Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 27, 2006, 177-194

POSITIVE SOLUTIONS
FOR A NONCONVEX ELLIPTIC DIRICHLET PROBLEM
WITH SUPERLINEAR RESPONSE

ANDRZEJ NOWAKOWSKI — ALEKSANDRA ORPEL

ABSTRACT. The existence of bounded solutions of the Dirichlet problem
for a ceratin class of elliptic partial differential equations is discussed here.
We use variational methods based on the subdifferential theory and the
comparison principle for difergence form operators. We present duality and
variational principles for this problem. As a consequences of the duality we
obtain also the variational principle for minimizing sequences of J which
gives a measure of a duality gap between primal and dual functional for
approximate solutions.

1. Introduction

The aim of this paper is to show that some class of Dirichlet problems gov-
erned by a second order partial differential equation possesses solutions from
a known pre-specified interval of the positive axis. We shall consider PDE of
elliptic type being a generalization of the membrane equation in the following
form

—div(k(y)Va(y)) = Ga(y,z(y)) for ae. y € Q,

zloa =0

(1.1)
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with k& € C1(Q,R,), G, denoting the derivative with respect to x. We shall
assume that G is convex and differentiable with respect to the second variable
in some interval and it satisfies the Carathéodory condition. Throughout the
paper we shall assume the following conditions:

() Q C R" is a bounded domain in R™ having a piecewise C'*' boundary.
(K) k€ CHLR), ko > k(y) > ko > 0 for all y € Q.
(G1) There exist z € CL(Q), 29 € Wy*(Q,R) N W2(Q,R) such that 0 <
zo(y) < Z(y) for all y € Q and

(1.2) Ga(y,2) < —div(k(y) Vzo(y))-

(G2) G: QxR — R is measurable in y, continuously differentiable and convex
with respect to the second variable in some closed neighbourhood T of
the interval I = [0, sup,cq Z(y)] for all y € Q, [, G(y,0) dy < oco.

(G3) G is positive in I for all y € Q.

It is worth to note that the assumption (G1) is not very strong, as any
function G, which is superlinear and increasing in some interval satisfies the
conditions from (G1). In particular, any polynomial of degree greater than two
(eventually shifted) has that property. How to find the functions Z and zj is
described in Example 4.2, they may be treated as model functions.

Recently an increasing interest has been observed in investigating the ex-
istence of positive solutions of similar problems. It is associated with the fact
that a lot of mathematical models of physical and technical phenomena involves
nonlinear elliptic problems. The elliptic partial differential equations in the di-
vergence form were discussed e.g. in [12], where G € C(Q x R), in [5], or in [10],
where the right-hand side is independent of x and €2 is a bounded n-dimensional
polyhedral domain. In [13] the existence of a solution 2 € Wy (Q, R)NL>® (2, R),
p > 1 for the below PDE

(1.3) —div A(y, z, Dz) = H(y,z, Dz) in Q,

where 2 is an open set in R™, n > 1, follows from the existence of the solution
of an associated symmetrized semilinear problem. N. Grenon has obtained the
results under the assumptions that

(a) A:OQxRxR"” — R™ and H: QxR XxR"™ — R are Carathéodory functions,
such that for a.e. y € Q, all z € R and £ € R"
(1.4) [Aly, 2, )| < B(2])I€]~ +b(y),
(1.5) [H(y, 2, )| < (2Dl +dy)}.

where 3, v are positive and locally bounded, b is a positive element of
LY (Q,R), p' = p/(p—1), and d € L'(Q, R);
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(b) (A(y,z,&) — Ay, z,£'), £ — &) > 0 for all £ # & and there exists a > 0
such that a|¢|? < (A(y,x,£),&);

(c) there are nondecreasing k;, 0; € C(R4, Ry ), nonnegative f; € LI(Q,R,),
max{n/p,1} < q¢ < o0, i=1,2 with 6;(0) > 0 such that

H(y,z,6) <albi @ +0:(0)fi(y)}  foralla >0,
H(y,,) < a{—ka(—2)|¢]P —02(~2)fo(y)} for all z < 0.

Although for A(y,z,&) = k(y)¢ and H(y,z,&) = G.(y, ), (1.3) gives (1.1),
we cannot use the results presented in [13] because we will not assume any
additional estimate on G, like (1.5) and (c).

