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NONTRIVIAL SOLUTIONS
FOR NONVARIATIONAL
QUASILINEAR NEUMANN PROBLEMS

NIKOLAOS S. PAPAGEORGIOU — SANDRINA R. A. SANTOS — VASILE STAICU

ABSTRACT. We consider a nonlinear nonvariational Neumann problem with
a nonsmooth potential. Using the spectrum of the assymptotic (as |z| —
oo) differential operator and degree theoretic techniques based on the degree
map of certain multivalued perturbations of (S)j-operators, we establish
the existence of at least one nontrivial smooth solution.

1. Introduction

Let Z C R™ be a bounded domain with a C?-boundary 0Z. We consider the
following quasilinear Neumann problem with a nonsmooth potential (hemivari-
ational inequality):

—div(A(z, z(2))Dx(z)) € 0j(z,z(z)) a.e.on Z,
(1.1) o
&0 on 0Z.
on

Here A(z,x) is a bounded, N x N-matrix valued Caratheodory function (i.e.
it is measurable in z € Z and continuous in x € R) and j(z,z) is a measurable
potential function which is only locally Lipschitz and in general nonsmooth in the
x € R variable. By 9j(z, ) we denote the generalized (Clarke) subdifferential of
x — j(z,x) (see Section 2).
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In the last decade, nonlinear elliptic problems driven by the p-Laplacian dif-
ferential operator have attracted a lot of interest. Most of the works focused
on the Dirichlet problem with a smooth potential (i.e. j(z, -) € CY(R)). The
study of the corresponding Neumann problem is lagging behind. In this di-
rection we mention the works of G. Anello and G. Cordaro [1], D. Arcoya and
L. Orsina [2], P. A. Binding, P. Drabek and Y. Huang [3], F. Faraci [7], T. Godoy,
J. P. Gossez and S. Paczka [10], Y. Huang [14] (problems with a smooth poten-
tial) and M. Filippakis, L. Gasinski and N. S. Papageorgiou [8], S. Hu and
N. S. Papageorgiou [13], S. Marano and D. Motreanu [15], D. Motreanu and
N. S. Papageorgiou [16], F. Papalini [18], [19] (problems with a nonsmooth po-
tential).

In all the aforementioned works the p-Laplacian differential operator is used.
The p-Laplacian is (p — 1)-homogeneous and so the Lusternik—Schnirelmann the-
ory can be applied to determine its spectral properties. Moreover, the operator
is variational and so the methods of critical point theory can be used to obtain
solutions of the boundary value problems. For this reason, in all the above works
the approach is variational. In contrast, in problem (1.1) the differential operator
x — —div(A(z,x)Dx) is neither homogeneous nor variational. So the minimax
methods of critical point theory (smooth and nonsmooth alike) fail and we need
to device new techniques in order to deal with problem (1.1). For this reason,
we assume that for almost all z € Z, the matrix-valued map © — A(z,z) has
an asymptotic limit as |z| — oo. Then, using the spectrum of the correspond-
ing asymptotic linear differential operator, we are able to overcome the lack of
homogeneity of the original differential operator and provide conditions for the
solvability of problem (1.1). We use the spectrum of the asymptotic differential
operator together with degree theoretic methods based on the degree map for
multivalued perturbations of (S)-operators due to S. Hu and N. S. Papageor-
giou [11] (see also S. Hu and N. S. Papageorgiou [12]) and we are able to establish
the existence of nontrivial smooth solutions.

Finally we mention that hemivariational inequalities are a useful tool in
nonsmooth mechanics. Several such applications can be found in the book of
Z. Naniewicz N. S. Panagiotopoulos [17].

2. Hypotheses and mathematical background
The hypotheses on the matrix-valued function A(z,z) are the following:

H(A): A: Z x R — R¥*¥ is a map such that

(a) for all x € R, z — A(z, ) is measurable;
(b) for almost all z € Z, x — A(z,x) is continuous;
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(c) there exist constants 0 < ¢y < ¢ such that

collEll < [|A(z, 2)Ell < erl€]]

for almost all z € Z, all x € R and all £ € RY;
(d) there exists a constant ¢z > 0 such that

call€l” < (A(z, 2)€, €)r

for almost all z € Z, all x € R and all £ € RY;
(e) there exists Ae L>(Z,RN x RM) such that

A(z,z) > A(z) for a.a. z € Z, as |z — oo.

Using the asymptotic limit function A\(z) of hypothesis H(A)(e), we consider
the following linear Neumann eigenvalue problem:

~

—div(A(2)Dz(2)) = Az(z) a.e.on Z,
19)
a—z =0 on 0Z.

In what follows by (-, ) we denote the duality brackets for the pair (H*(Z),
HY(Z)*). Then let V € L(H'(Z), H'(Z)*) be the continuous linear operator
defined by

(2.1)

(V(x),y) = /Z(Z(z)px(z), Dy(z))gn dz  for all z,y € H'(Z).

