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INFLUENCE OF A SMALL PERTURBATION
ON POINCARE-ANDRONOV OPERATORS
WITH NOT WELL DEFINED TOPOLOGICAL DEGREE

OLEG MAKARENKOV

(Submitted by J. Mawhin)

ABSTRACT. Let P. € CO(R™,R") be the Poincaré—Andronov operator over
period T > 0 of T-periodically perturbed autonomous system @ = f(z) +
eg(t,z,e), where € > 0 is small. Assuming that for ¢ = 0 this system
has a T-periodic limit cycle z¢p we evaluate the topological degree d(I —
Pe,U) of I —P: on an open bounded set U whose boundary OU contains
20([0,T]) and Po(v) # v for any v € OU \ zo([0,T]). We give an explicit
formula connecting d(I — P, U) with the topological indices of zeros of the
associated Malkin’s bifurcation function. The goal of the paper is to prove
the Mawhin’s conjecture claiming that d(I — P.,U) can be any integer in
spite of the fact that the measure of the set of fixed points of Py on U
is zero.

1. Introduction

Consider the system of ordinary differential equations
(1.1) &= f(z)+eg(t,z,e),
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where f € CY(R",R"), g € C°(R x R" x [0,1],R"), g(t + T,v,e) = g(t,v,e) and
€ > 0 is a small parameter.

We suppose that equation (1.1) defines a flow in R™, i.e. assume the unique-
ness and global existence for the solutions of the Cauchy problems associated
to (1.1). For each v € R™ we denote by z.(-,v) the solution of (1.1) with
2:(0,v) = v. Thus, the Poincaré-Andronov operator over the period T > 0 is
defined by

P.(v) := x(T,v).

The problem of the existence (and even stability, see Ortega [11]) of T-periodic
solutions of (1.1) with initial conditions inside an open bounded set U can be
solved by evaluating the topological degree d(I —P.,U) of I —P. on U (see [6]).
In the case when Py has no fixed points on the boundary 0U of U the prob-
lem is completely solved by Capietto, Mawhin and Zanolin [2] who proved that
d(I —Py,U) = (—1)"d(f,U) generalizing the result by Berstein and Halanay [1]
where U is assumed to be a neighbourhood of an isolated zero of f. In the
case when Py has fixed points on QU the pioneer result has been obtained by
Mawhin [10] who considered the situation when f = 0. Mawhin proved that if
go(v) = fOTg(T,v, 0) dr does not vanish on U then d(I — P.,U) is defined for
e > 0 sufficiently small and it can be evaluated as d(I —P.,U) = d(—go, U). This
paper studies an intermediate situation when the fixed points of Py fill a part of
OU. Current results on this subject deal with the case when OU contains a fixed
number of fixed points, e.g. Feckan [4], Kamenskii-Makarenkov—Nistri [5]. As
a part of a wider study of this problem Jean Mawhin (his seminar, Novem-
ber 2005) asked a question on evaluating d(I — P.,U) in the case when OU
contains a curve of fixed points of Py. He settled the following conjecture:

MAWHIN’S CONJECTURE. For smalle > 0 the topological degree d(I —Pe,U)
can be any integer depending on the perturbation term g in spite of the fact that
the measure of {v € U : Py(v) = v} is zero.

The goal of this paper is to evaluate d(I — P.,U) and to give a proof of the
above conjecture in the case when {v € U : Py(v) = v} forms a curve coming
from a T-periodic limit cycle of the unperturbed system

(1.2) i = f(z).

Our fundamental assumption is that the algebraic multiplicity of the multiplica-
tor +1 of the linearized system

(1.3) y=f"(zo(t))y

equals to 1. In this case we say that the cycle xg is nondegenerate.
The paper is organized as follows. In Section 2 for a fixed point v, of P,
satisfying ve — vg € z¢([0,T]) as ¢ — 0 we obtain an asymptotic direction of the
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vector v, — vg. By means of this result we evaluate in Section 3 the topological
index of such fixed points v. — vy € x¢([0,T]) as € — 0 that v. € U. Finally in
Section 4 we give a proof of the Mawhin’s conjecture provided that a technical
assumption (see assumption 4.1) is satisfied.