There are a lot of results concerning the case when k is a constant, among
others [14], [15], [28]. In [32] and [27] the existence of a classical solution of
(1.1) is discussed under the following assumptions: G, (-, -) € C(Q x R,R), G,
satisfies the additional estimate on 2 x R and the following relations between G
and G, holds: there exist > 0 and r > 0 such that for |z| > r

(1.6) 0 < uG(y,z) < 2G4 (y, ).

The condition similar to (1.6) is used also in [9]. We can find a lot of papers
concerning similar problem for G being a polynomial with respect to z (see [30],
[26]). Here we point out that weaker assumptions made on G are still sufficient
to conclude the existence of a countable set of solutions for (1.1). A natural,
and widely used approach to solvability of our problem is to treat (1.1) as the
generalized Euler-Lagrange equation for the functional J given by

(17) 9@ = [ {5H0IT)? - Gl do

for z € W, *(Q, R).

We see that under the our assumptions, J is not, in general, bounded on
Wy(€2, R); so that we must look for critical points of (1.7) of “minmax” type or
find subsets X and X9, on which the action functional J or the dual one — Jp
is bounded. We shall apply the other approach and choose the special sets over
which we will calculate minimum of J and Jp. Our assumptions are not strong
enough to use, for example, the Mountain Pass Theorem (see e.g. [18], [32],
[27]): G is not sufficiently smooth, we do not assume any additional relations
concerning G, and G, in consequence, J does not satisfied, in general, the (PS)-
condition. Of course, we also have the Morse theory and its generalization or
the saddle points theorems, but all these methods do not exhaust all critical
points of J. Moreover, our approach enables us the numerical characterization
of solutions of our problem.
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We will develop a duality theory which is similar to the duality presented
in [25], where the systems of ODE’s is considered. The duality is based on the
Fenchel transform, so we recall some properties of the Fenchel conjugate widely
discussed, e.g. in [11]. First denote by I'g(R™) the set of all convex and lower
semicontinuous functions f:R™ — R U {+oo} which are not identically equal
to +o0.

DEFINITION 1.1. Let f € T'o(R") and (a,b) := > 1", a;b; for all a,b € R™.
The function f*:R™ — RU {+oo} given by

fr(w?) = sup {(u",u) — f(u)}

u€R™

is called the Fenchel transform (or conjugate) of f .

DEFINITION 1.2. Let f € I'o(R™). The set
Of (u) :=={u" € R" : (u*,v —u) + f(u) < f(v) for all v € R"}

is called the subdifferential of f at uw. If df(u) # @ then we say that f is
subdifferentiable at w.

THEOREM 1.3 ([11, Chapter I, §5]). Let f € T'o(R™). Then the following
conditions are equivalent

(a) f(u)+ f*(u") = (u",u),
(b) u* € 9f(u),
(¢) uedf*c(u).

THEOREM 1.4 ([11, Chapter IX, Proposition 2.1]). Assume that Q is a
bounded domain in R™, f: Q0 x R™ — R U {400} is a nonnegative Carathéodory
function and 1 < p < +oo. Let F: LP(Q,R™) — RU {400} be given by

F(u) = / F( u(y)) dy.

Denote by F* the conjugate function defined as

Fu)=  sup { [t ) f(y7U(y))dy}

wEL2(Q,R™)

for all w* € LI(Q,R™), with g =p/(p —1). If there exists ug € L>=(2,R™) such
that F(ug) < +oo then for all u* € L1(Q,R™),

) = [ P w)
where f* is the Fenchel transform of f.

Now we recall the relevant theorems from ([12]):
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THEOREM 1.5. Let Q be a bounded domain in R™ having a piecewise C1!
boundary. Then, if f € L (Q,R), the Dirichlet problem

div(k(y)Vu(y)) = f(y) for a.e. y €,
ue Wy (Q,R),

where k € CY(Q,R), ko > k(y) > ko > 0 for all y € Q, possesses a unique

solution u € Wy (0, R) N W2=(Q,R).

We recall that a function u, weakly differentiable in Q, satisfies Qu > 0 (= 0,
< 0) in Q if the functions A(z,u, Du) = {A*(z,u, Du)}i=1, . and B(z,u, Du)
are locally integrable in € and

Qlu,p) = / [A(y, u, Du)Veo(y) — B(y.u, Du)p(y)]dy <0 (=0, > 0)

yees

for all non-negative p € C3(Q), where
Qu = div(A(y, u, Du)) + B(y, u, Du).

