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DIFFERENTIAL EQUATIONS AND IMPLICIT FUNCTION:
A GENERALIZATION OF THE NEAR OPERATORS THEOREM

ANTONIO TARSIA

1. Introduction

Many extensions of Implicit Function Theorem have been proposed for study-
ing non linear differential equations and systems as the already classic Hilde-
brandt and Graves Theorem [7]. The global invertibility problem has been con-
sidered in several forms (see for example [2]), and the differentiability hypothesis
has been weakened in various ways to face up different problems connected with
differential equations.

S. Campanato in [3] has introduced the notion of “near operators” for study-
ing the existence of solutions of elliptic differential equations and systems.

DEFINITION 1.1 (near operators). Let X be a set, B a Banach space with
norm || - ||, A, B : X — B. We say that A is near B in X if there exist two real
and positive constants «, k, € (0, 1), such that for all z1,29 € X

(1.1) [B(x1) = B(x2) — a[A(z1) — A(2)][| < K[[B(21) — B(xa)]-

The main result on this operators is the following global invertibility theorem
(see [3]).
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THEOREM 1.1. Let X be a set, B a Banach space, A, B : X — B such that
A is near B in X. If B is bijective between X and B then A is bijective X and B.

If we take away the injectivity hypothesis on B we obtain a surjectivity
theorem: if B is surjective then A is surjective (it follows from Theorem 1.1 by
replacing set X' with the quotient set X|., where ~ is the equivalence: z ~ y if
and only if B(z) = B(y).)

Moreover, we remind that if B is a Hilbert space with the scalar product
(+, ), then A is near B in X if and only if A is strictly monotone with respect
to B (see [4]), i.e. there exist two positive constants M and v with M > v > 0,
such that for all u,v € X:

[A(u) — A(v)|| < M||B(u) — B(v)]|,
v||B(u) — B(v)|* < (A(w) — A(v) | B(u) — B(v)).

This theory has been first applied to a class of systems of differential equa-
tions satisfying a special ellipticity condition, Condition A, which we state below.
Let Q be a bounded convex open set in R”, with C? boundary.

Let ¢ = (.:El, . ,l'n) €, f = {gij}i,j=1,.--,na gij € RN, Let a(x,§) be a map
QxRN RN , measurable in z, continuous in &, such that:

(1.2) a(x,0) = 0.

CONDITION A. There exist three positive constants «, 3,7, with v+ § < 1,
such that!:

>

i=1

(1.3)

36— alatw.§+ )~ o] < lellen + 9
i=1 N

N

a.e. in Q, for all £, € RN,

If u=(ug,...,ux) is a map, Q2 — RV we set:
ou Oouq oun
Di = = PR )

Du = (Dyu,...,Dyu),
H(u) = {D;Dju}; j—1,..n-

In particular if A is the Laplace operator then Aw is the N-vector (Awug,
..., Auy). In [3] the following system is considered

a(x, H(u)) = f(x),
and the following theorem is proved:

If m €N, || - |lm and (-, - )m are respectively norm and scalar product in R™.
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THEOREM 1.2. If a satisfies hypotheses (1.2) and (1.3), so that A(u) =
a(x, H(u)) is a operator between H*> N HL(Q,RN)? and L*(Q,RY), then
(i) A is near A in H> N HY(Q,RY), and consequently,
(ii) A is bijective between H? N HE(Q,RY) and L?(Q,RY).

This result makes important progress in the study of non variational elliptic
systems. We remark that in the case of a linear equation such as >, . a;;(x) -
D;ju = f, with a;; € L>(), Condition A is equivalent to ellipticity hypothesis:
M|&|? > 2o i (®)&& > v||€||2, for all £ € R™ (see [4]). Moreover, in [13] it
is proved that Condition A is stronger than the following condition: there exists
¢ > 0 such that (when n > 1)

n

n 2
<Za“(z)> >(n—14¢) Z a?j(x), a.e. in (.
i=1 i,j=1
This is a generalized form of the Cordes condition (see [6] and [10]).

The notion of near operator and Theorem 1.1 with a suitable version of Con-
dition A have also permitted to consider some problems about parabolic systems,
see [5] and [11]. While the following property proved in [12] has permitted to
study the existence of solutions of a class of non linear hyperbolic problems: “if
A is near B and B(X) is dense in B then A(X) is dense in B(X).

