) + g(z(t — 7(t) = p(t).

Also, the authors assumed that h(0) = 0 and fOTp(t) dt = 0. By using Mawhin
continuation theorem, some results on the existence of periodic solutions are
obtained. But the corresponding problem of p-Laplacian differential equation
with multiple deviating arguments has been studied less often. The possible
reason for this is that the differential operator (¢, (u))’ = (JulP~2u)’ for p # 2
is no longer linear, therefore the coincidence degree can not be applied directly.
In [13], the authors studied the following equation

(1.4) (op((2(t) = cx(t — 0))") = fx(t)2'(t) + Zﬂj(t)g(w(t —7; (1)) +p(t),

in which the condition p = fOT p(t) dt < 0 must be satisfied. That is, the result
can not be applied in the case of p = fOT p(t)dt > 0. Further, the condition
imposed on function g is that g(z) > 0 for all € R. Hence the result is far
from ideal. Moreover, clearly equations (1.2), (1.3) and (1.4) are special cases
of (1.1). Therefore, it is necessary and meaningful to study equation (1.1).

The primary purpose of this paper is to provide a general analysis technique
to deal with such equations as (1.1), and meanwhile , we establish some gen-
eral criteria to guarantee the existence of T-periodic solutions for equation (1.1)
by using coincidence degree theory. For example, our Theorem 3.11 covers the
corresponding theorem in [11] and the results in this article are also new when
h is bounded. Secondly, the methods used to estimate a priori bounds of pe-
riodic solution are different from the corresponding ones in [6], [7], [13]. We
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integrate some novel analysis techniques to estimate the priori bounds. Finally,
the significance of this paper is that the conditions fOTp(t) dt =0, h(0) =0 and
the boundedness of h are not required, which are required assumptions of some
papers in the literature.

In the sequel, we will use the following notations.

The LP-norm in LP([0,T],R™) is defined by

lzll, = (z:/: |xi(t)Pdt>1/p.

The L>-norm in L*([0,T], R") is
[#lloc = [pax 13l oo
where ||z;[|co = ess supepo 7 [2i()], (i=1,...,n).

2. Some preliminary lemmas

For the moment, we make the following notations: 7" > 0 is a constant,
Cr={r € C(R,R) | z(t +T) = z(t)} with the norm [|z||oc = max,ecjo,7) |7(t)],
Z ={z=(z("),y(- )T € CR,R?) | 2(t +T) = z(t)} with the norm |[|z|| =
max{[[z]lsc, [¥lloc}, and X = {w = (u(+),v(-))" € CHR,R?) [w(t+T) = w(t)}
with the norm ||wl||; = max{||w||eo, ||w'||oc }- Clearly, X, Z are Banach spaces.

We also define operators A and L in the following form, respectively:

A:Cr — Cp, (Az)(t) = z(t) — cx(t — o),

L:D(L)cX — Z, (Lz2)(t) = (Ax)'(t)) )

where z = (z(-),y(-))T.

LEMMA 2.1 (see [7]). If |c| # 1, then A has a unique continuous bounded
inverse and satisfies the following properties:
1 27

27
@ [t
(b) Az” = (Ax)", for allz € C3_:= {x | x € C*(R,R), x(t +27) = z(t)}.

|x(t)| dt, for all x € Car;

In order to use coincidence degree theory to study the existence of T-periodic
solutions for (1.1), we rewrite (1.1) in the following form:

(Az)'(t) = ¢q(y(t) = [y(®)*2y(t),

CU Y ) = b ) + Fe@)a () + 3 8 (gl — 75(0) + o).
j=1
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One can easily know that if z(t) = (z(¢),y(t))T is a T-periodic solution of (2.1),
then z(t) is a T-periodic solution of (1.1). By Lemma 2.1, we obtain that

T
Ker L =R? and ImL:{zeZ:/ z(t)dtzo}.
0

So L is a Fredholm operator with index zero.
Letting P: X — Ker L and Q: Z — Im Q C R? be defined by

A
o ((A0)O)
v(0)
we get ImP =Ker L, KerQ =Im L.
Letting K: Im L — D(L)NKer P denote the inverse of Lp(r)nker p, We have

m%mw»
Fy)(t) )

&ww=4x@w, @wmzéy@m

We introduce the nonlinear operator N: X — Z as follows:

Pq(y(t))

n

WO =1 b @) + £ @) + 3 8@ttt - 730) +p(0)

1 /7
>, wE X; Qz:—/ z(s)ds, z¢€Z,
T Jo

ugwa>=( 2(t) = ((0).5(0))"

(2.2)

(2.3)

LEMMA 2.2. The nonlinear operator N: X — Z is L-compact on Q, where
Q is an open bounded subset of X.

PROOF. From (2.2) and (2.3), we can easily see that QN (Q) C R? is bounded,
and N is continuous and bounded. A~! is bounded due to Lemma 2.1. Us-
ing Ascoli-Arzela theorem, one can examine that K, is completely continuous.
Hence QN (2) and K,(I — Q)N () are relatively compact subset in Z and X,
respectively, i.e. N is L-compact on €. O

LEMMA 2.3 (see [5]). Let g € C%, 7 € Ck and 7'(t) < 1, for all t € [0,T).
Then g(u(t)) € C and u(t +T) = p(t) + T, for all t € [0,T), where u(t) is the

inverse function of t — 7(t).
Let W = Wb?([0,7],R™) be the Sobolev space.

