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ON THE EXTERIOR NEUMANN PROBLEM
INVOLVING THE CRITICAL SOBOLEV EXPONENT

JAN CHABROWSKI — PEDRO GIRAO

ABSTRACT. In this paper we consider the exterior Neumann problem (P)
involving the critical Sobolew exponent. We investigate two cases where
the coefficient a interferes or not with the spectrum of the Lapalce operator
with the Neumann boundary conditions. In both cases we establish the
existence of solutions.

1. Introduction

We are concerned with obtaining solutions of the exterior Neumann problem
—Au+ au = Qu|* ~2u in QF,
(P) 9
au _ 0 on 0f).
v
Here Q¢ = RN \ Q, where  is a smooth bounded domain in RY with N > 3,
the value 2* is the critical Sobolev exponent, @) is positive, bounded and locally
Holder continuous on QC, and a € LN/2(Q°) N L>*(Q°) N CY(QC) is such that
{x € QY :a(z) <0} # 0.

Related to our work are [3], by Chen and Li, who considered the exterior
Dirichlet problem in the case where @ is constant, and [4], by Chabrowski and
Ruf, who considered the case where the function « is identically equal to a po-
sitive constant.
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Our argument relies on the analysis of an eigenvalue problem and on a
linking argument, similar to the ones in [3]. We give conditions that guar-
antee existence of solutions to (P). These depend on the relative values of
2/ (N=2Q,, =22V =D maxgq Q, Qu = supge Q, and Q(00) = lim ;0 Q(2),
where the last limit is always assumed to exist. The conditions are related to
the ones in [4], where the proof relies entirely on constrained minimization.

The importance of the shape of @ on the existence of solutions to Neumann
semilinear elliptic equations with critical Sobolev exponents was analyzed in [5]
by Chabrowski and Willem.

We should also mention that the first work, to our knowledge, to investigate
semilinear Neumann problems with critical Sobolev exponents in exterior do-
mains was [9], by Pan and Wang. Existence results in the subcritical case were
proved in [11], by Z. Q. Wang. We refer the reader to [6] for other relevant work.

Of course, all the works mentioned above build upon [1] and [10], by Adimur-
thi and Mancini and X. P. Wang, respectively, who studied the critical Neumann
problem on a bounded domain, in the spirit of the work [2], by Brezis and
Nirenberg.

The organization of this work is as follows. In Section 2 we give the setup
of problem (P), and the related eigenvalue problem. When this problem has its
first eigenvalue greater than one, solutions to (P) can be obtained by constrained
minimization. This is done in Section 3. Otherwise, solutions are obtained by
a linking argument in Section 4.

2. The setup

Let © ¢ RN, with N > 3, be a bounded domain with a smooth boundary
and Q¢ = RV \ Q. We consider the homogeneous Neumann problem

(2.1) ou

W 0 on 0N).
Here 2* = 2N /(N — 2) is the critical Sobolev exponent. The function @ is

positive, bounded and locally Holder continuous on QC. The function a satisfies

{ —Au+au = Qul* "2u in Q°,

(2.2) a € LN2(Q%) n L (Q9) N cH(QO).

Furthermore {z € Q° : a(z) < 0} # 0.

We denote by DM2(QC) = {u € L* (Q°) : Du € L*(Q°)} equipped with
the norm [|[Vul| := [|Vul|2(qc). Proposition 2.1 of [9] implies that this is indeed
a norm on D%2(Q%).

We also denote by a™ = max{a,0} and by a~ = max{—a,0}, so that a =
at —a~. We fix a nonnegative function g € LV/2(Q¢) N L>*(Q°) N C*(Q°) such
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that a= 4+ ¢ > 0 in Q. Holder’s inequality implies that the norm

1/2
sy = (190000 + [ (0" + 01e2)

is equivalent to the norm of D2(Q°).
Similarly to Lemma 1 of [3], we can show that the problem

—Au+ (at + g)u=ANa" +g)u in QF,
(2.3)
@ =0 on 012,
v
has an increasing sequence of eigenvalues 0 < A\; < A2 < ..., with A, — o0

as n — oo. The fact that A\; > 0 follows from [, (a™ + g)u® < Cllul]?, with
C > 0. We denote by {e;}i=12 . the corresponding orthonormal sequence of
eigenfunctions in the inner product given by || - ||+ 4. Consider a fixed positive
integer i. By Theorem 8.17 of [7], for any R such that the ball Bog(y), of radius
2R with center in ¥, is contained in Q¢

sup |e;| < C'R*(N72)/2H€i”L2*(Bm(y))’
Br(y)

where the constant C' depends only on N and R. Therefore, lim;|_ e;(z) = 0.