For every € > 0 and every € H(Z), we have:
(V(x),2) +ellzll3 = c2]| D3 + ellz3 > esll(3

with ¢3 = min{e,c2}. Then, by virtue of Corollary 7D of R. Showalter [20,
p. 78], we know that problem (2.1) has a sequence of eigenvalues {\,, }n>0, Ao =
0 <X < ... <\, — 00, with corresponding eigenfunctions which form an
orthonormal basis in L?(Z) and an orthogonal basis in H!(Z).

Moreover, these eigenvalues admit variational characterizations via the cor-
responding Rayleigh quotients. Using this spectrum, we can now state the hy-
potheses on the nonsmooth potential j(z,x):

H(j): j: Z x R — R is a function such that j(z,0) = 0 almost everywhere on Z
and

(a) for all z € R, z — j(z, ) is measurable;
(b) for almost all z € Z, x — j(z,x) is locally Lipschitz;
(c) for every r > 0, there exists a, € L°°(Z)4 such that

lu| < ap(z) fora.a. ze Z all |z|] <rand all u € Jj(z,z);
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(d) there exist an integer £ > 0 and functions 0.0 c L*>(Z) such that

A < 0(2) <0(2) < Apy1 ace. on Z,
where the first and the third inequalities are strict on sets of positive
Lebesgue measure and

<0(z)

Y - u .
R T S R B
uniformly for almost all z € Z and all u € 95(z, z);
(e) there exist functions 7,7 € L*°(Z) such that

n(z) <0 a.e. on Z,

where the inequality is strict on a set of positive Lebesgue measure and

7(z) < liminf < lim sup <n(z)

z—0 |z[P—2z 0 |z[P2x
uniformly for almost all z € Z and all u € 9j(z, x).

Due to the nonsmoothness of the potential function j(z,z), we will use
some elements of the subdifferential theory for locally Lipschitz functions (see
F. H. Clarke [6]). Also, due to the nonvariational character of our problem, we
will use degree theoretic arguments based on the degree map for multivalued
perturbations of (S)y-operators (see S. Hu and N. S. Papageorgiou [11], [12]).
So, in what follows, we present some basic definitions and facts from these two
theories, which will be used in the sequel.

Let X be a Banach space, X* its dual and denote by (-, -) the duality
brackets for the pair (X, X*). Given a locally Lipschitz function ¢: X — R,
we define the generalized directional derivative of ¢ at € X in the direction
he X, ¢(x;h), by

! )\h _ !
<p0(:c;h) = limsup Pz’ +Ah) — gl )
ALO A

zl—>z
The function h — °(x;h) is sublinear, continuous and it is the support
function of a nonempty, convex and w*-compact set dp(x), defined by

Op(z) = {x* € X* : (x*, h) < @"(a;h) for all h € X}.

The multifunction z — d¢(z) is the “generalized (or Clarke) subdifferential”
of . If p: X — R is continuous and convex, then it is locally Lipschitz and the
generalized subdifferential of ¢ coincides with the subdifferential in the sense of

convex analysis, d.¢(z), given by
Ocp(x) ={z" € X*: (", h) < (x+h) — ¢(x) for all h € X}.

If ¢ € C(X), then ¢ is locally Lipschitz and dp(x) = {¢/(z)}.
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A multifunction G: X — 2X"\ {(} is said to be upper semicontinuous (u.s.c.
for short) if, for every closed set C' C X*, we have that

G~ (C)={re X :Gx)NC 0}

is closed in X. The generalized subdifferential multifunction  — d¢(x) is u.s.c.
from X with the norm topology into X™* furnished with the w*-topology.

We say that a multifunction G: X — 2% \ {}} belongs in class (P), if it is
u.s.c., for every x € X, G(z) is closed, convex and for every A C X bounded, we
have

G(4) = G
z€A
is relatively compact in X*.

From A. Cellina [5] (see also S. Hu and N. S. Papageorgiou [12, p. 106]), we
know that if G: D € X — 2X7 \ {#} is an u.s.c. multifunction with closed and
convex values, then given € > 0, we can find a continuous map g.: D — X* such
that

ge(x) € G((x + B:) N D) + B!
for all x € D and g.(D) C convG(D). Here B, = {x € X : ||z| < &} and
B ={z* € X*:|z*| < e}

Note that, if the multifunction G belongs in class (P), then the continuous
approximate selector g. is compact.

Now we can define the degree map that we shall use in the study of problem
(1.1). Suppose X is a reflexive Banach space. Then, by the Troyanski renorming
theorem (see L. Gasinski and N. S. Papageorgiou [9, p. 911]), we can equivalently
renorm X so that both X and X* are locally uniformly convex and with Fréchet
differentiable norms. So, in what follows, we assume that both X and X* are
locally uniformly convex. Hence, if 7: X — X* is the duality map defined by

Flz) = {a" € X" : (27, 2) = [l]* = [|l="||*},

we have that F is a homeomorphism.