LEMMA 2.4 (see [12]). Suppose u € W and u(0) = u(T) =0, then

T\ T
e < (5) Wl and Tl < 2l

p

where

9 (p—1)*/ ds 21(p — 1)1/P
" /0 (1—s?/(p—1)t> — psin(n/p)
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LEMMA 2.5 (see [4]). Let X and Z be two Banach spaces, L: D(L) C X — Z
be a Fredholm operator with index zero, Q C X be an open bounded set, and
N:Q — Z be L-compact and such that

(a) Lx # ANz for all (x,\) € [D(L) N 0Q] x (0,1);
(b) Nz ¢ImL for all x € Ker L N 0Q);
(¢) deg (JQN,QNKer L,0) # 0, where J:Im Q — Ker L is an isomorphism.

Then the equation Lx = Nz has at least one solution in D(L) N Q.

3. Main results and their proofs

Throughout this paper, we assume 7; € Cp, and 7/(t) < 1, for all ¢ € [0,T]
(4 =1,...,n). So the function t — 7;(¢) has a unique inverse denoted by p;(t)
(j=1,...,n). We also denote

I I
T = —/ x(s)ds, T = T/ |x(s)|ds, for all x € Cr,
0

6] ,UJ _ - |ﬁj(ﬂj(t))‘
Zl-T L T =2

In order to state our main results conveniently, we make some basic hypothe-
ses and notations.

(H1) T'(t) > 0, for all t € R.
There exist constants r; > 0, 7o > 0,73 > 0, r4 > 0, K1 > 0, K3, K3 € R and
D > 0 such that

(H2) |h(z)] < mTT|zP~t + K1 TT, for all x € R,

(H3) xzg(z) > 0, for |z| > D, and g(z) < —K3 for x < —D and K3 >
TK; +p/T; and also g(z) > Ky + rireaP~ ! for z > D, finally, we have
Ky +,,117.2D;D71 >TK, — ﬁ/f

(H4) timsupy, .. [F(2)|/|zP~" < rs, where F(z) = [ f

(H5) lim,—, o |g(z)|/|2|P~ = r174.

Further, we denote

T 1/q 1 q-1
a(z) = () + T(ql)/p<max{ 7’1}) Sgnry,
2 Ty TiTy — 2

T 1 ot
d(z) =—+ <Tmax{,r1}> Sgnr,
Tp T T1T4 — Z

my(z) :==my (o, d, z) = min{a(2)TY?, d(2)},
ma(2) :==ma(a, d, z) = min{TY %P~ 1(2),d"~1(2)}.
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Finally, we set

1 _ T
Ap(a,d, z) = (|1+: :fTF{ml(a,d,z)—i—aTl/p - }
r 1+ _
1 |_||c||(r3+z)m2(a d, 2) + 20| T, || = (|1 :c:)(r1r4+z)dp L

Now, let us begin with the main results.

THEOREM 3.1. Suppose that the conditions (H1)—(H5) are fulfilled, then
equation (1.1) has at least one T -periodic solution if A,(a(0),d(0),0) < 1.

PrROOF. We set 3 = {z € X : Lz = ANz, A € (0,1)}. Then for each
z = (z(t),y(t))T € Q1, one can see that x(t) must satisfy the following equation:

(Az)'(t) = Mg (y(1)) = Aly(®)| "2y (t),

GO yt) = M@ (1) + M +A2ﬁy £t — 75(1))) + Ap(t).

Let z(t) = (x(t),y(t))T be a T-periodic solution of (3.1) for some A € (0,1). One
can know that z = z(t) is a T-periodic solution of the following equation:

(e (a0 @) ) =270 +Azﬂj (75 () Ap),

(3.2)  (pp((Ax)' (1)) = Nh(a(t)) + A" f(2(t )) (1)
+)\p25j z(t —7;(t))) + Ap(t).

Integrating both sides of (3.2) over [0, 7], we obtain

(3.3) /0 dt+/ ZﬁJ (a(t — 75())) dt + TP = 0.
It is easy to see that
T—7;(T) (s (s
/ 8i0gate—mopar= [ BB go())a

—ro) L= 7(u(s))

T
o %9(%(8)”8 U=1....n),

since 3;(p;(t))/(1 — 7j(pn;(t))) € Cr (j = 1,... ,n) in view of Lemma 2.3. Thus
we derive from (3.3) that

T
(3.4) /O (h('(£)) + T (O)g(x(t))] dt + T = 0.
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By using integral mean value theorem, there exists a point &; € [0, 7] such that

fOT T'(t)g(z(t)) dt = TTg(z(&1)). Therefore (3.4) becomes

T
(3.5) TTy(a(6)) =~ | h(a'(t)dt T,

Now, suppose that 2:(§;) > D, then from (3.5), (H2) and (H3), we deduce that

T

(36) Kot ()t <o) = —7x [ a0)d-

aw[[RS]]

1 T
<—= [ [|n('(#))|dt -
T Jo

= /0 [ral2' (6P~ + K]

o, Hlil

t —

llisS]

< rlTl/pHx’Hg*l +TK, —

=l

Case of r; = 0. It follows from (H3) and (3.6) that

)

TKl—%§K2<TK1—

=3I

which is a contradiction. Hence we get (&) < D.
If (&) < —D, then we have from (H3) and (3.5) that

TK, + % < Ky < —g(x(&1)) < TK, + %

which is also a contradiction. Summing up the above arguments, we conclude
that

(3.7) |x(&1)] < D, whenr; =0.
Case of r1 > 0. On the one hand, we deduce from (3.6) that

TV (TKy—K)T—p  TYP
(38) |x(£1)‘p ! < 7”1'/”5 ! + ( ! 3) = Hx/HZ 1 + Cl’
T2 rirol’ T9

here and in the following, C; denoting some appropriate constants, which are
independent of .