3. Constrained minimization

In this section we consider the situation where A\; > 1. In this case,

1/2
|l == (Vu|L2(QC) +/ au2>
Qc

is a norm in DV2(QY), equivalent to || - ||. Therefore, we can show existence of
least energy solutions to (2.1) using constrained minimization, as in [4]. Indeed,
let

(3.1) S, =inf { / (|Vul? + au?) : u € DH2(QY), / Q|u|2* = 1},
o18) folel
Qn =maxQ, Qu =swpQ, Q)= lm Q).
QC

|| — o0

Throughout we assume that the last limit exists.
We denote by U the Talenti instanton

_ N(N-2) \W272
v = (sovomihe)
b
' Jou VU

- —P
Usp()=e W22y —— d §S=—"—r——.
p()=¢ - an (fRN U2 )2/
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LEmMMA 3.1. If

o . S S S
(32) Sa < S = Imin { 22/NQ£?{LV_2)/N ) Q%}’_”/N’ Qg_Q)/N }

then (3.1) has a minimizer, i.e. (2.1) has a least energy solution.

PROOF. Suppose that {u,,} € DV2(Q) is such that

/ Q\um|2* =1 and / (Vi |? 4+ au?) — S,.
Qc Qc

Then, up to a subsequence,

Um — U on D12(Q%),
c
Uy, — U a.e. on %,

V(=) = fum —af” = v i M(@O),

the space of finite measures on Q€. Let

R—oo m—o —X0 m—oo

Hoo = hm hmsup/ |Vt |?, Voo = lim limsup/ %
Q°\Br(0) "

There exists at most a countable set J such that

MZZMj5wj, VZZVjéxj,

jeJ jeJ
with p; > Syf/2*/22/N ifx; € 0Q, p; > SV? /2 z; € QF and o > SvAl%

Furthermore,

limsup / Vum|? = / IVl + [l + oo,

m—0o0

1_/ Q|u|2+ZQxJVJ+ZQxJV]+QOOVOO

©, €00 z,€QC

Note also (see Lemma 2.13 of [12]) that

lim au?, = au?,

because a € LV/2(Q°). Hence,

S oo 2/2* *
Sy > Vul? + au?) + E 2/ + E Sv* Sp2/?
/C(\ ul au”) v V; + Svl

22/N "3
;€00 z,;€QC
2/2* g
>3, 2* _ N, \2/2°
>s.( CQIU) S e @)

« S «
+ ) 2/2* Qaj)y)*/? +W(QWVW)2/2 :
z;€QC Q o0
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Under the hypothesis all the v’s must be zero. It follows that ch Q\u|2* =1
and then [, (|Vul? 4+ au?) = S,. O

We now turn to conditions that insure (3.2). We denote by H(x) the mean
curvature of 99 at x, with respect to the outward unit normal to 2.

Case 1. Assume N > 5, S = S/22/NQ,(1]1V*2)/N, Qm = Q(x0) with H(zg) < 0,
and |Q(z) — Q(zg)| = o]z — zg|) as & — xp. Then (3.2) is satisfied. For the
proof we refer to [5]. Hence, there exists a least energy solution.

Case 2. Assume N > 7, § = S/Qgélv_m/N, Qum = Q(x0) with a(zg) < 0,
and |Q(z) — Q(z0)| = o(|z — x0|?) as z — mo. Then condition (3.2) is satisfied.
Indeed,

fQC(|VU6,xo |2 + an’mo)
(Joe QUZ,,)?/*

where C' is a positive constant. This follows from

/ lalxo) — alUZ,,, < / Ol - —wolU2,, + / cv?,
918 QcmBP(Io) QC\BP(I())

§C€3/ zUQ(z)dz+C€2/ U?
Bp/e(o) B¢ (O)

p/e
<Cce 40N 2< o

= S+ Ca(zo)e® + o(e?), ase— 0,

and
63) [ QUE,@ = [ QEUZ, +o) = Q) [ UZ, +ole?).

RN
In fact, let 6 > 0. Fixing p such that |Q(x) — Q(xo)| < 8| — ¢ |? for |z —z0| < p,
[ 1e- oz,
[ele)
<[ samPUE, e [ @@z,
QCNB,(z0) QC\B,(z0)

< 552/ 22U% (2)dz + O(eN) < Coe? + O(eN) < €2,
B,/:(0)

if € is sufficiently small.