We consider now the contents of this paper. Our main theorem, Theorem 2.1,
is an Implicit Function Theorem: indeed we study the existence of a function
implicitly defined by an equation of the type F(z,y) = 0, where F(x, -) is “near”
an injective and open operator.

The features of Theorem 2.1 are: generality of the domain of the function
(it is a Cartesian product between a topological space and a set), and the low
regularity of the function. Moreover, the hypothesis of bijectivity of the Fréchet
differential of the function in the classic Hildebrandt—Graves Theorem (see [7])
is replaced by the hypothesis of nearness between the function and an open and
injective operator. Indeed we prove that the hypotheses of Hildebrandt—Graves
Theorem are a particular case of that of Theorem 2.1: if A is defined on a Banach
space, if its differential B in a point xq is bijective, then a meighbourhood of xg
exists where A is near B (see Lemma 2.1 and Proposition 3.1). On the other
hand many of the F-differential generalizations in the literature makes possible
to prove an Implicit Function Theorem. For example, in [9], there is a survey of
these subjects and it is proved a generalization of Implicit Function Theorem.

2If m is a non negative integer, H™ (€, RY) is the Sobolev space of functions v : Q@ — RY

having finite norm:
lollgm oy ={ [ 32 100l ae .
1g/<m
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In Section 3 it is proved that the hypotheses of the Implicit Function Theorem
of [9] also are a special case of Theorem 2.1 (see Theorem 3.2).

In Section 4 some examples of applications of the results of Section 2 are given
to solve two problems. The first problem concerns the existence and uniqueness
of the solution to the following system of differential equations

a(z, H(u)) + g(z,u)) = f.
The second one is an open mapping problem:

Let X be a set, B be a Banach space and A, B : X — B. If A is near B on X and
if B(X) is a neighbourhood of B(xo) then A(X) is a neighbourhood of A(xg).

The last proposition is also proved in [12] without using Implicit Function The-
orem. Finally, a simple example of operator between L?(£2) and L?(f2) that is
near the Identity map on L?(£2) but not F-differentiable is given.

2. Generalizations of Implicit Function Theorem

Let X be a topological space, Z a Banach space normed with || - ||, Q a
neighbourhood of zp € Z, ®: X x Q — Z.

LEMMA 2.1. Let us suppose that
(2.1) (xo,20) € X x Q exists such that ®(xg,29) =0,
(2.2) the map x — ®(x,20) is continuous at xg,
(2.3) there exist positive numbers «, k, with k € (0,1), and a neighbourhood of
xo, U(xo) C X, such that:

lz1 — 22 — a[®(z, 21) — P(x, 22)]|| < k|21 — 22]|, Yz € U(xg), Vz1,22 € Q.

Then the following are true: there exists a ball S(z0,0) = {z € Z : ||z —
20|l < o} C Q, and a neighbourhood of xo, V(xg) C Ul(xg), such that there
is exactly one solution z = z(x) : V(xo) — S(z0,0) of the following problem:
P(z,2(x)) =0 forallxz € V(xy),
(2.4) (z,2(x)) f (o)
z(zg) = 2o0.

Moreover, function z = z(x) is continuous in xg.
ProoOF. Existence: let ¢ > 0 be such that S(z,0) C Q. We set
(2.5) T.(2) =z — a®(x,2), Vze Ul(xg).

We prove that exists a neighbourhood V(zo) C U(zg) of g, such that for all
x € V(xg) the following are true:

(i) Zy : S(z0,0) — S(z0,0).

(ii) Z, is a contraction.
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Indeed, (i) follows from the next inequalities by (2.3) and ®(xg,29) =0

1Z2(2) = 2ol = [z — a®(z, 2) — 2
<z = 20 — a[®(z, 2) — B(x, 20)][| + | (2, 20) |
< kllz = 2ol + af|@(z, 20) — (20, 20)]|-

We obtain from these inequalities and from (2.2) that for all € > 0 there exists
V(zo) C U(zp) such that:

I Z2(2) — 2ol < kllz — 20|l + ae, V& € V(xo).