On the other hand, it is easy to check that A,(a(z),d(z), z) is continuous on
(0, 717r4) with respect to z. Since A, («(0),d(0),0) < 1, there exists a constant & >
0 such that A,(a(e),d(e),e) < 1. For such a small € > 0, in view of assumption
(H5), we find that there must be a constant p; > D, which is independent of A,
such that

= > (rry—e) >0 forxz < —p1, 11 >0,
(3.9)

< (rira+e) for x < —py, 1 > 0.
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If (&) < —p1, then from (3.9), (3.5) and (H2), we can derive that

(rirs = ()P < lglale))] < TPl + 78 + 2,
ie.
- 7’1T1/p —
3.10 Pl ——— |l |]p + o
(3.10) el < D el 0

From (3.7), (3.8) and (3.10), it is easy to see in either case of r; = 0 or case of
r1 > 0 that

Tl/P r Tl/p
a(&)! < max{Dp-% e+ O 7+ 02}
2 T4 —E
<di|l2’ |5 + e,

where dy = max{T"/?/ro,r1T'?/(rir4 —€)}, e1 = DP~1 + C; + Cy. Without
loss of generality, we can assume that e; > 0. Thus from the above inequality
we obtain

(3.11) (€] < (dufla’|l5 +en)/ P70,

For the sake of concision and standing out the ideas, the following two lemmas
are formulated. The proof will be continued after the two lemmas.

LEMMA 3.2. We have the following relations
(3.12) lzll, < dE)ll’ll, + ella’ 577 + p,
(3.13) ]l < ale)ll2’|l, +ll2'|577 + o,
where e, v, p are defined in the proof, which are independent of \.

PROOF. By elementary analysis, there is a constant 6 > 0, which is indepen-
dent of A, such that

(3.14) A+2)* <1+ +k)z, k>0, forall z € (0,6].

If |2/[|, = 0, then from (3.11) we have |z(&)] < ef ".
If |2'||, > 0, then we know

1/(p—1)
(315) (d1||x/”£—l + 61)1/(17—1) — d}/(pfl)Hx/Hp (1 + (1 ) )

di 2[5

If 61/(d1||1‘/|‘571) > ¢, then [|2'||, < (61/(d15))1/(p71). So from (3.11) we have
z(&1)] < (e1/8 + e)/ P71,

If e1/(dyl|l2’|[5~") < 0, then |||, > (e1/(d16))/®P=1 . Thus from (3.11),
(3.14) and (3.15), we derive that

1/(p—1 2— —1) péi —
(3.16) 2€0l < i/ EVall + d O
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Now, for any fixed point £ € [0,7T], on the one hand, we have

T
[z]loc < [z(€)] +/O o’ (s)] ds < (&) + T2’ .

On the other hand, putting u(t) = x(t + &) — z(&), then u(0) = u(T) = 0 and
u € WHP([0,T],R). By Lemma 2.4, one can see

(/OT(Iu(t)| + |x(§)|)Pdt>l/p < (/OT u(t)[? dt>1/p+T1/p|x(§)|

T T
=l [lp + T"P|2(&)| = = |’ ||, + T"/7|a(&)]
Tp Tp

IN

[0

IN

and
T 1/q
el < e 101 < (5 ) o'l +1o(6)L

From the above estimates, we sum up that

T

(317) Il < ]l + 772 (©)
P
T 1/q

(318) el < (5) " 1/l + la(o).

We denote ps = max{pl,e}/(pfl),(el/é + e1)Y/P71} and always assume that
2|, > (e1/(d16))YP=). Obviously, ps is independent of A\. Thus from (3.7),
(3.16)—(3.18), we conclude in ether case of ; = 0 or case of 71 > 0 that

T _ _ _ e
lz]l, < (*T””d‘f 1>||x/||p+d§2 )/ e=Dp/p P pr2op
Tp p—1
= d(e)[|2’ ||, + el|2' |27 + p

™Yo (p-1) (2—p)/(p—1) P€1 _
oo < () + @O Il a2

=a@)|z'l, + 121777 + p,
where

J2-p)/(P=1) per

' -1 7 max{poT"/?, po}.

)

o dgz—m/(p—l)Tl/pppfl

We state that d; is understood as zero when r; = 0. This completes the lemma.[]

LEMMA 3.3. There is a appropriate constant M > D, which is independent
of A\, such that

1, )l = max{[z]lo, [1ylloo, 2" [0, 18 lloc} < M-
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Proor. Multiplying the two sides of (3.2) by (Ax)(¢) and integrating them
over [0, 7], we get

(3.19) —/O [(Az) (t)|P dt = /\P/0 h(z' (t))[z(t) — cx(t — o)) dt
T
—|—)\p/ Flz@)z' (t)[x(t) — cx(t —o)]dt

+Ap/ Zﬁj w(t — 7 () [ (t) — ca(t — o) dt
+ )\p/o p(t)[x(t) — cx(t — o)] dt.

In view of foT f(z(@)z'(t)z(t)dt = 0 and (b) of Lemma 2.1, we obtain from
(3.19) that

(3.20) / [(Az")(t)|P dt = —AP/O h(x' (t))[z(t) — cx(t — o)] dt
—I—C)\p/ f(z x(t—o)dt
_ )\p/ Zﬁj 2t —75(8)) {x(t) ~ealt — o)) dt

- )\p/o p(t)[x(t) — cx(t — a)} dt

<

T
/0 h(x' (t))[z(t) — cx(t — o)] dt

+ |el

[ oo al
1+ c|>||x||oo[z I Wg(w(s))dHTﬁ]

/ fz tg)dt‘

1+ fel)alloe [ / " Ty()a(a(s)) ds mﬂ.