2. Direction the fixed points of Poincaré—Andronov operator move
when the perturbation increases

Since the cycle z is nondegenerate we can define (see [3], Chapter IV, § 20,
Lemma 1) a matrix function Z,,_; solving the adjoint system

(2.1) g=—(f"(z0(t)))"2

and having the form Z,_;(t) = ®(t)e’, where ® is a continuous T-periodic
n X n — 1 matrix function and A is a n — 1 x n — l-matrix with different from 0
eigenvalues. Let zg be the T-periodic solution of (2.1) satisfying zo(0)*Z0(0) = 1.
Finally, we denote by Y,,_1 the n x n — 1 matrix function whose columns are
solutions of the linearized system (1.3) satisfying ¥,,_1(0)*Z,_1(0) = I.

The results of this paper are formulated in terms of the following auxiliary

functions:
T
M(0) :/O 2o(7)*g(7 — 0, 20(7), 0) dr,
t+0
M*(t,0) = (e*)*((AT)* — 1)~ /tT+0(Zn_1(T))*g(T —0,20(7),0) dr,
— arccos M
(o, v) = areeos L

The function M was proposed by Malkin (see [9], formula 3.13) and the
function M~ is a generalization of the function M} of [8].

Next Theorem 2.1 shows that if a family {z. x}xrea of T-periodic solutions
of (1.1) emanate from xo(- + 6y) then a suitable projection of z. x(t) — zo(t +
0y) can be always controlled. Though motivated by the Mawhin’s conjecture,
Theorem 2.1 can be of a general interest in the theory of oscillations playing a
role of the first approximation formula (see Loud [7], formula 1.3, Lemma 1 and
formula for x at p. 510) in the case when the zeros of the bifurcation function
M are not necessary isolated.

THEOREM 2.1. Let zg be a nondegenerate T-periodic cycle of (1.2). Let
{Zea}ren be a family of T-periodic solutions of (1.1) such that zc A\ (t) — xo(t +
6o) as € — 0 uniformly with respect to t € [0,T] and X\ € A. Then

L(Znr(t+ 00)* (zen(t) — 2ot + 00)), M (,00)) — 0 ase — 0

uniformly with respect to t € [0,T] and X € A.
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PRrROOF. The proof makes use of the idea of Theorem 3.1 of [8]. In the sequel
(A, B) denotes the matrix composed by columns of matrixes A and B. Let
a. € C°([0,T],R™) be given by

(22) ag(t> = (Zo(t + 90), anl(t + 90))* (SL’E(t) — .’Iﬁo(t + 90))

Denoting Y (t) = (20(t), Yn—1(t)) by Perron’s lemma [12] (see also Demidovich
([3, Section III, § 12]) we have

(20(t), Zn-1(t))*Y(t) =1, foranyteR.
Thus
(2.3) 2 (t) —zo(t+6p) =Y (t + 0p)as(t), foranyt e R.

By subtracting (1.2) where x is replaced by xo( - + 60g) from (1.1) where x is
replaced by x. we obtain

(24)  @(t) = @o(t + o) = f'(zo(t + 00)) (2= (t) — xo(t + 00))
+eg(t,z(t),e) + o(t, z(t) — xo(t + b)),

where o(t,v)/||v|| — 0 as R® 2 v — 0 uniformly with respect to ¢ € [0,7]. By
substituting (2.3) into (2.4) we have

Y (t + 0o)ac(t) + Y (t + 00)ac(t)
= f'(zo(t+00))Y (¢t + 60)ac(t) + eg(t, z(t), ) + o(t, z-(t) — zo(t + 6p)).

Since f'(xo(t))Y (t) = Y (t) the last relation can be rewritten as

(2.5) Y (t+ 0p)ac(t) = eg(t, z(t),€) + o(t, z(t) — xo(t + 6p)).