From this Z,(z) € S(z0,0), for all z € S(zp,0) if e < (1 — k)o/a and © € V().
Proposition (ii) follows from (2.3): for all z € U(xzg) and all z1, 22 € 2 we have

122 (21) = Za(22)l| = |21 = 22 — [®(x, 21) — ®(2, 22)]|| < Kl21 — 2.

Therefore, it follows from (i) and (ii), by the fixed point theorem, that for all
x € V(x) exists exactly one z = z(z) € S(z0,0) such that z(x) = Z,(2(x)), that
is, from (2.5):

O(x,2(x)) =0, VreV(xg).
On the other hand z — ®(z, z) is a injective map in Q, for all z € U(zg), because
(2.3) implies that:

a
lz1 — 22]] < m”@(m,zl) — O(z,229)]l|, Vz1,22 € Q, Vo € U(xy).

Since ®(xo, 2(z9)) = 0 = P(zo, 20) we have z(xg) = 29, which completes the
proof of the existence of a solution to problem (2.4).
Uniqueness: it is a trivial consequence of the fact that z — ®(z, z) is injective.
Continuity of z = z(z) in z¢: it follows from (2.2) and from the inequality
(obtained from (2.3)):

(67

=1 (, 2(2) - B, 2(z0))]

= m”@(l’o,Zo)*@(fyaZO))” O

l[2(2) = 2(xo)l| <

REMARK 2.1. Ifamap ® : X xZ — Z satisfies the hypotheses of Lemma 2.1,
and the hypothesis (2.3) holds for all 21, 20 € Z and all z € U(x), then similarly
to what was previously done, we can prove that for all x € U(xg) there exists
only one solution z : U(zg) — Z of problem (2.4). In particular, if (2.3) holds
for all x € X, then we obtain a solution of the problem (2.4) defined on the
whole X.

Now we prove the following generalization of Implicit Functions Theorem.
Let X be a topological space, Y a set, Z a Banach space F' : X XY — Z,
B:Y — Z.
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THEOREM 2.1. Let us suppose that:
(2.6) there exists (xo,y0) € X XY such that F(xg,yo) =0,
(2.7) the map x — F(x,yo) is continuous in x = xg,
(2.8) there exist positive numbers a, k, with k € (0,1), and a neighbourhood
of xo, U(zo) C X, such that for all y1,yo € Y and all x € U(xg)

[1B(y1) = B(y2) — a[F(z,y1) = F(x, y2)]|| < k[ B(y1) — B(y2)ll,

(2.9) B is injective,

(2.10) B(Y) is a neighbourhood of zg = B(yo)-

Then the following are true: there exists a ball S(zp,0) C B(Y) and a neigh-
bourhood of xo, V(z9) C U(xg), such that there is exactly one solution y = y(x) :
V(xo) — B~Y(S(20,0)) of the following problem:

(2.11) { F(z,y(z)) =0 Vz e V(xg),

y(70) = Yo-
PRrOOF. Existence: we set
(2.12) ®(x,2) = F(x, B~'(2)).

The map P satisfies the hypotheses of Lemma 2.1, with Q = B(Y), 20 = B(yo),
D(x0,20) = F(xo,y0) =0 and © — D(x,z9) = F(z,y0) continuous in xg. More-
over, if & and k are as in the hypothesis (2.8), setting z1 = B(y1) and 22 = B(y2)
we obtain that:

|21 — 22 — a[®(z, 21) — (2, 22)]|| = | B(y1) — B(y2) — a[F(z,y1) — F(x,y2)]||
< E[B(y1) — B(y2)|l = [l21 — 22|,

for all 21, 20 € B(Y) and all € U(xg). Hence ® also satisfies hypothesis 2.3,
from this, as consequence of Lemma 2.1, we obtain that S(z9,0) C Q@ = B(Y)
and there exists V(xg) C U(zg) such that there is exactly one solution z =
z(z) € S(xo,0) of the following problem

O(x,z(x)) =0 Vo e V(xg),
z(xo) = 20.
From this and from (2.12), setting y(z) = B~!(2(z)) we obtain the proof of
existence.
Uniqueness: we observe that function y — F(x,y) is injective for all z €