/OTh<x'<t>>[(>cxto | +1e

On the one hand, from (H2) and (3.12), we have

/OTh(x'(t))m(t)dt‘ STF(rl /OT 2/ ()P~ | ()] dt + Ky /OT |x(t)dt>

<TT(ra [l |5 el + EA T )
<rid(e)TT ||’ |5 +Csla’ |+ Calla’ |5 +Cs ||| 7P+ Ce.

/\/\
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Hence, we get that

(3.21)

t) — ca(t — o)] dt’

< + ¢

T
/ h(z'(t))z(t — o) dt
0 0
< 1+ e)nd@TT|o' | + Crlal, + Call |7 + Calle|2+ .

/ B! ()2 () dt

It follows from (3.13) that
(3.22) lzlloollz" 57 < ale)ll2 I} + yll2llp + pll2" 157

On the other hand, from (3.13), (3.22) and (H2), we have

(3.23) /0 h(z'(t))[x(t) — cz(t — o)] dt

<A+ |DTT TP 571 + K| oo
< (1+ [e)yria(e)TPHD/PT 2! |17
+ Cll”»””’”p + CHHI'/HZ_I + ClBH$IH§_p + Ch4.

Now set my(¢) := mq(a(e), d(e),e) = min{a(e)T/?,d(¢)}. Combing (3.21) with
(3.23), we conclude that

(3.24)

z(t) — cx(t — 0)] dt‘ < rima(e)(1+ [e)TT|2"|[}
+ Cislallp + Crslla’ 57" + Carlla’ 377 + Cas.

Let By = {t € [0,T] : z(t) > p}, B2 = {t € [0,T] : 2(t) < —p} and B3 = {t €
[0,7] : |z(t)| < p}. Then from (3.4), we have that

(3.25) (/E /E /E> dt</0Th(x’(t))|dt+Tp|‘

As [ [T()g(z(t)dt = [5 T (t)) dt and from (3.9) we have
: IP(t)g(x(t)) dt < (rura +e)|IT]|,|l2llp =
2
It follows from (3.25) that

(3.26) IT(®)g(z(t))] dt

Ey

T
T (0)g(a () dt + W@ﬂdﬂwﬁ+A Iha (£))|dt + TIp)

Eo Es3

T
< (rra+o)[Tlpllallp~" +g,7T + /0 |h(a'(t))| dt + T'pl,



246 T. XIANG — R. YUuAN

where g, = max|, <, |g(z)|. From (3.26), (3.5), (3.12) and (H2), we deduce that

T T
2 [ Tl = [ L@ d

(/,52 /E) e

TI?I

S?HF

+ TF[?‘lTl/”le'llﬁ’1 +TK\]+Tpl}

(1) |dt+H

{2 (rira + ) ITllpll= ;™" + g, TT]

1 d(e)||z + - _
= HIH ( 174 E)HI ”p( ( )” /||p €||m’||12J P+p)p 1
oo

T _
+rll||=|] TTTYP) |57t + Cho.

We consider two cases.
Case 1. If p > 2, then we have

e (2-p)/(p—1)
1
) + p = €2.

A7+ <o 15

Using the idea to prove (3.16), we know that there is §; > 0, which is independent
of A, such that

()|l + el 577 + p)P 1 < d" (el [5H + peadP ™2 () 2”157,

) el 1/(p—1) es
> —_— —_— ).
=1 2 max{(dla) ’ d(s)al}

Case 2. If 1 < p < 2,then 0 < p—1 < 1. Applying the well-known inequality

when

(a—i—b)k <a*+vF, foralla>0, >0, 0<k<1,
we get
@Oy + el I377 + o)~ < @/ |57 4+ e~ /[P 4 g2,

Summing up Cases 1 and 2, when

) el 1/(p—1) es
> —_ I
Il = max{(dla) 3 }

we conclude in either case of p > 2 or case of 1 < p < 2 that

(3:28) (d(e)|l’|lp +ellz'[l;7F + p)P~
< dp_l(E)Hleg_l + ConxIHg—Q + 021‘|x/||1(]2—p)(p—1) + 022.
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Now, substituting (3.28) into (3.27), we obtain that

[2IIT[lp (174 + €)d"~ (&)

oo

20 [ "TuOlg(a(t)) de < HFF

+r TOFVPT 2 570 4 Cogla’[[572 + Coala’ |77 + Cos.

From assumption (H4), without loss of generality, we can assume that

(3.30) |F(x)| < (r3 +¢)|z|P~t, for |z| > p.
As
(3.31) ’/ f(z (t—a)dt’

‘/ F(x t—a)dt‘ /0T|F(a;(t))x’(t—a)|dt
-/ L FGO) (¢~ o)t + / FGO) (¢ )l

from (3.12), (3.30), (3.31) and (3.28), we deduce that

/ o (t—a)dt‘

T T
<lel(rs +2) / O e/ = o) dt +elF, [ o= ol de
0 0

(3.32) |c|

T—o

T—o 1/17
<kltrat el ([T wopa) i, [ o)

<lel(rs + e)l|2’[[p(d(e) |2l + ella’ |72 + p)P = + |e| F, T 9|2 |,
<lel(rs +e)d* (&) ||="|1%
+ Cog|’ |57 + Cog ||/ 7P P 4 Cog [l |,

where F, = max|,<, |F(z)].
Similarly as the above proof, we can derive from (3.31) and (3.13) that

/ f(z (ta)dt‘

_ _ 1
< lel(rs + 6)T1/q||x’||p(a(€)III'IIp 577+ 2P+ el F T 12|,

]

and when

e 1/(p—1) e €1 (2-p)/(p-1)
|lz'||, > max s 2 here e, =~y +p,
p= d16 ’ 0[(6)(51 ’ d 5

we have

(@)l llp + 21277 + p)P~t < a7 e) |2 BT
+ Caol’ |72 + Co || TP P71 4 Csy.
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Thus, we obtain that

T
(3.33) ICI/0 Fa(®)a’ (B)a(t — o) dt| < |el(rs +)a? ™ ()T ||’}

+ Caa||2’ |21 + Cg |’ || PP DT 4 Oyl .