THEOREM 1.6. Let u,v € Co(Q) N CL(Q) satisfy Qu >0, Qu < 0 in Q and
u <wv on ), where A, B are continuous differentiable with respect to the second
and third variable in Q X R x R™, Q is elliptic in Q, B is non-increasing in u.
Then, if either
(a) A is independent of u; or
(b) B is independent of Du
it follows that u < v in Q.
Now we shall construct the sets of arguments of J and Jp. Let
X={z¢ W(}’Q(Q,R), x(y) € I, z(y) < z(y) on
and div(kVz) € L*(Q,R)}.
Let us note that for each z € X in view of (G2) and (G1) G.(y,z(y)) <
—div(k(y)Vzo(y)) € L™ ie. Go(-,z(-)) € L. Define X as the largest subset
of X having property:
(X) for every x € X there exists T € X such that

(1.8) —div(k(y)VZ(y)) = Gx(y,z(y)) a.e. on Q.

Now we shall derive some important facts about X.
PROPOSITION 1.7. X # () and X has the above property, i.e. X = X.

PROOF. It is clear that Z € X. Fix any 2 € X. By Theorem 1.5 there exists
a unique solution Z € Wy"*(Q, R) N W2 (Q, R) of the Dirichlet problem for the
equation
—div(k(y)VZ(y)) = G.(y,z(y)) a.e. on Q.
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The Sobolev imbedding theorem leads to the conclusion that T € Co(Q2)NC(Q).

Using (G3) (G4 (y,u) is positive for u € I) we obtain, for all nonnegative ¢ €
Co(Q),

/Q E(y)VZ(y)Ve(y)dy = — /Q div(k(y)VZ(y))e(y) dy
= /QGI(y,x(y))sO(y) dy >0

and in consequence, by Theorem 1.6, Q= < 0, so that T > 0.
Combining (1.2) with the facts that G, (y, - ) is increasing and = < Z we infer

div(kVT) = =G (y, (y)) = —Ga(y,2(y)) = div(kVz)
and further
div(k[V(Z — 29)]) > 0.
Finally we have for all nonnegative ¢ € CZ(9)
/ k(y)V(T = 20)(y) Ve (y) dy = */ div(k(y)[V(@ — 20)](y))e(y) dy < 0
Q Q

which implies Q(Z — zp) > 0.
Applying again Theorem 1.6 we can assert that T — 29 < 0, s0 T < 25 <

O ™

Summarizing 0 <7 <z and € X. Thus X has the property X.
Let

X4 := {p e WH2(Q,R) : there exists 2 € X
such that p(y) = k(y)Va(y) for a.e. y € Q and divp € L= (Q,R)}.

REMARK 1.8. For every x € X, there exists p € X9 satisfying the below

relation
—divp(y) = Gz (y,z(y)) for a.e. y € L
Proor. Fix z € X. There exists T € X such that (1.8) holds. Taking
p(-) =k(-)VZ(-) € WH2(Q,R) we can assert that p € X% and, in consequence,
the required relation is satisfied. O

2. Duality result

The aim of this section is to develop duality describing the connections be-
tween the critical values of J and the dual functional Jp: X% — R defined as
follows:

100) = [ { = 5 ) + 6o ~aivatu) by
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where G*(y, ) (y € Q) denotes the Fenchel conjugate of G(y, -) and G is given
by
~ {G(y,x) ifzelandye,

Gy, z) =
(v ) 00 ifx ¢ Iandye.

Now we shall use G to introduce a kind of perturbation of J. We investigate our
problem on X only, where G(y, x) = G(y, z) for y € Q, so that we will not change
a notation for the functional J containing G or G. We consider the following
perturbation J,: L?(€, R) — R of the functional J given by

1) = [ { = MOV + Glogl) + o) |

It is clear that J;(0) = —J(z) for all z € X.
Let us define for every = € X a type of conjugate J#: X% — R of J, as below
(2.1) JF(p)

= sw [ gt diva) - Gng) + o) + SRV fay

geLI(Q,R)
X . 1 .
= [ { e taivatn) + T2 - (ol aivat) | an
Now we show two auxiliary lemmas.