An operator A: X — X*, which is single-valued and everywhere defined, is
said to be of type (S)4, if for every sequence {x,},>1 € X such that z, o
in X and limsup,,_, . (A(xy), 2, — ) <0, one has z, — z in X.

Let U be a bounded open set in X and let A:U — X* be a demicontinuous
operator of type (S)+. Let {X,}aes be the family of all finite dimensional
subspaces of X and let A, be the Galerkin approximation of A with respect to
X, that is

(Aa(2),y)x, = (A(2),y)
forallz € UN X, and all y € X,.
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By (-, -)x, we denote the duality brackets for the pair (X, X}). Then, for
x* ¢ A(OU), the degree map d(s), (A, U, z¥) is defined by

d(S)Jr(Av Ua Z‘*) = dB(Aom Uun XO”J?*)

for X, large enough (in the sense of inclusion). Here dp stands for the classical
Brouwer degree map. If X is separable and A is bounded (maps bounded sets to
bounded ones), then we can use only a countable subfamily { X, },>1 of {X4}aecs
such that

More details on the degree map d(g), can be found in F. Browder [4] and I. Skryp-
nik [21].
If G: X — 257\ {#} is a multifunction belonging in class (P), then for every

~

x* ¢ (A+G)(IU), d(A+ G,U,z*) is defined by

~

d(A+G,U,z") = dg), (A+ g, U,z")

for € > 0 small, where g, is the continuous approximate selector of G mentioned
earlier. Note that since G belongs in class (P), g.:U — X* is compact and so
x — A(z) + g-(x) is still of type (S)4. More about the degree map d, can be
found in S. Hu-N. S. Papageorgiou [11], [12].

One of the fundamental properties of a degree map is the homotopy invari-
ance property. To formulate this property for the degree map (z we need to
define the admissible homotopies for A and G.

DEFINITION 2.1. (a) A one-parameter family {A;}ico1) of maps from U
into X*, is said to be a homotopy of class (S)4, if for any {z,}n>1 C U such
that @, — z and for any {t, },>1 C [0,1] with ¢, — ¢ for which

limsup (A, (), 2, — ) <0,
one has z,, — = in X and Ay, (z,) — As(2,) in X* as n — oo.
(b) A one-parameter family {G;};c[0,1) of multifunctions G¢: U — 2%\ {0}
is said to be a homotopy of class (P), if (¢t,z) — G(¢,z) is u.s.c. from [0,1] x X
into 2%\ {0}, for every (t,z) € [0,1] x U the set is closed, convex and

U{Gt(x) :tef0,1), z €U}
is compact in X*.

With these admissible homotopies for A and G, the homotopy invariance
property of d can be formulated as follows:
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If {Ai}icpo1) s a homotopy of class (S)y such that for every t € [0,1],
Ay is bounded, {G}iep0,1] is a homotopy of class (P) and x*:[0,1] — X*
is a continuous map such that

x; & (A + G)(OU)  for allt € ]0,1],

~

then d(A, + Gy, U, x}) is independent of t € [0,1].
Also the normalization property has the following form:

~

d(F,U,z*) = dg, (F,U,z*) =1 forall z* € F(U).

Both degree maps ds), and d have all the usual properties such as normal-
ization, homotopy invariance, solution property, additivity with respect to the
domain, excision property, product property etc.

3. Existence of solutions

Let V: HY(Z) — H'(Z)* be the nonlinear operator defined by

V(z),y) = /Z(A(z,x)Da:,Dy)RN dz forallz, y e H'Y(Z).

PROPOSITION 3.1. If hypotheses H(A) hold, then V is an (S).-operator.
PROOF. Suppose that z,, — z in H'(Z) and assume that
(3.1) limsup (V(xy,), x, —x) <O0.

By definition

(V(zn),xn —x) = /Z(A(z,xn)Dxn, Dzx,, — Dx)gn dz.

We have (see H(A)(d))

(32) <V(‘rn)7xn - .’E> = /Z(A(Z’ (ﬂn)D;Un, Dmn - Dx)RN dz

= / (A(z,z,)Dx,, — A(z,z,) Dz, Dx,, — Dx)gn~ dz
z
+ / (A(z,z,)Dzx, Dx,, — Dx)gn~ dz
z

> co|| Dy, — D||3 + / (A(z,xn) Dz, Dx,, — Dx)gn dz
z

Because z,, — z in H'(Z) and recalling that H'(Z) is embedded compactly
in L2(Z), we can say that z,, — z in L?(Z). By passing to a subsequence, if
necessary, we may also assume that

n(z) = 2(2) ae.on”Z
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and
|z, (2)] < h(2) fora.a.z€ Z, alln > 1 and with h € L*(Z),.
Then
A(z,2n(2))Dx(z) — A(z,2(2))Dx(z) a.e.on Z
(see H(A)(b)). This fact, together with H(A)(c) and the dominated convergence
theorem, imply