U(zp) and all y € Y, consequently to (2.9) and to the following inequality
(obtained from (2.8)):

et
[1B(y1) — Bly2)|| < mHF(Iayl) — F(z,p)ll, VzeU(w), V1,52 €Y.
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Hence, if y; = y1(z) is another solution of the problem (2.9), and F(z,y1(z)) =
0= F(z,y(x)), for all z € V(xy), it follows that y; (z) = y(z), for allz € V(x0).0

REMARK 2.2. Let C : Y — Z be another map that satisfies hypotheses
(2.8)—(2.10). Then from Theorem 2.1 it follows that there exist S(zg,01) C C(Y)
and Vi (zg) C U(xg) such that exactly one solution y; = y1(x) € C~1(S(20,01))
of the problem exists:

{ F(z,y1(z)) =0 Va € Vi(ap),
y1(zo0) = Yo-

Therefore the injectivity of y — F(x,y) (see the proof of uniqueness in the
Theorem 2.1) implies that y; (z) = y(z), for all x € Vi(xg) NV (xg).

REMARK 2.3. If B(Y) = Z, from the Remark 2.1, we obtain that the solution
of the problem (2.11) is defined on the whole U (zo). In particular, if for all z € X
(by (2.8)) holds then y = y(x) is defined on the whole X.

REMARK 2.4. (Approximating functions of the solution of problem (2.11)).
Let us assume the notations and the hypotheses of the Theorem 2.1. We can find
a sequence of approximating functions of the solution y = y(z) of problem 2.1,
in a suitable neighbourhood of x¢, by simplified Newton’s method, as it happens
in the classic Implicit Funtions Theorem. Indeed, if we define {y(z)}pen C Y in
the following way:

{ Yo(z) = Yo,

yn(2) = B~ Byn_1(2) — aF (2,yn_1(x))] Vo € U(zo),

then lim, oo B(yn(z)) = B(y(z)) in Z, for all z € Ui(xo) N V(xo), where
U1($0) C U(CC())

PRrROOF. Let e € (0,0(1 — k)/a), there exist Uy (z9) C U(zo) and o > 0 such
that the sequence { By, () }nen is in S(z0,0) C B(Y), indeed:

1B (yn(x)) = B(yo)ll
<[IB(yn-1(2)) = Blyo) — alF(z, yn—1(z)) = F(2, yo(2))]]| + o[ F(z, yo(2))||
<k|[B(yn-1(2)) = B(yo)|l + al[F(z; o)l

n—1

i o) e
< (X4 )allP )l < 221G - Flanao)l < 125 <o,
1=0

for all © € Ui(xg) C U(xzp). Moreover, for all x € Ui(xo), {zn(2)}nen =
B{(yn(x) }nen is a Cauchy sequence in Z, because, by (2.18), (if n > m) we have
[1B(yn(2)) = B(ym(2))|
<B(yn-1(2)) = B(ym-1(2)) — a[F (2, yn-1(2)) = F (2, ym—1(2))]]|
< k[[B(yn-1(2)) = B(ym—1(2))[| < E™[[B(yn-m(z)) — Byo(x)) < k"0,
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for all z € Ui(xzg). Let zoo(z) € S(20,0) be the limit of B(y,(z)) in Z and
Yoo(x) € Y such that B(yYoo(z)) = 2o0(z). We prove that the solution y(x) of
problem (2.11) coincides with yo(z), for all x € Uy(xg) N V(zp). In fact, by
(2.8), for all x € Uy (xp) it follows that

1, yn()) — @y @] < 2 Byae) ~ Blum@)|

Taking limits as n — oo we have F(z,yo(x)) = 0, for all x € Uy(zo) (because
limy, oo F'(z,yn(z)) = 0, for all x € Uy(zp)). Hence the uniqueness of the
solution of the problem (2.11) implies that y(r) = yoo(x), for all € Uy(zo) N
V(zp). In particular the definition of the sequence {y, () }nen implies yoo(x0) =
yn(xo) = yo for all n € N. O

We prove the following lemma about the regularity of the solution of prob-
lem (2.4).