LEMMA 2.1. For all p € X¢

(22) sup (—J# (—p)) = —Jn(p)-
zeX
PRrROOF. Fix p € X% In order to avoid calculation of the conjugate with
respect to a nonlinear space (X is not a linear space) we use the special structure
of the sets X% and X. By definition of X¢ we infer the existence of 7 € X
satisfying the equality p(-) = k(-)VZ(-) a.e. on Q and, in consequence

_ 1 — 2 _ 1 2
{00 - Srz? by = [ sl an

so that

< sw [ L) - Sk fa

vEL2(Q,R")

/Q %(yﬂp(y)IQ dy = /Q {<Vx(y)7p(y)> - ;k’(y)lw(y)IQ} dy.
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(2.3) implies

sup (—J7 (—p))
reX

= sup [ {2900} = GRG0 = 6" (. ~divp(u) | dy

zeX

1 * . _
- /Q {2k<y)|p(y)|2 - G*(y, dlvp(y))} dy = —Jp(p)

what we have claimed. O

LEMMA 2.2. For each x € X

(2.4) sup (—JF (=p)) = —J ().
peXd

PRrROOF. To prove this we notice that from Remark 1.8 for each x € X there
exists p € X such that for a.e. y € Q

and further
/ {{a(y), —divp(y)) — C* (y, —divp(y))} dy = / Gy, 2(y)) dy.
Q Q

By arguments similar to that in the proof of (2.3), we obtain

(25) sup / (@), —divp(y)) — G* (3, ~div p(y))} dy

peXd
~ [ & sy = [ Glw.al) do
Q Q

where G**(y, z) = sup,cp{(z, ) — G*(y,x)} for a.a. y € Q and all z € R. By
(2.5) and (2.1)

sup (—J7 (—p))
peXd

= sup [ {tolo), ~divp(s) - 6" ~divpl) - +)ITa() P}

peX?
= [ { - 5012 + G2t bty = ~r(0) 0
Now we have the below duality principle
THEOREM 2.3. infyex J(x) = inf,cxa Jp(p).
PRrROOF. From (2.4) and (2.2)

sup(—J(z)) = sup sup (—Jf(—p)) = sup sup(—Jf(—p)) = sup (—=Jp(p)),
z€X zeX peXxd peXdaxeX peXd
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so that
inf J(z) = inf Jp(p). O

zeX peXd

3. Variational principles

This section is devoted to necessary conditions for the existence of the mini-
mizer for (1.7). We present variational principle also for minimizing sequences of
functionals J and Jp. This result enables numerical approximation of elements
satisfying (1.1).

THEOREM 3.1. Let T € X satisfy the equality J(T) = infyex J(x). Then

there exists p € X% being a minimizer of Jp:

Ip(p) = inf, Jp(p)

and such that —div p € 0Jz(0) (where 0Jz(0) denotes the subdifferential of Jz
at 0). Moreover,

(3.1) JZ(—p) + J=(0) =
(3.2) J#(~p) — Jp(p) =

)

PrOOF. Using Remark 1.8 there exists p € X% such that
/Q{@(y), —divp(y)) — G*(y, —divp(y))} dy = /QG(y,f(y)) dy.

Thus, adding [,,{—(1/2)k(y)|VZ(y)|*} dy to both sides of the previous assertion
we obtain (3.1).

Let JZ denote the Fenchel conjugate of Jz. An easy computation shows that
JE(—divp) = Jf#(—ﬁ) and, in consequence, by (3.1) and the properties of the
subdifferential, we have the inclusion —divp € dJz(0).

Our task is now to prove that p is a minimizer of Jp: X¢ — R. Combining
the equalities Jz(0) = —J(Z), (3.1) and Lemma 2.1 we deduce that:

—J(@) = —JF(-p) < sgg(—Jf(—ﬁ)) = —Jp(D).

Now Theorem 2.3 leads to the chain of relations

Jp(P) < J(T) = inf J(z) = inf Jp(p),

zeX peXd

which is what we have claimed. (3.2) follows from (3.1) and the equalities Jz(0) =
—J(T) = =Jp(P)- -
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COROLLARY 3.2. Assume that T € X is a minimizer of J, then

{ —div[k(y)VE(y)] = Go(y,Z(y)) for a.c. y € Q,

(3.3)
T‘BQ =0.

PRrROOF. By Theorem 3.1 we get the existence of p € X for which (3.1)—(3.2)
hold. Hence

1, 1 o o B
/Q{zk(y)p(y)l +3k@)IVEY) - < Va(y),ply) > }dy =0

and
/Q (G (4, ~divB(y)) + G(y, T(w))— < T(y), —divB(y) >} dy = 0.