Let
ma(e) := ma(a(e),d(e),e) = min{T9aP~1(c),d? 1 (e)}.
Then when ||2/||, > max{(e1/(d10))"/P~V ey/(d(£)d1),es/((e)d1)}, we con-

clude from (3.32) and (3.33) that

T
(3.34) ICI/O fa®)2’()x(t — o) dt| < |cl(rs + e)ma(e)[|l2’|7

+ Cys |2’ |21 + Cg |’ |2 DT 4 Crla’ | .

Finally, substituting (3.13), (3.22), (3.24), (3.29) and (3.34) into (3.20), we sum
up that

T
(3.35) / (A2) (1) dt
0
<rima(e) (1 + [e)TT2'[[} + Cuslla’ll, + Crell2’ 1571 + Crzlla’[I777+Chs
Hlel(rs + yma(e) &' + Caall! |2 + CrlJa’| &0+

[2(r1ra + €)|IT[pd" " (e)

oo

T
+ Corlle'ly + (1 + el { |

+TCOPT !+ CanlleIf + Caale! |0+ Con T |

<ao|#'|[E+Cas||2’ |51 + Caol|2’ |52+ Cao |2’ || p +Cia || || Z~P) P~ D+

+ C42||$/||5(2_p) + 043”33/“1(72—1;)(19—1) + C44||3?/||,2,_p + Cys,

where
ag =71(1+ |c|)T1“[m1(€) + a(e)T/? LS } + || (r3 + &)ma(e)
+ 2a(e) (1 + [e])(rira + €)[|T]] % dP(e).

By using the first part of Lemma 2.1, we have

/O|x’(t)|pdt:/0 |(A_1Ax’)(t)|pdt§~’W)

i.e.

T T
(3.36) | sy n—id [ op
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It follows from (3.35) and (3.36) that

(3.37) 1= lelll2"I} < aolla’[[§ + Cssll’ [~ + Caoll2 5% + Cuoll2 I,
+ Ol 777 E=D ! 4 Ca 277
+ Cull2’| G2 P 4 Cyy||2'|| 277 + Cs.

Notice that ag = |1 — |¢||4p(a(e),d(e),e) < |1 —|c|| and p > 1. Hence (3.37)
implies that there is a constant M; > 0 such that ||2/||, < M;. Let

1/(p—1) /

(&3] €9 €9
My = — M 5.
? ma"{(dlé) 405, ale)d) }

Thus from (3.13) we have

2] 0o < a(e)My +~yMy P+ p:=Ry.

By the first equation of (3.1), we have fOT ©q(y(t))dt = 0, which implies that
there is a constant ¢ty € [0,7] such that y(t9) = 0. So [|yllec < fOT ly'(t)| dt. Tt
follows from the second equation of (3.1) that

y'(t) = Ah(2' (1) + Mf(2(t)2'(t) + A Z Bi()g(x(t — (1)) + Ap(t).
Therefore, we conclude that
T T /
1Yl < /O |h(z'(t))] dt +/0 |f (z(t)z' ()] dt

n T T
+g / 185 (gt — 75(1)))] di + / p(t)|dt

T T T

- / Ih(a (1)) dt + / ) (1)) dt + / Ly ()lg(x(t))| dt + Tp
0 0 0

<TT TV |2 + TEL) + f T [ + 9, T oo + T

<TT[mTYPMY™ + TK\] + fr, TY My + gr, T||T1||0e + TP := Ra,

where fr, = max|,<g, |f(z)|, gr, = max|,<r, |g(z)|. Now, again by the equa-
tion (3.1), we obtain that

et _ R
L[] =TT~

12" loo = 147 (Apq(y ()l < Rs.

and
19/ loe < By + fros B + gry 3 185l + 1plloe = R,
j=1
where hg, = max|,<g, |h(z)|. Now, let M > max{R1, Ry, R3, R4} + 1. Then
the lemma is proved. (]



250 T. XIANG — R. YUuAN

CONTINUATION OF THE PROOF OF THEOREM 3.1. Next, we shall illustrate
that all the conditions of Lemma 2.5 are satisfied. To this end, we put =
{z = (2,y)T € X : ||(z,y)|1 < M}, where M is derived from Lemma 3.3. Then
Lz # ANz for all (x,\) € [D(L)NON] x(0,1), i.e. the condition (a) of Lemma 2.5
is fulfilled. And for each z = (z,y)T € 90N KerL, we have

ly|1 2y
n

1 T
@N==7 / h0)+ 3 8;(0g(x) +p(t) |
j=1

Notice that

T=m(D) B; NJ( 5))
/Z/@J tdt = Z/ Ty (s))

7;(0)

[

Hence

7%y
h(0) +T'g(z) +Pp
We prove that QNz # 0, for all z € 002 N Ker L. In fact, if QNz = 0, then from
(3.38) we have y = 0, x = M or x = —M. For the case of x = M, on the one

(3.38) QNz = < > , z=(z,y)T € 90N KerL.

hand, it follows from (3.38) and (H2) that
h(0) p p
3.39 M)=——2—-Z<TK| - =,
(3.39) gony=-"0 P crp, I
on the other hand, notice that M > D, thus from (H3), we obtain

(340) g(M) > Ko + T1T2Dp_1.

