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APPLICATION OF HOMOTOPY PERTURBATION METHOD
TO THE BRATU-TYPE EQUATIONS

Xinlong Feng — Yinnian He — Jixiang Meng

Abstract. A new algorithm is presented for solving the Bratu-type equa-
tions. The numerical scheme based on the homotopy perturbation method
is deduced. Two boundary value problems and an initial value problem are
given to illustrate effectiveness and convenience of the proposed scheme.
Our results agree very well with the numerical solutions showing that the
homotopy perturbation method is a promising method.

1. Introduction

It is well known that the Bratu boundary value problem in one-dimensional
planar coordinates is of the form

−u′′ = λeu,(1.1)

u(0) = u(1) = 0.(1.2)

where λ > 0 is called the eigenvalue [3], [8], [9], [19], [21]. This problem comes
originally from a simplification of the solid fuel ignition model in thermal com-
bustion theory. The exact solution of (1.1) and (1.2) is given by

u(x) = −2 ln
[

cosh
(

0.5(x − 0.5)θ
cosh(θ/4)

)]
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provided θ is the solution of θ =
√

2λ cosh(θ/4). The problem has zero, one or
two solutions when λ > λ0, λ = λ0 and λ < λ0 respectively, where λ0 satisfies
the equation

√
2λ sinh(θ/4) = 4. It was evaluated [6], [9], [14] that the critical

value λ0 is equal to 3.513830719.
Due to its importance, the Bratu problem has been studied extensively.

Firstly, it arises in a wide variety of physical applications, ranging from chemical
reaction theory, radiative heat transfer and nanotechnology [29] to the expansion
of universe [19]. Secondly, because of its simplicity, the equation is widely used
as a benchmarking tool for numerical methods. Several numerical techniques,
such as the finite difference method, finite element approximation, the shooting
method [21] and Adomian decomposition method [1], [8], [19], [27], have been
implemented independently to handle the Bratu model numerically. In addition,
Boyd [6], [7] employed Chebyshev polynomial expansions and the Gegenbauer
polynomials as base functions. He [17], [18] applied the variational method to
study this problem. Wazwaz [30] applied the Adomian decomposition method
to study the Bratu-type equations.

In 1998, He [15], [16] employed the basic ideas of the homopoty in topology
to propose a general analytic method — homotopy perturbation method (HPM)
for nonlinear problems. This method has been successfully applied to solve many
types of nonlinear problems by others [1], [2], [4], [5], [10]–[14], [22]–[26], [28],
[29], [31]. For example, the Duffing-harmonic oscillator [4], the strongly non-
linear equations [18], Helmholtz equation and KdV equation [22], [24], [28], the
generalized nonlinear Boussinesq equation [25]. In reference [1], a homotopy
technique and a perturbation technique is proposed to solve non-linear problems
by Abd El-Latif. As a matter of fact, the proposed method is namely HPM.
In practice, HPM is a powerful and easy-to-use analytic tool and does not need
small parameters in the equations. HPM yields rapidly convergent series solu-
tions. Recently, the applicability of HPM was extended to partial differential
equations [5]. We introduce a small parameter and use Taylor expansion, based
on the homotopy perturbation method [15], to study the Bratu-type equations in
this paper. The new algorithm is implemented for two boundary value problems
of the Bratu-type models given by

(1.3) −u′′ = −λeu,

and

(1.4) −u′′ = λe−u,

which satisfy the boundary value conditions (1.2), respectively. And an initial
value problem of the Bratu-type model is given by
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−u′′ = −λeu,(1.5)

u(0) = u′(0) = 0.(1.6)

where 0 ≤ x ≤ 1. Compared with the Adomian decomposition method, the nu-
merical results show that the scheme approximates the exact solution with a high
degree of accuracy using only few terms of the algorithm. And the procedure is
more simple.