Applying Z,,_1(t + 69)* to both sides of (2.5) we have

(0, D)ac(t) = eZp_1(t +00)" g(t,x(t),€) + Zn_1(t + 00)" ot, x(t) — zo(t + 00)),

where 0 denotes the n — 1 dimensional zero vector and I stays for the identical
n —1 x n — 1 matrix. So

2.6) (0, Nac(t) :(O,I)ae(to)—i—s/ T (7 + 80)" g7, 2o (7), ) dr

to

+ / Zn_1(7+00) o(r,2:(7) — 2o(T + 6p)) d.

to

From the definition of Z,_; we have that Z,_1(t)* = (e’T)*Z,_1(t — T)* for
any ¢t € R and so (0, I)a.(t) satisfies

(2.7) (0, Nac(to) = (€*)*(0,Nac(to — T) for any to € [0,T).
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Solving (2.6)—(2.7) with respect to (0, I)ae n(to) we obtain

(0, Iac (o) zs(eAT)*((eAT)*—I)_l/O T 1 (7 + 00) g(7, 2o (1), ) dr

to—T
+ (AT)* (AT — )~ /tto Zuar 00 ol (7)o + 00) dr
-~
for any #o € [0, T]. On the other hand from (2.2) we obtain
Zp-1(t+00)"(z=(t) — zo(t + 6o)) = (0, I)ac(t)
and therefore
(2.8) Znp_1(t+6p)" (2 (t) — xo(t +6p)) — qe(1)
— (AT (MY — 1)~ /tt Zua(r 00 g(m(7).)
where
g- = () (M) =17t /:T Zn—1(T +60)"0(T,2(T) — o (T + 69)) dT.
From (2.8) we obtain

L(Zp1(t+ 60)" (c(t) — 2ot + 60)), M (1,6)))

. e(t) = z0(t + 0) n )
— /(2. 1t +6 M(t,0
( 1(E+6o) |ze — 20(- + 60)lljo,1) (t.60)
. Te(t) = o(t + o) q(t) n )
— L\ Zp—1(t+ 0 — , M—(t, 6
( i 0) lze —20(- +6o)lljo,7)  llze — 20(- + 60)llj0,77 (t.60)

t

+4<(GAT)*((GAT)* —I)_l/

t—=T

Zn—1 (T + 00) g(7,2:(7),€) dr, ML(t, 90)) )

But the difference of the first two terms in the right hand part of the last equality
tends to zero as ¢ — 0 and thus the thesis follows. O

Next theorem is a reformulation of Theorem 2.1 suitable for our further
considerations.

THEOREM 2.2. Let xg be a nondegenerate T-periodic cycle of (1.2). Let
{2 }ren be a family of T-periodic solutions of (1.1) such that xc x(t) — xo(t+
0o) as e — 0 uniformly with respect to t € [0,T] and A € A. Let 1 € R™ be an
arbitrary vector such that (I, 30(00))=0. Assume that (I, Y, _1(00)M=(0,00)) #0.
Then there exists €9 > 0 such that, for any A € A and any ¢ € (0, 0],

(I, 2 (0) —20(00)) >0 or (l,x:(0) —z0(fy)) <O
according as

(1, Yn_1(60)M™*(0,00)) >0 or (I,Y,_1(00)M*(0,6,)) < 0.
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PROOF. By Perron’s lemma [12] (see also Demidovich ([3, Section 111, § 12])
we have
v=Yn 1(6)Zp_1(t)* v + 2o(t)20(t) v
for any v € R™ and t € R. Therefore

(1, ze A (0) = 20(00)) = (I, Yn—1(00) Zn—1(00)" (2,2 (0) — x0(o))
+20(00)20(00)" (2,1(0) — 20(00)))(Yn—-1(00)*l; Zn—1(00)" (2,2 (0) — 0(60)))-

Since (Y;,—1(60)*l, M+(0,6o)) # 0 then by Theorem 2.1 there exists g9 > 0 such
that

sign(Yn_l(ﬂo)*l, Zn_l(ﬁo)*(xe,,\(()) — Io(eg)» = SigH<Yn_1(90)*l, ML (O7 00)>

for any ¢ € (0,e0] and A € A and thus the proof is complete. O

3. The topological degree
of the perturbed Poincaré—Andronov operator

To proceed to the proof of our main Theorem 3.1 we need three additional
theorems which are formulated below for the convenience of the reader.