Together with (3.39) and (3.40) yield that Ko + rqireDP~ < TK; — p/T, which
contradicts (H3). For the case of z = —M, we have from (3.38), (H2) and (H3)
that

h(0) P p
3.41 M) = —g(-M) =2 P g 4 B
(3.41) lg(=M)| = —g(-M) = "+ 5 <TK:i + &
meanwhile, we also obtain from (H3) that
(3.42) l9(=M)| = —g(=M) > K.

Clearly, (3.41) is incompatible with (3.42). Therefore, we sum up that QNz # 0,
ie. Nz € ImL, for all z € 90 NKer L. So the condition (b) of Lemma 2.5 is
fulfilled. It is remained to check that the condition (c) of Lemma 2.5 is also
fulfilled. To this purpose, we define the isomorphism J:Im @) — Ker L as follows:

(3.43) J(z,y)" = (y, )"
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Let
(3.44) H(z,p)=pz+ (1 —pn)JQNz, (z,p) € Qx][0,1].

Then for any (z, u) € (0QNKer L) x [0, 1], we have from (3.44), (3.43) and (3.38)
that .
_ (me+ (1= p)[h(0) +Tg(z) + 7]
H(Z7 ,U) - q—2 9
[+ (1= w)ly["y

for all (z,u) € (02N KerL) x [0,1]. If H(z,u) = 0, theny = 0, z = M or
r=-M.

When © = M, it follows from (3.40) and (H3) that

(3.45) h(0)+Tg(M)+p > h(0)+L(Ka+rire DP~1)+p > h(0)+TT K, —p+p > 0.
Similarly when z = —M, again by (H3), we obtain that
(3.46) h(0)+Tg(—M)+p<TTK;+Tg(—M)+p<Tg(—M)+ K3I' <0.

From (3.45) and (3.46), one can easily deduce that H(z, ) # 0, for all (z,u) €
(0Q N Ker L) x [0,1], which illustrates that H(z,u) is a homotopic mapping.
Hence

deg {JQN,QNKerL,0} =deg{H(-,0),2NKerL,0}
=deg{H(-,1),QNKerL,0} =deg{I,QNKerL,0} #0.

So the condition (c) of Lemma 2.5 is also satisfied. Recalling that we have proved
in Lemma 2.2 that N: X — Z is L-compact on ). By Lemma 2.5, we obtain that
the equation Lz = Nz has at least one solution z(t) = (x(t),y(t))* on QN D(L),
i.e. equation (1.1) has at least one T-periodic solution x(¢) on Q N D(L). O

COROLLARY 3.4. In addition to the conditions (H1), (H2), (H4) and (H5),
we also suppose there exist constants ro > 0, s > 0 and D1 > 0 such that
(a) zg(xz) > 0, for |z| > Dy, and g(x) < —Kj3 for v < —D; and K5 >
TK; +p/T; and also Ko + rlrgD’f_l >TK, —p/T,
(b) limg o g(z)/2P~15 = 1rg, or lim,_.o g(x)/2P~1F = c0.

Then equation (1.1) has at least one T-periodic solution if A,(a(0),d(0),0) < 1.
PRrOOF. Indeed, it follows from (b) that

—1
. g(x) — Ko — ryrqxP 70
IILIIolo xp_1+5 = 3 = 07

which yields that there is a constant D > D; such that
T
g(x) — Ky — rirpaP™t > EomprS for x > D,

i.e. the hypothesis (H3) holds, thus the result follows from Theorem 3.1. O
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Now, we modify the assumptions (H3) and (H5) as follows.

(H3’) zg(z) > 0, for |#| > D, and g(x) > K3 for # > D and K3 > TK; +p/T;
and also g(z) < —Ka — rre|z|P~! for < —D, finally, we have Ky +
rirgDPt > TK, —p/T,

(H5") limg oo |g(2)|/|2[P~1 = riry.

Similarly argument as in the proof of Theorem 3.1 and Corollary 3.4, we have
the following results.

THEOREM 3.5. Suppose that the conditions (H1), (H2), (H3’), (H4) and
(H5) are fulfilled, then equation (1.1) has at least one T-periodic solution if
A,y(a(0),d(0),0) < 1.

COROLLARY 3.6. In addition to the conditions (H1), (H2), (H4) and (H5’),
we also suppose there exist constants ro > 0, s > 0 and Dy > 0 such that

(a) xg(x) > 0 for |z| > D1, g(x) > K3 for x > Dy and K3 > TK; +p/T;

and also Ky +riry DY~ > TK, —p/T,
(b) limg——oo |g()|/|2[P~** = 7o, or lime—.—co [g(x)|/|2[P~ 1+ = 0.

Then equation (1.1) has at least one T-periodic solution if A,(a(0),d(0),0) < 1.

REMARK 3.7. If 71 = 0 and ¢ = 0, then the condition A,(a(0),d(0),0) =
0 < 1 naturally holds, which illustrates that the assumptions (H1)-(H5) can
guarantee the existence of T-periodic solution for (1.1).
If h =0 and p = 0, then the assumption (H3) becomes the very simple form
as follows.
(H3") zg(x) > 0 for |x| > D, g(z) < —Kj3 for x < —D and K3 > 0; and also
g(x) > K for > D, finally, we have Ky > 0.
It is known that (H3’) is a usual and basic assumption in the related papers,
which shows that our hypothesis (H3) is not stringent but rational.
If only 1 = 0, then we have

4,(a(0),d(0),0) =~ (a(0), d(0), 0) = 2T min{ 11 }

11—l L= el 2(=1/a’ gp=1

We point out that in such a special case we can use another analysis technique
to deal with it, which may be more refined than the method used in Theo-
rem 3.1. We would like to study a more large class of functions, precisely, we
relax assumption (H5) as follows:

(H5”) limsup,_,_ .. |g(x)|/|z[P~! < ry, here r4 > 0.