Case 3. Finally, assume N > 7 and § = S/ngz)/N. Suppose also, in
addition to (2.2), there exist constants o > 2, C; > 0 and p; > 0 such that
Ch

a(z) < ——

FE for |x| > p1,

and there exist constants Cy > 0 and py > 0 such that

C
(3.4) 0< Qoo —Q(z) < @ for |z| > po,
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where p > a(N — 2)/(N — 6). Then condition (3.2) is satisfied. The proof is
similar to that of Theorem 4.2 ahead.

4. Linking

In this section we consider the situation where 0 < Ay < ... < \,_1 <1<
An < ..., for some n > 2. To prove existence of solutions to (2.1) we use the
linking theorem, instead of constrained minimization.

Consider ¢: D12(QC) — R, defined by

_ Vul*  alul*  Qu”

LEMMA 4.1. If {u,} is a sequence in D2(QC) such that ¢(uy,) — ¢ <
SNI2IN and ' (uy) — 0 in D=Y2(QC), then {un} is relatively compact in
DL2(QC).

ProOOF. The first step in the proof is to show that {u,,} is bounded in
D12(QY). We argue by contradiction and suppose that [u,| — co. We set

Um = Upm/||um|| and may assume that v,, — v in D»2(QC). For every ¢ €
DL2(QC),

1

l[wm 2”2

/ (Vo - Vo + avmep) = / Qlom[* 2t + ol1),
QcC QC

and so [oc Qv[* “2vp = 0. Hence v = 0 ae. and v,, — 0 in DH2(QC),
Joeo avZ, — 0. Tt follows that

1 |2*—2

Um, *
5 [ 1veal o = 2l [ g,
Qc Qc

/ V0|2 + 0(1) = [t |22 / Qlum|?.
Qc Qc

Together, ||vp,|| — 0, which is impossible. We conclude that ||u,,]|| is bounded.

and

The second and last step of the proof is to show that {u,,} converges in
DL2(QC). This step is similar to the argument in the proof of Lemma 3.1.
The key point is the following. With similar notations as above, pu; = Q(x;)v;
and [0 = QooVoo. This implies v; > SN/2/2Q(x;)N/? if z; € 0Q, v; >
SN2 JQ(x,)N/? if z; € QF and v > SV/2/QN/?. Also,

1 1
c= nh_)ngo () — 2@/<um)um} = nlim N /QC Qlum
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We set Y = span{ey,...,e, 1} and Z = (Y)* in the inner product given by
| - lla+,9- Let R >7 >0 and z € Z with ||z]| = r, to be chosen below. Consider
M :={u=y+Az |ul <R, A>0, yeY}
My :={u=y+Xrz; y€Y, ||lul|=Rand A >0, or |jul| < R and X = 0},
N = {ue 2z Jul =},
I = {y € C(M,D"*(Q%)); 7|, = id},

and

:= inf .
c ;grumewwwn

We will choose » and R such that

(4.1) max J < i]I\l]f J,

My

and z such that

1 ~
4.2 — 5Nz,
(4.2) c< N

By the previous lemma, the functional ¢ satisfies the Palais—Smale condition at
level c¢. By the linking theorem, c is a critical value of .
We start by choosing r and R. First we note that on Z

9%

P> 5007 [ (P + @ ) = 5 [ Qlu

[N

Using the Sobolev inequality and the fact that @ is bounded, we take r > 0
sufficiently small so that

nf o(u) >0
7
On Y, we have
1 1 *
43) e <5021 [ (9uP+ @ o) - 5 [ QP <o,
2 [ele] 2% [ele)

and on the finite dimensional space Y & Rz,

¥ 5 00 as |ul — oo

1
o) < Clul* = 55 [ Qu
QC

We take R sufficiently big so that maxy, ¢ = 0. With these choices of r and R,
inequality (4.1) is satisfied.