A(- (- )Dz(-) — A(-,z(-))Dz(-) in L*(Z,RY) as n — oo.
Since Dx,, — Dz in L?*(Z,R"), it follows that

/ (A(z,2n)Dz, Dz, — Dx)gn dz — 0 as n — oo.
z

Returning to (3.2), passing to the limit as n — oo and using (3.1) and (3.3), we
obtain
|Dx,, — Dz||3 — 0 asn — oo,
hence
T, —x in H(Z)asn — oo.
By Urysohn’s criterion for convergent sequences, this convergence is true for
the original sequence {z,},>1 C H'(Z). O

Let N: L?(Z) — 2L*(2) be the multivalued Nemytskii operator corresponding
to the subdifferential multifunction (z, z) — 9j(z, z), i.e.

N(z) = ng(,’x(_)) ={u€c L*(Z) :u(z) € 3j(z,2(2)) a.e. on Z}.

PROPOSITION 3.2. If hypotheses H(j) hold, then N has nonempty, weakly
compact and convex values in L*(Z) and it is u.s.c. from L*(Z) endowed with
the norm topology into L?(Z) with the weak topology (denoted by L*(Z)y,).

PROOF. By virtue of hypotheses H(j)(c) and (d), we see that the values of N
are L?(Z)-bounded sets, which are easily seen to be closed and convex. Therefore
for every x € L*(Z), the set N(z) C L?*(Z) is weakly compact and convex. We
need to show that it is nonempty. For this purpose, let {s,},>1 C L?(Z) be
simple functions such that

sn(z) — x(2) ae.on Z and |s,(2)] < |z(2)]

for almost all z € Z and all n > 1.

Because of hypothesis H(j)(a), for every x € R, the multifunction z +—
0j(z, ) is graph measurable. So, by a straightforward application of the Yankov—
von Neumann—Aumann selection theorem (see S. Hu and N. S. Papageorgiou [12,
p. 158]), we can find a measurable function f,: Z — R such that

fn(2) € 0j(2,2(2))
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for almost all z € Z, all n > 1. Hypotheses H(j)(c), (d) imply that

[fn(2)] < es(1 + [2(2)])

for almost all 2 € Z, all n > 1 and some c3 > 0, hence {f,},>1 C L*(2) is
bounded. Therefore, we may assume (at least for a subsequence), that

fn = f in L*(2).

Since the subdifferential multifunction has closed and convex values, by Mazur’s
lemma, we obtain

f(z) € 0j(z,2(2)) a.e. on Z,
hence f € N(z), therefore N(x) # 0.
Note that the weak topology on bounded subsets of L?(Z) is metrizable.

Therefore, in order to show the upper semicontinuity of N from L?(Z) into
L?(Z),, it suffices to show that its graph

GrN = {(z,u) € L*(Z) x L*(Z) :u € N(x)}

is sequentially closed in L?(Z) x L*(Z),, (see S. Hu and N. S. Papageorgiou [12,
p. 38]). So let {(zn,un)}n>1 € GrN and assume that x, — x in L?(Z) and
U, — uin L?(Z) as n — oo. We have

un(z) € 0j(2z,2,(2)) foraa. ze€Z, alln>1.

Invoking Proposition 3.9 of S. Hu and N. S. Papageorgiou [12, p. 694], in the

limit as n — 0o, we obtain
u(z) € 9j(z,2(z)) a.e. on Z,

hence u € N(x). So Gr N is sequentially closed in L?(Z) x L?(Z),, and from
this we conclude that N is usc from L?(Z) into L?(Z),,. O

Recalling that H!'(Z) is a separable Hilbert space, which is embedded com-
pactly and densely in L?(Z), we have that L?(Z)* = L?(Z) is embedded com-
pactly and densely in H!(Z)*. Therefore an immediate consequence of Proposi-
tion 3.2, is the following corollary:

COROLLARY 3.3. If hypotheses H(j) hold, then N: H'(Z) — 22 (2" \ {9} is
a multifunction belonging in class (P).

Proposition 3.1 and Corollary 3.3 permit the definition of the degree d for
the nonlinear multivalued operator z — V(x) — N(x). To compute this degree
for various sets we will need the following auxiliary result.
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For every integer k > 0, let F()\;) denote the eigenspace corresponding to
the eigenvalue \. Set

k
H,=PEN) and Hi= P EN).
=0

i>k+1

Then we have the orthogonal direct sum decomposition
Hl(Z) = Fk D ﬁk.
LEMMA 3.4.