MALKIN’S THEOREM (see [9, p. 41]). Assume that T-periodic solutions x.
of (1.1) satisfy the property x-(t) — xo(t + 0o) as € — 0. Then M(6y) = 0.

CAPIETTO-MAWHIN-ZANOLIN THEOREM (see [2, Corollary 2]). Let V C
R™ be an open bounded set. Assume that Po(v) # v for any v € OV. Then
d(I = Po,V) = (=1)"d(f, V).

KAMENSKII-MAKARENKOV—NISTRI THEOREM (see [5, Corollary 2.8]). Assu-
me that 0y € [0,T] is an isolated zero of the bifurcation function M. Then there
exist €9 > 0 and r > 0 such that P:(v) # v for any ||[v — vo| = r and any
e € (0,g9]. Moreover, d(I — Pe, B,(vg)) = ind(bp, M).

We will say that the set U C R™ has a smooth boundary if given any v €
OU there exists r > 0 and a homeomorphism of {£ € R*~! : ||£]| < 1} onto
OU N B,.(v). Thus any set U with a smooth boundary possesses a tangent plane
to QU at any v € QU. This tangent plane will be denoted by Ly (v). Moreover,
if U has a smooth boundary and R™ 3 h & Ly (v) then there exists A\g > 0 such
that either Ah 4+ v € U for any A € (0, Xg] or Ah + v & U for any A € (0, \g].
In this case we will say that h centered at v is directed inward to U or outward
respectively.

THEOREM 3.1. Let xg be a nondegenerate T-periodic cycle of (1.2). Let
U C R"™ be an open bounded set with a smooth boundary and x([0,T]) C OU.
Assume that Py(v) # v for any v € OU \ 2o([0,T]). Assume that M has a finite
number of zeros 0 < 61 < ... < O, < T on [0,T] and ind(0;, M) # 0 for any



PERTURBED POINCARE-ANDRONOV OPERATORS 171

i € 1,k. Assume that Y,,_1(0;)M=(0,0;) & Ly (x(6;)) for any i € 1,k. Then,
for any € > 0 sufficiently small, d(I —P.,U) is defined. Moreover,

k
d(I = P.,U) = (=1)"d(f,U) = > _ind(6;, M) D;,
i=1
where D; = 1 or D; = 0 according as Y,_1(0;)M*(0,0;) centered at xo(6;) is
directed inward to U or outward.

Proor. By Kamenskii-Makarenkov—Nistri theorem there exists » > 0 and
g0 > 0 such that

(3.1) d(I —P., B, (x0(0;))) = ind(6;, M)

for any € € (0,¢0] and i € 1,k. From Malkin’s theorem we have the following
“Malkin’s property”: r > 0 can be decreased, if necessary, in such a way that
there exists eg > 0 such that any T-periodic solution x. of (1.1) with initial con-
dition z-(0) € B, (zo([0,T7)) and € € (0, o] satisfies 2.(0) € ;77 Br(20(0:)).
Malkin’s property implies that

(3.2) d(I—PE, (BT(mo([O,T}))\ U BT(:UO(GZ'))) ﬂU) =0

i€l k

for any € € (0,£0]. Denote by I; the perpendicular to Ly (zo(6;)) directed outward
away from U or inward according as (Z,_1(0;)*) "' M=*(0,6;) centered at x¢(6;)
is directed outward away from U or inward. From Theorem 2.2 and Malkin’s
property we have that €9 > 0 can be diminished in such a way that for any i € 1, k
any T-periodic solution z. of (1.1) with initial condition x.(0) € B, (x¢(6;)) and
e € (0,¢eo] satisfies z.(0) € B, (z9(6;)) N U or x.(0) & B,(x¢(0;)) N U according
as D; =1 or D; = 0. This observation allows to deduce from (3.1) that

d(I—PE,BT(.’L'o(ei))ﬁU) =0, if D(ﬁz)

)

1
0,

for any € € (0,¢¢] and i € 1,k.