LEMMA 2.2. Let us assume the hypotheses of Lemma 2.1, if z : V(zg) —
S(z0,0) is the solution of problem (2.4), then the following are true:
(i) if x — ®(x, 2) is injective on V (xq), for all z € S(z9,0), then x — z(x)

is injective on V (xo),

(i) if © — ®(z,2) is continuous on V(xg), for all z € S(z9,0), then x —
z(x) is continuous on V(xg),

(iii) if (X,d) is a metric space and if there exists M > 0 and o € (0,1] such
that

H(I)(xlv Z) - (I)(.’E27 Z)H < M[d(xh x2)]a7

for all z € S(z9,0), and all 1,29 € V(x0), then the solution of the
problem (2.4) is a-Holder continuous on V(xg).

PRrROOF. (i) We know that ®(x1,z(z1)) = ®(z2,2(x2)) = 0 for all z1, x5 €
V(xg). Then (2.3) implies the following:
al|®(z1, 2(21)) = B(w2, 2(21))[| = | (22, 2(22)) — D(22, 2(x1))
< l2(z1) — 2(22) — a[@(2g, 2(21)) — P22, 2(22))][| + [|2(21) — 2(22)]|
< (k4 Dllz(1) — z(22)]]-
Hence, if z(x1) = z(x2) then ®(x1,2(x1)) = ®(x2, 2(x2)), which yields z1 = xa,

because x — ®(x, z) is one-to-one.
(ii) and (iii). Condition (2.3) implies the following:
12(21) = 2(22)[| < ﬁllé(m,z(xl)) — @(z1, 2(z2))|
= (e, 2(@2)) = B, 2(2))ll, Ve, w2 € V(o).
Both results then follow easily. O
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We obtain the following regularity results of the solution of problem (2.11)
by the above Lemma.

THEOREM 2.2 (Regularity of the solution). Let us assume the hypotheses of
Theorem 2.1. Let y = y(z): V(zo) — B7*(S(20,0)) be the solution of problem
(2.11). The following are true:

(i) if x — F(x,y) is injective on V(xg) then also v — y(x) is injective on
V(zo),

(ii) if Y is a topological space and B~ is continuous in zo then y = y(z) is
continuous in xg,

(iii) let Y be a topological space, B~ continuous on S(zq,0), if for all y €
B71(S(20,0)) * — F(x,y) is continuous in V(zo) then y — y(x) is
continuous in V(xo),

(iv) if (X,dy) and (Y,dz) are metric spaces, B~1 is Holder continuous with
exponent B € (0,1] on S(z0,0) and x — F(x,y) is Holder continuous
with exponent a € (0, 1], on V(xo), then y = y(x) is Holder continuous
with exponent af on V(xg).

PROOF. (i) Let us assume the notation of the proof of Theorem 2.1. If we set
®(x,2) = F(x, B~1(2)), then ®(x,2) satisfies the hypothesis (i) of Lemma 2.2,
consequently x — z(x) is injective, and so it is also y = y(z) = B~ (z(z)).

(ii) Let us assume the notation of Theorem 2.1. By Lemma 2.2 we know
that © — z() is continuous in zg, hence y(x) = B~1(2(z)) is continuous in zg
(B(yo) = 20 = 2(20))-

(iii) ®(x,z) = F(x, B~1(z)) satisfies the hypothesis (ii) of Lemma 2.2, this
implies that * — 2(z) is continuous in V(o) hence, by continuity of B~! in
S(z0,0), it follows that also y = y(z) = B~*(2(x)) is continuous in V (zq).

(iv) ®(z,2) = F(x, B~%(z)) verifies the hypothesis (iii) of Lemma 2.2, this
implies that © — z(x) is a-Holder continuous in V'(xg), hence we have y(z) =
B~1(2(z)) is a-Holder continuous on V() because B~! is 3-Holder continuous
on S(zg,0). O

If we remove hypothesis (2.9), injectivity of B, from the Theorem 2.1, we
obtain a similar theorem, which however cannot be properly called “Implicit
Functions Theorem” because there is no uniqueness of the solution of prob-
lem (2.11).

THEOREM 2.3. Let us suppose that
(2.14) there exists (xo,y0) € X XY such that F(xg,yo) =0,

(2.15) the map x — F(x,y0) is continuous in & = o,
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(2.16) there exist positive numbers a, k, with k € (0,1), and a neighbourhood of
xo, U(zg) C X, such that for all y1,y2 € Y and all x € U(xg)

B(y1) — B(y2) — a[F(z,y1) — F(z,y2)]|| < k[|B(y1) — B(y2)l],

(2.17) B(Y) is a neighbourhood of zg = B(yo).