Using the properties of the Fenchel conjugate, we obtain for a.e. y € 2

S PO + 5ROV — (Vo). 2(0)) =0,
G*(y, —divp(y)) + G(y, T(y)) — (T(y), —divp(y)) =0,
so that
p(y) = k(y)Vz(y) and —divp(y) = Ga(y,2(y))
for a.e. y € Q. Both equalities imply (3.3). O

Now we prove the numerical version of the above variational principle. We
present the result for minimizing sequences that is analogous to the previous
theorem.

THEOREM 3.3. Let {z,}neny C X be a minimizing sequence of J: X — R.
Then for any n € N there exists p, € X¢ satisfying the relations

—divp, € 0J;,(0),
inf Jp(pn) = inf Jp(p).
inf Jo(pn) = inf Jo(p)

Moreover, for all n € N,

(3.4) o, (0) + JZ (=pn) =0
and for each € > 0, there exists ng € N such that for all n > nyg,
(3'5) Jﬁ,/(*pn) - JD(pn) <g,
(36) |JD(pn) - J(mn)l <e.

PRrROOF. Our proof starts with the observation that J: X — R is bounded
below. Indeed, from the definition of X we infer that for all x € X we have
0 <z < 7 and further, by the convexity of G in I,

/Q Gy, 0)dy - /Q Gy, 2(y)) dy > / Gl 2(4))(0 — () dy

Q
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and so
- / Glyaly)dy > — | Cuoly,2(y))aly)dy — [ Gy, 0)dy.
Q Q Q

Therefore
1) @) = [ {GHIVew)P - 6at) fa

1 —_ —
= /Q SkW)IVa(y)* dy - /Q Gy, 2(y))2(y) dy — /Q Gy, 0)dy > —oc.
From the above estimate it is clear that

. inf =: —00.
(3.8) vlnrelNJ(xn) c>—00

Like in the proof of Theorem 3.1 we obtain for any n € N the existence of
pn € X satisfying (3.4) and the relation —divp, € 9.J,,(0). We proceed to
show that {p,}nen is a minimizing sequence for Jp: X? — R. To this end fix
e > 0. Using (3.8) there exists ng € N such that, for all n > ng, c+¢ > J(x,),
and further, by the equalities J,, (0) = —J(z,), (3.4) and (2.4) we may deduce
that, for all n > ny,

c+e > J(wn) = T (—p) 2 inf (T#(=pa)) = Jo(pu)
Moreover, Theorem 2.3 leads to the inequality

Jp(pn) > piergd Jp(p) = mlg)f( J(x)=c¢ forallneN.

Combining both relations we can assert that inf,c vy« Jp(p) = ¢ and, in conse-
quence, using again Theorem 2.3, {p, }nen C X is a minimizing sequence of Jp
on X%

(3.5) and (3.6) follow from the last assertion and the fact that J¥ (—p,) <
c+ ¢ for all n > ng. O

As a consequence of the previous theorem we can prove the following

COROLLARY 3.4. Suppose that {x, }nen C X is a minimizing sequence for J
on X. Then there exists a minimizing sequence {pn }nen C X¢ with the property

—divpn(y) = G (y, 2n(y))

for a.e. y € Q and every n € N. Moreover,

9 Jin [P + ST = alo), Taalo) =0
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4. The existence of solutions for the Dirichlet problem

This section is devoted to the existence of a solution of (1.1) being a minimizer
of J.

THEOREM 4.1. There exists xg € X such that

—div (k(y)Vzo(y)) = Gu(y,zo(y)) for a.e. y € L.

Moreover, xg is a minimizer of J on X:
J(xg) = inf J(x).
(v0) = inf J(z)

PRrOOF. By (3.7) we have the lower boundedness of J on X. Taking into
account the conditions made on G we see at once that for a € R large enough
the set Py = {z € X : @ > J(x)} is not empty. Now we can choose a minimizing
sequence {Z, }men C Py for J. According to (3.7) {Vx,, }men is bounded in the
norm |- ||z2(qr»y and further {2, }men is bounded in Wy(€,R). Thus, going if
necessary to a subsequence, we may deduce that {z,, } men tends weakly to some
To € VVO1 ’Q(Q,R). So that we can write, by the Rellich—-Kondrashov theorem,
T =2 g in L?(,R). Thus we can state pointwise convergence of a certain
subsequence (still denoted by {p, }men ): for a.e. y € Q