(a) If 0 € L>™(Z)+ and 0(z) < Agy1 almost everywhere on Z with strict
inequality on a set of positive Lebesque measure, then there exists & > 0
such that

D (7) = / (A(2)D7, DZ)pw dz — / 0|72 dz > &|7|%  for all T € Hy,.
zZ Z

(b) If b L>(Z)y and a(z) > A almost everywhere on Z with strict
inequality on a set of positive Lebesgue measure, then there exists & > 0
such that

s (T) = / Gz ds — / (A(2)DF, DT)gn dz > &|F|2 for all T € Hy.
Z Z

(¢) Ifn e L>®(Z) andn(z) < 0 almost everywhere on Z with strict inequality
on a set of positive Lebesque measure, then there exists & > 0 such that

Yo(x) = /Z(A\(Z)Dm,DI)RN dz — /Zn\m|2 dz > &llz||*>  for allx € HY(Z).

PROOF. (a) From the variational characterization of Ag41 we have 1 > 0.
Suppose that the result is not true. Exploiting the 2-homogeneity of 7, we can
find {Z,, }n>1 C Hy, such that

|Zp]| =1 foralln>1 and ¢1(Z,) |0 asn— oc.
We may assume that
Tn 5 FeH, nHY (Z) and ) — % inL*(Z) asn — oo.

Note that fZ(A\(z)D:c, Dx)gn dz is equivalent to the usual L?(Z,R™) norm (see
hypothesis H(A)(c)) and recall that the norm in a Banach space is w-lower
semicontinuous. Hence

(3.3) /(X(Z)Da, D) dz < / 032 dz < Mo |72
Z Z

therefore
/ (A(2)D7, D&~ dz = Apsa |32
Z
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(from the variational characterization of A\r11). Hence T € E(Agx41). But the
elements of E(Agy1) have the unique continuation property (see for example
L. Gasinski and N. S. Papageorgiou [9]). So z(z) # 0 almost everywhere on Z.
Then from (3.3) and using the hypothesis on 6, we have

| (A)De. Doas d= < w1
Z

which contradicts the variational characterization of Agy1.
The proofs of (b) and (c) are similar to those of (a) and are ommited. O

Using this lemma, we can compute the c;l\—degree of V. — N for large balls.

PROPOSITION 3.5. If hypotheses H(j) hold, then there exists Ry > 0 such
that -
d(V — N,Bg,0) = (=1)3™Hx for all R > Ry.

PROOF. Let g € L®(Z)4 be such that A\, < g(z) < A\k41 almost everywhere
on Z with strict inequalities on sets (in general different) of positive Lebesgue
measure. We consider the admissible homotopy h1: [0, 1]x H!(Z) — 2H" (D)"\ {}
defined by

hi(t,z) = tV(z) 4+ (1 — )V (z) — tN(z) — (1 — t)ga.

CramM. We can find Ry > 0 such that 0 ¢ hy(¢,2) for all ¢ € [0,1] and all
llz|| = R > Ry.

We argue indirectly. So suppose the Claim is not true. Then we can find
{tn}n>1 €[0,1] and {xp},>1 € H'(Z) such that

(3.4) t, > t€0,1], |zn| =00 and 0€ hy(tn,x,) foralln>1.

From the inclusion in (3.4), we know that for every n > 1, we can find u,, € N(zy,)
such that

(3.5) taV (@) + (1= t)V () = tyun + (1 — t,)Gan.
Let y, = xn/||znl|, » > 1. Then |jy,|| = 1 for all n > 1 and so we may assume
that

Yn —y in HY(Z) and y, —y in L*(Z) as n — ooc.
We divide (3.5) by ||z,|| and we have
V(zn)

[[n]]

Un —~
tni + (1 - tn)gyn

e

(3.6) th +(1=t)V(yn) =

We take duality brackets with y,, —y. Hence

tn<myn - y> +(1- tn)<‘7(yn)7yn - y>

/ Han y)dz+ (1 —t )/Zﬁyn(yn—y)dz.
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From hypotheses H(j)(c) and (d), we know that
(3:7) Jul < es(1+|a])

for almost all z € Z, all x € R and all u € 9j(z,x). Because of (3.7) and since
Y, — y in L?(Z), we have

Un

——(yn —y)dz — 0 and /ﬁyn(ynfy)dZH()
z ||zl z

as n — o0o. Therefore it follows that

(3.8) lim {tn<v($”) Yn — y> + (1= ta)(V (), yn — y)] =0.

n—00 [[n]|

We have

69 (T =) = [ (A2 Dyn Dy~ D
~ [ (A2.)(Dy, = D). Dy — Dy d:
+ /Z(A(zn ) Dy, Dy, — Dy)g~ dz
> || Dy — Dyl2 + /Z (A(z,2) Dy, Dy — Dy)n d2

(see H(A)(d)). Note that |z, (z)| — oo almost everywhere on {y # 0}. Therefore
by hypothesis H(A)(e)

A(z,2,(2)) — A(z) a.e. on {y # 0} as n — oc.