For convenience, we denote

Tl/q |17y 1/p

We derive the following result.
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THEOREM 3.8. Assume that (H1)-(H4) and (H5”) are satisfied for ri =0,
then equation (1.1) has at least one T-periodic solution if B,(0) < 1.

PRrOOF. We can derive that there is a constant p > D, which is independent
of A, such that

(3.47) loll <o+ | e @ldt = o+ ]
It follows from (3.47) and (H2) that
(3.48) ‘ /OT (@' (1)) [z(t) — cx(t — o) dt’ < T*E1(1+ |e)T(p + [|2”])-
Again by (3.4) and (H2), we obtain that
T —

(3.49) /0 T'(t)g(z(t))dt < T[TK;T — 7.
We deduce from (3.47) and (H5”) that
(3.50) /E L(t)]g(x(t)] dt < (ra+e)TT(p + [l'[)P~,

2
here and in the following, ¢ > 0 satisfying B,(¢) < 1. As
(3.51) (p+ 1l DP~H < ||2'[IP~" + pplla’|[P~2, when [/ > 5%7

it follows from (3.50) and (3.51) that
(3.52) /E D(t)|g(z(t)] dt < (ra +)TT 2" [P~ + pp(ra + &) TT|2"||P72.
3
One can deduce from (3.49) and (3.52) that
(3.53) /E L(®)|g(x(t)] dt < (ra+e)TT|2" |71 + pp(ra + )TT|l2’|[P~2 + C.
1
We conclude from (3.52) and (3.53) that
(3.54) /OT T()]g(z(t))] dt < 2(rqg+e)TT ||z’ [P~ +2pp(ry +)TT||2'||P~2 4 Cyr.

Thus, it follows from (3.54) that

(3.55) / T ()]g((t))) dt

T I T
- [ FSrwlsewa < |2 [ oo

I'(t)

_|Ir
<2(ry + E)TFHFI

T
'[P + 2pptr + 27T T

[l [[P~2 + Cas.
o0
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We obtain from (3.31) and (3.51)that

T
(3.56) |c|/0f(x(t))z/(t)x(t0)dt'

T T
<lel(rs + 6)/ |2 ()P~ 2" (t — o) dt + IC\Fp/ |2 (t — o) dt
0 0

<lel(rs +e)(p+ ' 1)"~ |2 + [el F 12
<lel(rs +e)ll2’||” + [el(rs + e)pplla’ [P~ + [el F [l

Summing up (3.47), (3.48), (3.55) and (3.56), we infer that

T
(3.57) / |(A2")(B)|P dt <T?K1(1+ |c)T(p + [l']]) + lel(rs + &) |27
0
+lel(rs + e)pplla’ [P~ + le|Fp 12|

_||T
+(1+|c|)||a:00{2(7“4—1—5)T1"Hrl x’”p—l

|
_||T

+ 2pp(rs + 5)TI" ?1
<bll2’|IP + Caolla’ [P~ + Csolla’[[P~>+Ch1 |2’ || 4 Csa,

o I1P2 + Cis +T;5}.
oo

where b)), = |¢|(r3+¢)+2(1+|c|)TT||T1 /T s (ra+e€). The first part of Lemma 2.1
implies that

(3.58) /O|x’(t)|dt:/0 (AL A2) (1)) dt

Jy Ay @)1de _ TV (Axy @) d) 7
S T 1= e

Notice that 0 < 1/p < 1. Using the well-known inequality
(a—i—b)k <a*+bvF, foralla>0,b>0, 0<k<1,
we deduce from (3.57) and (3.58) that
T/q
11—l
< bolla’[| + Caslla’ (|9 + Coal|a’ | P=2/P + Css||2'||'/P + Cs,

(3.59) [|lz']| < (Bl |IP + Cual|2’ [P~ + Csol|2’|[P~2 + Csa ||’ || + Csa}/?

where

Tl/q _||Ty 1/p
bg = —— |c|(r3+€)+2(1+0|)TI‘HH (7“4+€):| .
11— el Il
Notice that by = Bp(e) < 1, p > 1 and ¢ > 1. Hence (3.59) implies that there
is a constant M3 > 0 such that ||2'|] < Ms. Let My = max{p/d;, M5}. The

remained proof follows along the lines of Theorem 3.1, and hence we omit it. O
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REMARK 3.9. One can easily see that the analysis technique used in Theo-
rem 3.8 can not be applied in the case of Theorem 3.1.

We remark that the analysis technique can be applied in the following equa-
tion:

(3.60) (pp((x(t) —ca(t—0))))" = h(2'(t)) + f((t)2' () + g(x(t — 7 (1)) +p(1),

where h, f, g, p are defined in the same way as above, 7 is only required to
be a continuous T-periodic function. In this situation, the hypotheses (H2) and
(H3) correspondingly become
(H2") |h(z)| < mT)z|P~t + KT, for all z € R,
(H3”) zg(x) > 0, for || > D, and g(z) < —Kj3 for x < —D and K3 >
TK; +p; and also g(z) > Ko + rirexP~! for z > D, finally, we have
Ky +riryDP~t > TK, —p.

And A,(a,d, z) becomes

1
Ay(a,d, z) = (|1+:C:|)T[m1(a, d,z) + aT?/?]
— |C
l (L+ |e])
+ ———(r3 + 2)ma(a, d, z) + 2T ————+(r174 + 2)a>.
11— el 11—l

In the similar way as in the proof of Theorems 3.1, we have the following result.