Then the following are true: there exist a ball S(zo,0) C B(Y) and a neighbour-
hood of xg, V(xg) C Ul(xg), such that for all x € V(xg) there exists a subset
G(x) C B7*(S(20,0)) where F(z,y) =0, for all y € G(x).

PROOF. Let us set, as in the proof of Theorem 2.1, ®(z, 2) = F(x, B~1(2)),
for all z € B(Y) and all z € U(zg). @ is well defined even if B is not invertible,
in fact we observe that if B(y1) = B(y2) = z then F(z,y1) = F(z,y2), because
(2.21) implies the following

allF(z,y1) = F(x,y2)]ll = | B(y1) — B(y2) — a[F(2,y1) — F(z,y2)]|
<k[[B(y1) — B(y2)|| =0, Vz € U(wo).

By proceeding as in the proof of Theorem 2.1 we can easily prove that ® satisfies
the hypotheses of Lemma 2.1; in particular, concerning hypothesis (2.3), by
setting z; = B(y1) and z2 = B(y2) we have

121 = 22 — a[®(z, 21) — Bz, 2)][| = [ B(y1) — Bly2) — a[F(z,51) — F(z,52)]|
S E[IB(y1) — B(y2)ll = kllz1 — 22|,
for all x € U(xp) and all 21,20 € B(Y). It follows that there exist S(zp,0) C

Q= B(Y) and V(z9) C U(xzg) such that for all x € V(x) there exists exactly
one solution z = z(z) € S(zp,0) of the following

F(z, B '(2(z)) = ®(z, 2(x)) = 0,

we set G(z) = B~!(z(x)) and obtain the thesis. O

3. Comparison with other Implicit Function Theorems

Now let us compare Theorem 2.1 with two known Implicit Function Theo-
rems: the classic Hildebrandt and Graves Theorem [7], and the recent Robinson
Theorem [9]. We are going to prove that these theorems are particular cases of
Theorem 2.1.

LEMMA 3.1. Let X, Y, Z be Banach spaces normed with || - ||x, || - llv, || - ||z,
and F : U(xo,y0) — Z a function defined in a neighbourhood U(xg,yo) C X XY
of (xo,yo), which satisfies the following

(i) there exists a partial F-derwvative F,(z,y), with respect to the second
variable y in U(xo,yo), continuous in (xo,yo),
(i) Fy(xo,y0): Y — Z is bijective.
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Then there exists a neighbourhood of (xo,v0), W(xo,y0) C Ul(zo,yo) such that
Fy(z,y): Y — Z is bijective for all (x,y) € W(zo, o).

PROOF. By Banach open mapping Theorem, the hypothesis (i) above on
Fy(xo,yo) implies that

| Fy (o, yo)v|| 2 v

5 , vey.

(3.1) 36>0: |vlly <

Moreover, from the continuity of F,(z,y) in (xo, yo), it follows that, for € € (0, J),
there exists W (g, o) such that for all (z,y) € W (zq,yo) we have3

(3:2) [IFy(x0,y0)v = Fy(z,y)vllz < [[Fy(x0,40) = Fy(@,y)llciv.z)lvlly < ellvlly-
From (3.2), (3.3), for k = ¢/4, it follows that
||Fy(x0,y0)v - Fy(‘ray)vHZ S kHFy(anyO)UHZ V(.’E,y) € W(.’Eo,yo), Vv ey.

Hence F,(z,y) is near F,(xzo,yo), for all (z,y) € W(zo,%0), in Y (see Defini-
tion 1.1), with @ = 1. It follows that, for all (z,y) € W(zo,yo), Fy(z,y) is
bijective between Y and Z because so F,(zo,%o) is (see Theorem 1.1). O

LEMMA 3.2. Let us assume for F : U(xg,y0) — Z the hypotheses of Lem-
ma 3.1. Moreover, let us suppose that there exists a neighbourhood of (xo,yo),
U1 (zo,%0) C U(zo,y0), where y — Fy(x,y) is continuous. Then there exist 1,
ro >0 and k € (0,1) such that S(xg,71) X S(yo,r2) C Ur(z0,y0) and

1Ey (2 90) (1 = y2) = [F(z,91) = F(2,y2)lll 2z < K[ Fy (2, 90) (91 — y2) | 2,

for all x € S(xg,71) and all y1,y2 € S(yo,r2).