(4.1) lim 2, (y) = o(y)
m—0o0

and in consequence

(4.2) 0<zo(y) <Z(y)

for a.e. y € , so that g € L*®(Q,R). Using Corollary 3.4 there exists a
minimizing sequence {p,, }men C X< with the property

(43) —divpm (y) =Gy (ya Tm (y))

for a.e. y € Q2 and every m € N. Moreover,

) i [ L@ + GEIVo 0 = ). Tan) ) =0,

By the assumptions concerning G we get, from (4.3)

lim (~divpm(y)) = lim Gu(y,2m(y)) = Gu(y, 70(y))

m—00

and further {div py, }men is bounded in L (£2, R). In consequence, we derive the
existence of A > 0 such that, for m € N,

‘ /Q<dinm(y)7 zm(y)) dy| < A.

Taking into account (4.4), (4.5) and the boundedness of {Va, }men in L2(Q, R™)
it follows that {p,}men is bounded in L?(€2,R™). Thus, by the boundedness
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of {div py}men in L®(Q,R) C L%*(Q,R), there exists a subsequence still de-
noted by {pm}men weakly convergent to some pg in L?(Q2,R") and such that
divp, "= z, where z € L*(,R). Now, we show that divpy = z in L?(,R).
From the above we have the following chain of relations

[ o). Ty = Jim [ (o). Vi)

— i [ (divpn(y). h(y)) dy = — /Q (2(v), h(y)) dy

m—00 Q

for any h € C§°(£2,R), hence

/Q ((Po(v), V() + {=(9), h())) dy = 0,

for all h € C§° (2, R) and finally, by the Euler-Lagrange lemma, div po(y) = z(y)
for a.e. y € Q. Thus, by divp,, "—  divpy in L>(Q,R) and z,, "—  xo in
L?(,R), we can write

(4.6) i [ (div po (), 2m(y)) dy = / (div po(y), zo(y)) dy.

m—oo Ja Q

On account of (4.1), the assumption (G2) (the continuity), we obtain

liminf/Gy,ajm dy—/Gy,mo

m—00

Moreover, we know that {divp,, }men tends weakly to divpy in L?(Q,R) and
L*(Q,R) 3 z — [, G*(y, 2(y)) dy is weakly lower semicontinuous. This implies

m—00

(4.7) liminf/G*(y, —divpm(y))dyZ/QG*(y, —divpy(y)) dy.

Combining (4.2), (4.7) and (4.3) we see that

(4.8) /{G* —divpo(y)) + G(y, zo(y)) + (divpo(y), zo(y))} dy < 0.

Thus, by the properties of the Fenchel transform, we have the equality in (4.8),
and, in consequence, for a.e. y € Q

G*(y, —divpo(y)) + G(y, wo(y)) + (divpo(y), zo(y)) = 0.

Finally, we obtain
(4.9) —divpo(y) = G (y,zo(y)) for a.e. y € Q.

Now using (3.9) and (4.6) we can assert that

0=t [ Lot + T2 ) = () Vo) } o

m— 00

> [ [ o+ SOV ~ (o) Tt
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On account of the last relation, analysis similar to that in the proof of (4.9)
shows that

(4.10) po(y) = k(y)Vzo(y) for ae. y € Q.

Combining (4.2), (4.9), (4.10) and the relation divpy € L (2, R) we derive that
zo € X. (4.9) and (4.10) imply

—div(k(y)Vzo(y)) = Gz (y, 20(y))

for a.e. y € 2. Summarizing, the last equality yields xo € X.

To prove the assertion inf,cx J(x) = J(xg), it is sufficient to note that

reX m—o0o

it /() =timint [ {SH)Tan ) = Glon (i)} d

2/Q%k(y)W:co(y)IQdy—/QG(y,xo(y))dyZJ(»’UO)- =

EXAMPLE 4.2. Define Q = {y = (y1,v2) € R? : y1,92 € [0,3]} and

4.5y, — 6y? y1 € [0,0.75], yo € [0, 3],
4.5(y1 — 0.75) — 6(y1 — 0.75)2 y1 € [0.75,1.5], y2 € [0, 3],
4.5(y1 — 1.5) —6(y1 — 1.5)2 4 € [1.5,2.25], y2 € [0, 3],
4.5(y; —2.25) — 6(y; —2.25)% 1 € [2.25,3], y2 € [0,3].