2. Formal deduction of the new algorithm

We apply homotopy perturbation method [12]–[18], [20] and directly intro-
duce a parameter p ∈ [0, 1] in the Bratu equation in the form

−u′′ = λepu,(2.1)

u(0) = u(1) = 0.(2.2)

It is obvious that when p = 0, equation (2.1)–(2.2) become a linear equation;
when p = 1, it becomes the original nonlinear one.

Due to the fact that p ∈ [0, 1], the imbedding parameter can be considered as
a “small parameter”. Applying the perturbation technique [21], we can assume
that the solution of equation (2.1)–(2.2) can be expressed as a power series in p:

(2.3) u =
∞∑

n=0

pnun = u0 + pu1 + p2u2 + p3u3 + . . .

Setting p = 1 results in the approximate solution of (1.1) and (1.2):

(2.4) u∗ = lim
p→1

u =
∞∑

n=0

un = u0 + u1 + u2 + u3 + . . .

To obtain its approximate solution of (2.1) and (2.2), we expand eu into a Taylor
series

(2.5) eu =
∞∑

n=0

un

n!
= 1 + u +

u2

2
+

u3

6
+ . . .

Substituting (2.2)–(2.5) into (2.1)–(2.2), and equating the coefficients of the same
powers of p, we obtain

p0 : −u′′
0 = λ, u0(0) = 0, u0(1) = 0,

p1 : −u′′
1 = λu0, u1(0) = 0, u1(1) = 0,

p2 : −u′′
2 = λ

(
u1 +

1
2
u2

0

)
, u2(0) = 0, u2(1) = 0,

p3 : −u′′
3 = λ

(
u2 + u0u1 +

1
6
u3

0

)
, u3(0) = 0, u3(1) = 0.
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From the above equations, we can obtain

u0 =
λ

2
(x − x2),

u1 =
λ2

24
(x4 − 2x3 + x),

u2 =
λ3

1440
(−8x6 + 24x5 − 15x4 − 10x3 + 9x),

u3 =
λ4

20160
(17x8 − 68x7 + 77x6 + 7x5 − 35x4 − 21x3 + 23x).

In principle, it is possible to calculate more components in the expansion series
to enhance the approximation. Therefore, we get the third-order approximation

u ≈ u0 + u1 + u2 + u3.

From the above results, we concluded that the n-order approximation is a poly-
nomial of degree 2(n+1). Hence, it is easy to compute the approximate solution.

3. First Bratu-type problem

Firstly, we consider the Bratu-type model (1.3). As indicated before, (1.3)
differs from the standard Bratu problem by the sign of λ. According to the same
technique, we can get

(3.1)

u0 =
λ

2
(x2 − x),

u1 =
λ2

24
(x4 − 2x3 + x),

u2 =
λ3

1440
(8x6 − 24x5 + 15x4 + 10x3 − 9x)

u3 =
λ4

20160
(17x8 − 68x7 + 77x6 + 7x5 − 35x4 − 21x3 + 23x).

In view of (3.1), if λ = π2, then the solution u(x) is readily obtained in a series
form by

u(x) =
π2

2
(x2 − x) +

π4

24
(x4 − 2x3 + x) +

π6

1440
(8x6 − 24x5 + 15x4 + 10x3 − 9x)

+
π8

20160
(17x8 − 68x7 + 77x6 + 7x5 − 35x4 − 21x3 + 23x) + . . .

This result differs from the one obtained by Adomian decomposition method [30]
given by

(3.2) u(x) = πx +
π2

2!
x2 +

π3

3!
x3 +

2π4

4!
x4 +

π5

4!
x5 +

16π6

6!
x6 +

61π7

6!
x7 + . . .