Also from Stampacchia’s theorem we know that Dy(z) = 0 almost everywhere
on {y = 0}. Therefore finally we can say that

A(z,2(2))Dy(z) — A(2)Dy(z) a.e. on Z.

From this convergence, hypothesis H(A)(c) and the dominated convergence the-
orem, it follows that

A(+,2,())Dy(+) — A(-)Dy(-) in L*(Z,RY),
hence

(3.10) /Z(A(z,xn(z))Dy(z),Dyn(z) —Dy(2))gvdz — 0 asn — oo
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Moreover,
B11) (Pwa)vo =) = [ (A(:)Du, Dy~ Dy dz
~ | (A) Dy = Du). Dy = Dy
+ /Z(/T(Z)Dy, Dy,, — Dy)gn dz
> call Dy, = Dyl + | (A(2)Dy. Dy, — D dz

(see H(A)(d) and (e)). Because Dy,, — Dy in L*(Z,RY), we have

(3.12) / (A(z)Dy, Dy,, — Dy)gn dz — 0 as n — oc.
z
Returning to (3.8), using (3.9)—(3.12) and passing to the limit as n — oo, we
obtain
|Dyn, — Dyll2 — 0 as n — oo,
therefore

Yn —y in HY(Z) as n — oco.
So |||l = 1, hence y # 0.

By virtue of (3.7), {un/||zn]/}n>1 € L*(Z) is bounded. So we may assume

that
Un

[[zn
Given € > 0 and n > 1, we introduce the following two sets

5 h in L*(Z) as n — oo.

ct, = {z €Z:xp(2) >0, @\(z) —e< Z:Ez; <0(z) —|—5}
and
Co,= {z €Z:x,(2) <0, B(2) —e < Z:g; < 6(z) +5}.
Note that

Tn(z) > 00 fora.a. z€{y>0} and z,(z) > —co fora.a. z€ {y <0}
Then hypothesis H(j)(d) implies that
Xcr, () =1 ae on{y>0}t and xo- (2) > 1 ae on{y <O}

Via the dominated convergence theorem, we have

Unp

(1= Xer )
H “en

u
— 0 and H(l - XC;H)‘TTLH

L1({y>0}) L1 ({y<0})
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as n — 0o0. From the definition of the set C ., we have

e,n

Xt (IO) = (2) < e, ()T

= oz, ()25 () < X, ()0G) + Do)

almost everywhere on Z. Passing to the limit as n — oo and using Mazur’s
lemma, we obtain

o~

(0(z) —e)y(z) < h(z) < (0(2) +€)y(z) a.e. on {y > 0}.
Because € > 0 was arbitrary, we let € | 0 and have
(3.13) §(z)y(z) < h(z) <0(z)y(z) a.e.on {y > 0}.

Similarly working with the set C_, , we obtain

e,n

~

(3.14) 0(z)y(z) < h(z) <0(2)y(z) a.e. on{y <O0}.

Finally, it is clear from (3.7) that

(3.15) h(z) =0 a.e. on {y =0}.

From (3.13)—(3.15) it follows that there exists goo € L>°(Z)4 such that
5(2) < goo(2) <0(2) ae.onZ and h(z)=g(2)y(z) a.. on Z.

For every v € L>°(Z), we have

<V(:vn)

[

v> = / (A(z,z) Dy, Dv)pn dz.
z
Recall that y,, — vy in H'(Z). So we may assume that
Dy, (z) — Dy(z) a.e.on Z.

Since |z, (z)] — oo almost everywhere on {y # 0}, hypothesis H(A)(e) implies
that
A(z,2,) — A(z) a.e. on {y # 0}.
Also Dy(z) = 0 almost everywhere on {y = 0}. Hence
A(z,2)Dyn(2) — 0 a.e. on {y = 0}.
Therefore

A(z,2(2))Dyn(2) — A(2)Dy(z) a.e.on Z as n — .

From this convergence, hypothesis H(A)(c) and the dominated convergence the-

orem, we infer that

A(+,20(-))Dyn(-) — A(-)Dy(-) in L*(Z,RN) as n — oo.
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Hence
/(A(z,zn)Dyn,Dv)RN dz — / (A\(Z)Dy,D'U)RN dz,
z z
SO
<V(xn|),v> — (V(y),v) forallve H'(Z),
Ty
therefore

V(zn)
@l

Returning to (3.6) and passing to the limit as n — oo, we obtain

—V(y) in H(2)".

(3.16) V(y) = (tgos + (1 = 1)G)y = gy,

~

with g = tgeo + (1 —t)g € L>®(Z)4, 0(2) < g(2) < 0(z) almost everywhere on Z.
From (3.16) we have
{ —div(A(z)Dy(z)) = g(2)y(z) a.e. on Z,

dy
n =0 on 0Z.