To insure (4.2) it is enough to choose z so that maxyggr, ¢ < §N/2/N. For
u € DM*(QC) such that [, (|Vul® + au?) > 0,

1 (fgc<|Vu|2+au2>>N/2
(Joyo Qlul?")2/>

tu) = —
Igl;gcso( u) N
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(for other u € DH2(Q) this maximum is zero). Hence, it is enough to prove

there exist a small positive € and a point P; € QC for which
Vu|? 4+ au? ~
foe(IVul + av®) _

weY®RU. . p, (ch Q|u|2*)2/2*

(4.4)

Notice that U, p. € Y for small ¢, independently of the choice of P.. So suppose
u=1y+tU; p. withy €Y and ¢t > 0, chosen so that

(4.5) Qlu* =1.
Qc

Let us prove that ¢ and ch Q|yl*" (like any norm of ) are uniformly bounded
for small €. Since there exists a constant n > 0 such that

Ja+ 0> = Jal* +[bI*" = n(|al® 7ol + lal [b]*" 1),

for all a, b € R, it follows that

1> / Qi + / QUtU..p. >
Qc Qc
—n( [ @i+ [ QIyItUs,PEIQ*‘l)
Qc Qc

> / Qi + / QUL p.|*
QC Qc

- n(|Q|oo|y|i;1|t|ce<N2>/2 10l ool

2*105(1\12)/2)

> [ QWP+ [ QU = Qe + )02
Qc QcC

> ( | _uk +ci
QC

This shows that [, Q|y|*>" and t are uniformly bounded for small e.

2*> (1 _ OE(N72)/2)'

For u = y + tU,, p. satistying (4.5) we have the following estimates.
[ vl +a?) = [ (VP +a)+ [ (190UR)P +altn)?
Qc Qc Qc
+ 2/C[Vy . V(tUaypE) + ay(tUsypE)].
Q
Writing y as y = Z?;ll Ce,i€i, We have

[V V) + a0 )

n—1
= Z t(1—X)(a™ + g)leeilles|Ue,p. < CeN72/2,
=1 Q¢
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From the calculus inequality |1 + x|2* > 1+ 2%z, for x € R, we get
1= [ QP = [ Qe 4z [ Queven)
Qc Qc QcC
> / QItU. p.|* — CeWN-2/2,
0c
As observed above in (4.3),
| vaP ) <o
(el
Combining the previous estimates,
(4.6) / (Vul? + au?)
[ele)
= / Hv(tUE,PE)‘Q + a(tU&PE)Q} + Ca(N_Q)/Q
0c

- ( 1+ CeN=2)/2
o fQC Q'tUE,PsP*
< fQCHVUs,PEF +a(U.,p.)’] Ce(N=-2)/2
=T e QUep e T

2/2
> / IV (tU..p))? + a(tU. p.)?] + CeN=2/2
QC

We are now in position to prove

THEOREM 4.2. Under the assumptions of Cases 1, 2 or 3 above, problem
(2.1) has a solution.

PROOF. As observed above, it is enough to establish (4.4) to guarantee (4.2).
In Case 1 we use estimate (4.6), N > 5 and refer to [5]. In Case 2 we use estimates
(3.3), (4.6) and N > 7.

Suppose the hypotheses of Case 3 hold. Let w € RY with |w| = 1. We denote
by A, B and C various positive constants and assume p > 0 is big enough that
Q C B,/2(0). Then,

/ VU pof? = / VU po?
Qc RN
IN(N — 2)]¥ 2]z — puf?

__N=2/7n _ 9\2
W= /Q EN(N —2) 1 Jr— poP)N
CelN-2

2N -2
p

2 _ 2 2
/C aU&pw = /c aU&pw +/O aUE,pw
Q QCNB, /2 (pw) QC\B,/2(pw)

Ce?  (CeN—2
s - N

pa
/ Q|Ue,pw‘2* —/ Qoo|Us,pw|2* _/Qoo|Ua,pw
(913 RN Q

dzx

<K;—

o
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+ / (Q - Qoo)|U€,pw|2*
QC\B,/2(pw)

+f (Q = Quo)|Ue
QCNB, /2 (pw)

> K2Qoo - Qoo/ |U5,pw z
RN\ B, /2 (pw)
“ C. “
—c [ / Ue po?
RN\B,/(2¢)(0) (p/2)p RN
CeN COK
2 KQQOO - T - p2 .
P P

Combining (4.6) with the last three estimates,

S Ag? C
/ (IVul* + au?) < W —p%—FBE(N*Q)/Q—i-f.
Qc JSA

We choose p satisfying

It follows that

p/o
2y ) < — 5 g2z o 2B v—op/(2a)
(IVul]® + au) < O -D/N € + 1 € .

Qc o

The assumption p > a(N — 2)/(N — 6) implies that (4.4) is satisfied for small €.
This finishes the proof. O

(1]
2]

(4]

[5]

[7]

REMARK 4.3. The proof above goes through if we just assume (3.4) in a cone.
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