Let us put
2
1 1 1
Gac(%l‘) =z + 2x6(sin 21‘) + exp ( — x2>
and k(y) = 1 for all y € Q. Then

2exp(—1/x?)
3

6sinz +

Gaz(y,x) = 1 + 32° sin? lm + }x .
2 4

We easily check that G, (y,z) > 0 for = from some neighbourhood Tof I =

[0,4.5]. That means G(y, z) (the primitive of G,) is convex in I and G, (y,z) > 0

in I. However, G is not convex in [—1,6] and G5 does not satisfy condition (c)

in Section 1. The last means that we cannot apply the results of [13]. Let us

define

2°(y) = h(y) exp (— (1021)2) P <_ M)

o ( B (101/2)2) o ( B (10(312‘/2))2)
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for y1,y2 € [0,3]. Now define

0 =e (g5 ) o (o =)

1 1
AP~ gyy)2) P (‘ (1063 y2>>2>’

for y1,y2 € [0,3] Since 0 < h(y) < 1 and hy,,, = —12, y1,y2 € [0, 3] we easily
check that assumption (G1) is satisfied for the above functions zo(y) and Z(y).
Therefore, we can apply the above theorem to our example to get the existence
of positive solution.

5. The existence of a countable set of solutions

Let us introduce the following conditions:
(Gla) there exist {a;}ien € CLQ), {@}ien € W2 (Q,R) N W22(Q, R) such
that for all y € Q and all © € N,
0<ai(y) <ai(y),  Gau(y,ai) = —div(k(y)Vai(y));
(G1b) there exist {b;}ien € C3(Q), {bi}ien € Wy 2(Q,R) N W2>(Q,R) such
that for all y € Q and all ¢ € N,
0<bi(y) <bi(y),  Galy,bi) < —div(k(y)Vbi(y));

(Gle) for each i € N, a; < b; < aj11;

(G2a) for each i € I , G:Q x R — R is measurable in y, is continuously
differentiable and convex with respect to the second variable in some
closed neighbourhood TZ of the interval

=] foray €9, | [ Gl.at)a < o
yeN Q
(G3a) G, is positive in I; for each i € N.
Now for each 7 € N we shall construct the sets of arguments of J and Jp.
Let
Xi={z e W (QR) NW¥(QR) : aily) < a(y) < bi(y) on ©
and div(kVz) € L*(Q,R)}.
Define X; as the largest subset of X; having property:
(X;) for every x € X;, there exists € X; such that

—div(k(y)Va(y)) = G(y, x(y))

Now we shall derive some important facts about X;. First of all we show that

X; # 0.
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LEMMA 5.1. Assume that conditions (), (K), (Gla)—(G3a) are satisfied.
X, has the above property i.e. X; = X; # (.

PrOOF. Fixz € X;. As in the proof of Proposition 1.7 we infer the existence
of T € Wy (Q,R)NW?2 (€2, R) being a unique solution of the Dirichlet problem
for the equation

—div (k(y)VZ(y)) = Gz (y,z(y)) a.e. on .
Applying (Gla) we get what follows
—div(kVT) = G (y, 2(y)) > Gx(y, a:i(y)) > —div(kVa,)

and further for all nonnegative ¢ € C& (Q)
/Q k() [V{Z(y) — ai(y) }Ve(y) dy
=~ | vV {E) ~ @ e dy > 0

and, in consequence,
QT —a)<0
so that, by Theorem 1.6, ¥ > a; > a;.
The same arguments apply to the 7 and b; (assumption (G1b)) give the below
chain of relations

Thus —div(k[V(Z — b;)]) < 0 and for all nonnegative ¢ € C(Q) we have

/ k() V(E — ) (9)Voly) dy = — / div(k[V (T — B))e(y) dy < 0
Q Q

which implies

Q- Bz) > 0.
Applying again Theorem 1.6 we can assert that T — b; <0,50T < b <b,.
Summarizing a; < T < b; and T € X;. Thus X; has the property X;. Finally
Yi C X;. Il

Applying Theorem 4.1 for the sequence of nonempty sets X; give the following

main result

THEOREM 5.2. Under hypotheses (2), (K) and (Gla)—(G3a) for eachi € N,
there exists x; > 0 being a solution for (1.1) and x; # x; for i # j. Moreover,
for all i € N, the element x; is a minimizer of J on the set X;.
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