Exploiting the monotonicity of the eigenvalues on the weight function (see for

(3.17)

example L. Gasinski and N. S. Papageorgiou [9]), we have
1= /):k()\k> > Xk(g) and 1= /):kJrl ()\kJr]) < /):]CJFI (g)

Using this in (3.17), we infer that y = 0, a contradiction to the fact that ||y| = 1.
This proves the Claim.

The Claim permits the use of the homotopy invariance property of the degree
map d. So

o~ ~

(3.18) d(V — N, Bg,0) = ds), (V — §I,Bg,0) for all R > Ry.

We have to compute d(s)+(‘7 —gI,Br,0). To this end we consider the or-
thogonal direct sum decomposition

Hl(Z) :Fk @ﬁk.

Let p;, and Py, be the orthogonal projections on the component spaces H and H ks
respectively. Also let F: HY(Z) — H'(Z)* be the duality map for the Sobolev
space H*(Z). We consider the (S);-homotopy hs:[0,1] x HY(Z) — HY(Z)*
defined by

ha(t,x) = tPL(F (@) =) + (1L = )(V — gI) (=),
where for every z € H(Z), we have * = T + 7 with T = p,(z) € Hy, T =
Pr(z) € Hy.
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Next we show that ha(t,z) # 0 for all ¢ € [0,1] and all 2 # 0. Indeed, since
on the finite dimensional space H}, all norms are equivalent, we have that

(ho(t, ), & — T) > H{F(@),7) + tea|| T2 + (1 — )(V(2) — G2, 7 — T)

2t04||x||2+(1—t){/(ﬁ(z)D§:\,Da?)RN dz—/gf%zz
zZ Z

4 / G2 e — / (A(2)DF, DT)an dz],
Z Z

for some ¢4 € (0,1). Here we have used the orthogonality of the component
spaces.
Using Lemma 3.4(a) and (b) we obtain

(ha(t,2), % — F) > teall|® + (1 = )&]|z]* > e5 ]|,
with Z: min{¢;, &2}, for for some ¢ € (0, 1), hence
ha(t,x) 0 for all t € [0,1] and all 2 # 0.

Invoking, once again, the homotopy invariance property of the degree map c?, we
have

(319)  ds), (V — g1, B.0) = dgs), (Bt 0 F © By — By, B,0)  for all > 0.
Set

By = {ze By || <r/2} and BT ={zeH:|zl <r/2}.

Then from the excision and product properties of the degree, we have

(3.20) d(s)Jr(ﬁ}; oF Oﬁk — Pk Br,o)

= ds), (F |, B 0)-dp(=1, B4, 0) = 1.(=1)8m He

From (3.18)—(3.20), we conclude that

-~

d(V = N,Bg,0) = (—=1)3™Hr  for all R > Ry. O
Next we conduct a similar computation for small balls.

PROPOSITION 3.6. If hypotheses H(j) hold, then there exists py > 0 such that

~

d(V—N,B,,0)=1 forall0 < p < po.

PROOF. Let Ag € L>(Z,RV*N) be defined by Ag(z) = A(z,0). We intro-
duce the continuous linear operator Vo € L(H(Z), H'(Z)*) defined by

Vo(z), ) = /Z (Ao(2) Dz, Dy)aw d= for all z, y € HY(Z).
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We consider the admissible homotopy h3:[0,1] x HY(Z) — H'(Z)* defined

by
hs(t,x) =tV (2) + (1 — t)Vo(x) — tN(z) — (1 — t)ha,

with & € L (Z) satistying 7(z) < iAL(z) < n(z) almost everywhere on Z.

CLAIM There exists pg > 0 such that 0 ¢ hs(t,z) for all t € [0,1] and all
0 < lzll = p < po.

Again we argue by contradiction. So suppose that the Claim is not true.
Then we can find {t,},>1 C [0,1] and {z,,}n>1 € H'(Z) such that

(3.21) tn, =t €[0,1], |lzn]l =0 and O € hs(tn,z,) foralmn>1

Note that hypothesis H(j)(e) implies that we can find § > 0 such that |u| <
¢cs|z| for almost all z € Z, all |z <4, all u € 9j(z,x) and some ¢5 > 0.

On the other hand from (3.7), we see that there exists ¢g = ¢g(d) > 0 such
that |u] < cg|z| for almost all z € Z, all |z| > § and all u € 9j(z,z). Hence we
can say that

(3.22) lul < crlz]

for almost all z € Z, all x € R and all u € 9j(z, ), with ¢z = max{cs, s}
From the inclusion in (3.21), we have

(3.23) taV (@n) + (1= ta)Vo(@n) = tntin + (1 — t,) b,

with u,, € N(z,). We set

T

T

We may assume that
Yn —y in HY(Z) and y, —y in L*(Z)asn — occ.