THEOREM 3.10. Assume that (H2’), (H3”), (H4) and (H5) hold, then equa-
tion (3.60) has at least one T-periodic solution if A}, (a(0),d(0),0) < 1.

PROOF. In this setting, (3.4) reduces to
T
(3.61) / (2 (8)) + glalt — r(t))] dt + TP =0,
0

which implies that there is a & € [0,77] such that

T
(3.62) To(a(s — 7(62))) = / W' (£)) dt — T,

Clearly, there are an integer number k and &; € [0,T] such that z(&§') = z(& —
T(&2) — kT) = x(&2 — 7(&2)), which yields (3.62) that

(3.63) Ty((€})) = — / W' (£)) dt — Tp.

Now, let & be replaced by & and T'(t) = I'1(¢) = 1 in Theorem 3.1. Once we
give a priori estimate on fOT lg(x(t — 7(t)))(Ax)(t)| dt. Then the remained proof
follows along the lines of Theorem 3.1.
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To this end, we put Ef = {t € [0,T] : z(t — 7(t)) > p}, By = {t € [0,T] :
z(t—7(t)) < —p} and Ef = {¢t € [0,T] : |z(t — 7(¢))| < p}. Then from (3.9) we
have

(3.64) /E lg(a(t = ()] dt < (rirs +e)T|]|5

We deduce from (3.61) and (3.64) that

(3.65) / lg(x(t = (1)) dt < (rirg + )T |al5" +r TETDP|2!|p~1 + Csy.
E

’
1

Thus, we obtain from (3.61), (3.64) and (3.65) that
T
(3.66) / lg(z(t — 7(t))) dt < 2(riry + &) T|z||B + r TPTI/P |2/ |21 4 Cgs.
0

From (3.13), (3.22), (3.66) and the ideas used to prove (3.28), when ||z'|, is
suitably large, we conclude that

T
/0 la(e(t — (1)) (Az) (b)) dt
<+ |e)ale)|2(rire + E)Tap_l(s) + TP HD/P ||:v’||g

+ Csol|2' |51 + Cooll2 |52 + Cou |2 ||, + Cozll2’ || P~ 1D+
+ Cosl|2’|[BEP) + Coa |2’ | TP @D 4 Cgs|2||27 + Cs.

O

Together with the ideas used to prove Theorems 3.10 and 3.8, we have the
following result.

THEOREM 3.11. Assume that (H2%), (H3”), (H4) and (H5”) hold forr; =0,
then equation (3.60) has at least one T-periodic solution if B,,(0) < 1, where

T4

B;(z) = m“d(rg +2)+2T(1 + |¢|)(rq + z)]l/p.

REMARK 3.12. If r3 = 0, then B,(0) = T(2r4)Y/?/|1 —|c||. Under the
conditions of Theorem 1 in [11], we have r4 = 0, thus B,(0) = 0 < 1 and all
the assumptions of Theorem 3.11 are satisfied. So Theorem 3.11 generalizes the
corresponding theorem in [11]. It should be pointed out that, in the the particular
case that f =0 and p = 2 in equation (3.60), another analysis method can deal
with it, see [7]. But it is not difficult to see that the analysis method is invalid
in either case of p # 2 or case of f # 0.
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4. An example
As an application, we consider the following equation
(4.1) (p2((2(t)—22(t—m))"))" = h(2'(t))+ f (x(t))2’ )+ B(t)g(x(t—7(t))) +p(t),

where h(z) = raz, f(x) = rsxsinz, B(t) = 1+ (4/5)sint, 7(t) = (4/5) cost,
p(t) =4sint+ 1 and

(@) 2 if x>0,
gl\r) =T"irq
r ifx<O.
We have T =27, p=2,p=1, c=2,
F(x) = —rszxcosx + rgsinx

and
14 (4/5)sin p(t
Py = T - LA/ sinu(t) _
1+ (4/5) sin p(t)
for all t € [0,27], T = 1, |I'1/T|ec = 1, ||IT|]2 = v27, where u(t) denotes the
inverse function of ¢t — (4/5) cost.

1>0,

Corresponding to Theorem 3.1, we can choose K1 =0, Ko > 0, K3 > 1 and
ro = ry = 1, then the assumptions (H1)—(H5) hold.
A simple calculation yields that

a(0) = (V2Sgnry 4+ 1)y/x, d(0) = 2(xSgn 1 + 1),
m1(a(0),d(0),0) = ma(x(0),d(0),0) = 2(wSgnry + 1)

and

(4.2) A,(a(0),d(0),0) =6r[4nSgnr, + V21 + 2Jry + 4(7Sgnry 4 1)r3
+12v27(vV2Sgnr + 1)(7Sgnry + 1)ry.

According to (4.2), so long as we choose r; > 0, r3 > 0, such that
[67 (47 + V271 +2) + 12(2 + V2)m(m + 1)]ry + 4(m + 1)r3 < 1.

Then all the hypotheses of Theorem 3.1 are satisfied, hence equation (4.1) has
at least one 2m-periodic solution.

REMARK 4.1. Particularly, setting 71 = 0, then the above result can not
be obtained by the Theorem of [13], since, on the one hand, p = 1 > 0, on
the other hand, the condition g(x) > 0 is not satisfied, which indicates that
Theorem 3.1 is essentially new in such case. More importantly, the conditions
that fOTp(t) dt =0, h(0) = 0 and the boundedness of h in Theorem 3.1 are not
required.

REMARK 4.2. Clearly, the case of xg(x) < 0 can be studied similarly.
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