Here, the exact solution of (1.3) is u(x) = − ln(1 + cos((0.5 + x)π)). It is in-
teresting to point out that unlike the solution of the standard Bratu equation



Application of HPM to the Bratu-Type Equations 247

where u(x) < ∞ for all values of x of its domain, the exact solution blows up
at x = 0.5 and the approximate solution (3.2) deviates from the exact solution
when x > 0.5 as shown by Figures 1 and 2, where the dashed line denotes the
exact solution and the solid line denotes the approximate solution, respectively.
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Figure 1. The approximate solution (3.1) of the first Bratu-type
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Figure 2. The approximate solution (3.2) of the first Bratu-type

4. Second Bratu-type problem

Secondly, we consider the Bratu-type model (1.4). (1.4) differs from the
standard Bratu problem by the term e−u. According to the same technique in
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Section 2, we can obtain

(4.1)

u0 =
λ

2
(−x2 + x),

u1 =
λ2

24
(−x4 + 2x3 − x),

u2 =
λ3

1440
(−8x6 + 24x5 − 15x4 − 10x3 + 9x),

u3 =
λ4

20160
(−17x8 + 68x7 − 77x6 − 7x5 + 35x4 + 21x3 − 23x).

In view of (4.1), if λ = π2, then the solution u(x) is readily obtained in a series
form by

u(x) =
π2

2
(x2 − x) − π4

24
(x4 − 2x3 + x) +

π6

1440
(8x6 − 24x5 + 15x4 + 10x3 − 9x)

− π8

20160
(17x8 − 68x7 + 77x6 + 7x5 − 35x4 − 21x3 + 23x) + . . .

This result differs from the one by Adomian decomposition method [30] given
by

(4.2) u(x) = πx − π2

2!
x2 +

π3

3!
x3 − 2π4

4!
x4 +

π5

4!
x5 − 16π6

6!
x6 +

61π7

6!
x7 + . . . .

Here, the exact solution of (1.4) is u(x) = ln(1+cos((0.5+x)π)). It is interesting
to point out that the exact solution blows up at x = 0.5 and the approximate
solution (4.2) deviates from the exact solution in the whole domain as shown by
Figures 3 and 4, where the dashed line denotes the exact solution.
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Figure 3. The approximate solution (4.1) of the second Bratu-type
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Figure 4. The approximate solution (4.2) of the second Bratu-type

5. Initial value problem of the Bratu-type

Finally, we consider the initial value problem of Bratu-type (1.5). Unlike
the Bratu problem where boundary conditions are used, (1.5) is an initial value
problem. According the same technique in Section 2, we can obtain

(5.1)
u0 =

λ

2
x2, u1 =

λ2

24
x4, u2 =

λ3

180
x6,

u3 =
17λ4

20160
x8, u4 =

31λ5

226800
x10.
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Figure 5. The first-order approximation (5.2) of the third Bratu-type

More components in the expansion series can be computed to enhance the
approximation. In view of (5.1), if λ = 2, then the solution u(x) in a series form
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is readily obtained by

(5.2) u(x) = x2 +
1
6
x4 +

2
45

x6 +
17

1260
x8 +

62
14175

x10 + . . .

= − 2
(
− 1

2
x2 − 1

12
x4 − 1

45
x6 − 17

2520
x8 − 31

14175
x10 − . . .

)
.

We have the same result with the reference [30] by Adomian decomposition
method, the exact solution of (1.5) is given by u(x) = −2 ln(cos(x)). It is noticed
that the exact solution is bounded in the domain 0 ≤ x ≤ 1 as shown by Figures 5
and 6, where the dashed line denotes the exact solution. With the second-order
approximation u0+u1+u2, we can obtain the high accuracy in the whole domain.
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Figure 6. The second-order approximation (5.2) of the third Bratu-type

6. Discussions

The goal to obtain exact solutions for Bratu-type problems by using the new
algorithm based on the homotopy perturbation method has been achieved. This
algorithm has been applied directly without using linearization or any restrictive
assumptions. The solutions for the first and the second Bratu-type problem blow
up at the middle of the domain and remain bounded elsewhere. However, the
solution for the initial value problem is bounded in the whole domain. The com-
putational size is reasonable when compared to other techniques. This confirms
the new algorithm is effective and reliable. Furthermore, this paper shows the
validity and great potential of the HPM for nonlinear problems in science and
engineering.
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