We divide (3.23) with ||z, || and obtain

Vizn)

n
[l

(3.24) t + (1 = ta)Vo(yn) = tnﬁ + (1= tn) .

Taking duality brackets with y,, — y, we have

tn<v(x”) Yn — y> + (1 =t2){Vo(Yn), Yn — ¥)

) JIN
[[n]]

U, ~
o [ (g —yydz + (1 —m/ R (o — ) d.
Z ||$n|| Z
Note that
Un
(Yn —y)dz — 0
2 llzall "

(see (3.22)) and
/ /Hyn(yn - y) dz— 0 asn — oo.
z
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Since ||z, || — 0, we may assume that z,(z) — 0 almost everywhere on Z and so
A(z,zn(2)) = Ag(z) ae. on Z
(see H(A)(b)). Then arguing as in the proof of Proposition 3.5, we show that
Yn — y in H(Z), hence ||y|| = 1, i.e. y # 0.

In addition, for every v € H*(Z), we have

<V($") v> = /Z(A(z,xn)Dyn,Dv)RN dz

znll ’
~ [ (Aa(2)Dy, Dojex d= = (Wa(w). o),
z

hence

V(zn)

[l
From (3.22), we see that {u,/||z,| }n>1 € L?(Z) is bounded. So we may assume
that

SN Vo(y) in Hl(Z)*.

Unp

[[n]]
Given € > 0 and n > 1, we introduce the sets

B in L*(Z) as n — 0.

IN

DY, = {z €Z:x,(2) >0, N(z)—¢ n(2) < n(z) —i—s}

and

S

n(z)
() = n(z) + €}~

Since ||z, || — 0, we may assume that x,,(z) — 0 almost everywhere on Z. Hence

A

D;n:{zEZ:xn(z)<0, n(z) —e

by virtue of hypothesis H(j)(e), we have
Xp+,(2) 1 ae on{y>0} and xp- (2) =1 ae on{y <O}
Arguing as in the proof of Proposition 3.5, we infer that 8 = hgy, with hy €
L>(2),
N(z) < ho(z) <n(z) ae. on Z.
We pass to the limit as n — oo in (3.24) and obtain Vo(y) = hy, with h =

the + (1 — t)h € L>®(Z), ii(2) < h(z) < n(z) almost everywhere on Z. We take
duality brackets with y. So

/ (Ao(=) Dy, Dy)us dz — / by dz < 0
7 7

therefore
|[Dylla =0, ie.y=ceR
(see H(A)(d)). Note that ¢ # 0 (since [y = 1). Hence

0= / (Ao(2)Dy, Dy)grn dz = |a2/ hdz <0,
z z
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a contradiction. Therefore the Claim is true.
The Claim permits the use of the homotopy invariance property and we have

(3.25) d(V = N,B,,0) = ds), (Vo — hl, B,,0) forall 0 < p < po.
To compute d(g), (Vo — }ALI, B,,0), we consider the (S)4-homotopy
ha(t, ) = t(Vo — hD)(2) + (1 — ) F ().

Then, for every ¢ € [0,1] and = # 0, we have

(hy(t,x),x) = t[/Z(Ao(Z)DQC, Dz)gn dz — /

ha? dz} + (1 —t)||z|?
Z

> t&ollal® + (1 — t)l|z[|* > 0.

(see Lemma 3.4(c)). Therefore, once again, the homotopy invariance property

implies
ds), (Vo — hI, B,,0) = d(s), (F, B,,0) =1 for all 0 < p,
hence
d(V—N,B,,0)=1 forall 0<p<pg
(see (3.25)). O

Now, we are ready for the existence result concerning problem (1.1).

THEOREM 3.7. If hypotheses H(A) and H(j) hold and dim Hy, is odd, then
problem (1.1) has a nontrivial solution v € C*(Z).

Proor. We may assume that pg < Ry and let 0 < p < pg and Ry < R.
Then from the additivity and excision properties of the degree map d, we have

d(V = N,Bg,0) = d(V — N, B,,0) +d(V — N, Bg \ B,,0),

hence -
(-1 =14d(V = N, B\ B,,0)
(see Propositions 3.5 and 3.6), so
d(V — N,Bgr\ B,,0) = —2.

So from the solution property, we know that we can find = € By \ Fp such that
0 € V(x) — N(z), hence 0 = V(x) — u with u € N(z), so
{ —div(A(z, 2(2))Dz(2)) = u(z) € 9j(z,z(z)) a.e. on Z,

g—z =0 on 0Z.
Moreover, from standard regularity theory we have € C1(Z) (see for example
L. Gasinski and N. S. Papageorgiou [9]). So z € C'(Z) is a nontrivial solution of

(1.1) and note that the Neumann boundary condition is understood pointwise.[]

REMARK 3.8. If k =0, then Hj; = R and so the Theorem 3.7 applies.
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