Observe that our choice of r > 0 ensures that Py(v) # v for any v € (U \
B, (z¢([0,T]))). Thus, by Capietto-Mawhin—Zanolin theorem we have d(I —
Po, U\ B, (z0([0,T]))) = (—1)™d(f, U\ Br(20([0,T]))). Without loss of generality
we can consider r > 0 sufficiently small such that d(f,U \ B(z0([0,T]))) =
d(f,U) obtaining

(3.5) d(I = Po, U\ Br(20([0,T1))) = (=1)"d(f, V).
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Since

a1 =P 0) =a( 1= P (B (o (0.7 U Brlan(09)) n0)

i€k
+ d([ -7 | Br(xo(ei)> N U) +d(I —P., U\ Bp(20([0,T])))
i€l,k
the conclusion follows from formulas (3.2)—(3.5). O

4. A proof of the Mawhin’s conjecture

In this section we assume that the set U C R™ has a smooth boundary and
there exists v,_; € R"~! satisfying the following assumption

(4.1) Yo () (T (e ) — D)7 e v,y & Ly(t) for any t € [0,T).

We note that assumption (4.1) does not depend on the perturbation term of
(1.1) and relies to unperturbed system (1.2). Let D =1 or D = 0 according as
Y 1(0)(eAT)*((eAT)* — I)~1(eM)*v,, 1 centered at 2((0) is directed inward to
U or outward. Given odd m € N we construct the perturbation term g in such
a way that d(I —P.,U) = (—=1)"d(f,U) — m(2D — 1) for any € > 0 sufficiently
small. Without loss of generality we consider T' = 27.

Since (zo(t), Zn—1(t)) is nonsingular then ((zo(t), ®(¢))* is nonsingular as
well. Define Q:z0([0,27]) — R™ as Q(xo(t)) = ((20(t), ®(¢))*)! for any t €
[0,27]. By Uryson’s theorem (see [6, Chapter 1, Theorem 1.1]) Q can be con-
tinued to the whole R™ in such a way that Q € C°(R",R"). Analogously, we
consider I' € CO(R™, R™) such that I'(zo(t)) = (arcsin(sint),0,...,0)* and de-
note by I' € CY(R",R) the first component of L. Let us define a 2m-periodic
a-approximation of ((eAt)*)~! on [-27,0] by

ea(t) = (™)), if t € [—2m, —q,
t
calt) = () (1 ) (e e [al
- -«
which is continued to (—o0, 00) by the 27-periodicity. We are now in a position to
introduce the required perturbation term, namely we consider that the perturbed
system (1.1) has the following form

Dsin(mt) + (1 — D) cos(mt) )

(42) &= f(x)+el(2)Qz) ((D cos(mt) + (1 — D) sin(mt) )eq (t)vn 1

where a > 0 is sufficiently small. Consequently we denote by P. the Poincaré—
Andronov operator of system (4.2) over the period 2.
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PROPOSITION 4.1. Let z¢([0,T]) C U C R™ be an open bounded set with
a smooth boundary and assume that there exists v,_1 € R™ such that (4.1) is
satisfied. Then given any odd m > 0 there exists ag > 0 such that for any fixed
a € (0, ap] and € > 0 sufficiently small d(I — P.,U) is defined and

AL —P..U) = { s EP L
(=1)"d(f,U) +m if D=0.
PROOF. By the definition of 2 and I we have
ZO(t)* _ 1 0
(4.3) (an(t)*> Qxo(t)) = (0 (eAt)*) |

I'(zo(t)) = arcsin(sint).

Therefore, taking into account that m is odd, we obtain the following formula
for the bifurcation function M
27
M(0) = / arcsin(sin 7) (D sin(m(r — 6)) + (1 — D) cos(m(7 — 0))) dr
0

(m—1y2 4D cos(mf) + 4(1 — D) sin(mb)
m2

= (-1)
whose zeros are §; = (1/m)(Dn/2 + jn), j € 0,2m — 1. Moreover,
(4.4) ind(6;, M) = sign(M’(4;))

_ (—1)(m1)/2sign<4m(D sin(Dw /2 + jr) :rrﬂ(l — D) cos(Dw/2 + jm)) >

Let us denote by Mz the function M~ corresponding to system (4.2). From
(4.3) we have that

0
M (0,8) = ()" (M) — 1)~ / (Zn-1(s +0))"g(s,z0(s +0),0) ds

-2

— (eAT)*((eAT)* _ I)—l(eA€>*

o [ (Y eals)ons

—27

-arcsin(sin(s + 0))(D cos(ms) 4+ (1 — D) sin(ms)) ds.
Since

0
/_2 arcsin(sin(s + 0))(D cos(ms) + (1 — D) sin(ms)) ds
4(D sin(m#) + (1 — D) cos(m#))

_ _(_1\(m=1)/2
- ( 1) 2

m
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by taking into account that m is odd we have that M (0,0) — M (0,0) as

a — 0, where

Md‘(ovﬂ) = _(eAT)*((eAT)* _ I)*l(eM)*vn,l(—l)(mfl)/z
4(D sin(m0) + (1 — D) cos(m#0))
m?2 ’

Put ¢() = —(—=1)m=1/2(Dsin(m#) + (1 — D) cos(mh)). Then, taking any 0 €
[0, 27] and using the definition of D we conclude that Y;,_1(6) My (0,8) centered
at xo(0) is directed inward to U or outward according as sign(q(0))(2D — 1) =
1 or sign(q(#))(2D — 1) = —1. Therefore, there exists oy > 0 such that for
any a € [0,a9] and any 6 € [0,27] we have that Y,,_1(0)M(0,0) centered at
xo(0) is directed inward to U or outward according as sign(q(6))(2D — 1) =1
or sign(q(#))(2D — 1) = —1. Thus denoting by P., the Poincaré-Andronov
operator of system (4.2) from Theorem 3.1 we have that

(4.5) d(I = P.o,U) = (=1)"d(f,U) — > ind(0;, M)

j€0,2m—1:sign(q(6;))(2D—1)=1

for any a € (0,a9]. Consider the case when D = 1. Then the property
sign(q(0;))(2D — 1) = 1 is equivalent to

(4.6) (—1) (=Y 2gign (sin(7/2 + jr)) = —1.

If j € 0,2m — 1 satisfies (4.6) then (4.4) implies ind(d;, M) = 1. Since there
exists exactly m elements of 0, 2m — 1 satisfying (4.6) then (4.5) can be rewritten
as d(I-P;,U) = d(f,U)—m. Analogously, if D = 0 then sign(q(8;))(2D—1) =1
is equivalent to (—1)(™~1/2sign(cos(jm)) = —1 that in combination with (4.4)
gives ind(6;, M) = —1 allowing to rewrite (4.5) in the form d(I — P.,U) =
a(f,U) +m. O

At the end of the paper we note that system (1.2) should exhibit very complex
behavior in order that assumption (4.1) be not satisfied with any v,,_; € R*~1L.
Particularly, (4.1) holds true for the prototypic unperturbed system (1.2)

T, = To —xl(x% +x§ -1,
(4.8) iy = —m1 — ma(af — a3 — 1),

j?g = —I3

possessing the nondegenerate 2m-periodic cycle xg(t) = (Z;‘;i) and U = B(0) =

{v € R?: |jv|| < 1}. Indeed, it can be easily checked that

®(t) = ((Sigt) (COOSt>, (?)) M = (e;t 3) and  Y,_1(t) = d(t)e M
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in this case. Thus, taking v, 1 = (é) we have
2t
Vs ()Y () = 1) M) 01 = —y— (sint, cost,0)".
o2t _

This last vector centered at xo(t) is perpendicular to OU for any t € [0, 27].
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