PROOF. By Lemma 3.1 there exists a neighbourhood of (zg,yo), W (zo,y0) C
U(xo,yo) where Fy(z,y) is bijective. We set W1 (z0,¥0) = W (x0,y0) NU1(z0,Y0)-
Let S(zo,01) and S(yo,02) be such that S(xp,01) X S(yo,02) C
Wi(zo,y0). Then Fy(x,yo) is bijective for all € S(xo,01), while t — F,(z,y1 +
t(y2 — y1)) is continuous in [0, 1], for all z € S(xg,01) and all y1, y2 € S(yo, 02).
Then we can consider, for all z € S(zg,01) and for all y1, ya € S(yo,02), the
following*

(3:3) N1y, 90)(y2 — y2) — [F(z,51) — Fla, y2)]ll-

Fy(z,y0)(y1 — y2) — [/01 Fy(z,y2 +t(y1 — yz))dt} (Y1 — ¥2)

Z

3| - llz(v,z) is the norm in the space of linear operators between Y and Z.
4], is the identity function on Z.
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= ‘(Iz - [/01 Fy(x,y2 +t(y1 — yz))dt} [Fy(x7y0)}1>

“Fy(z,90)(y1 — y2)
zZ

IN

- " Fy s+t — )it [F, )]

£(2,2)
N Ey (2, y0) (w1 — y2)ll 5 -

The above inequality implies the thesis of the lemma if we find k € (0,1) such
that for all  and for all y1, y2 belonging to suitable neighbourhoods, respectively,
of xg and gy, it yields

(3.4) M(z,y1,y2)

1
2= [ [ et et - it | <
0 £(2,7)
Set y = [F,(z,y0)]"'2; (3.4) is equivalent to the following
1
‘ Fy(@,y0)y — [fo Fy(z,y2 +t(y1 — ya))dt} yHZ
M(m7ylay2):SUP Sk
s I, ool

We observe that for all € > 0 there exist p € (0,01) and r9 € (0, 02) such that:

1
(35) \ Fy(eaw) — [ Fylovn+ el — )t

L(Y,Z)

= H /1[Fy($’yg +t(y1 — y2)) — Fy(z,y0)] dt

0 L(Y,Z)
1
< / By (yn + 11 — 1)) — Fy(wwo)l]|
0 L(Y,Z)
1
< / Fy(z,y2 + ty — 1)) — Fy(zo,wo)ll|  dt
0 L(Y,Z)

Fy(x()ayo) _Fy<x’y0) <g,

i

L(Y,Z)

for all z € S(zg,p) and for all y € S(yo,72) the last inequality follows from
continuity of Fy(x,y) in (xo, yo). By Banach open mapping Theorem, the given
hypothesis on Fy(xo, yo) implies that there exist 6 > 0, 1 € (0,0) and r € (0,07)
such that

(3.6)  Ollylly < |IFy(wo,v0)yllz
< |[Fy(zo0,90) — Fy(z,90)ll ccviz) lylly + [1Fy (2, 90)yll 2
<eilyly + |1Fy(z,yo)yllz, YyeY, Vo e S(xo,r).
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From (3.4), (3.5) and (3.6), choosing € € (0,0 — 1), we obtain that there exist
p, T, 72 > 0 such that:

lylly :
(3.7) M(a, 31, 2) < £ sup < <t
ver [Fy(@,y0)yllz = 6—er

for all x € S(zg,r1) (with 7 = min(r, p)), for all y1, y2 € S(yo,72). Thus the
proof is completed. O

We obtain the following result as a particular case of Lemma 3.2.

PROPOSITION 3.1. Let A :V(yo) — Z, where V(yo) CY is a neighbourhood
of yo. We assume that A € CY(V(yo)) and A'(yo) is bijective between Y and Z.
Then there exists o > 0 such that S(yo,0) C V(yo) and A is near A'(yo) in
S(yo, o) (see the Definition 1.1).

LEMMA 3.3. Let F : U(xg,y0) — Z be such that

(i) there exists the partial F-derivative F,(z,y), with respect to the second
variable y in U(xo,yo), and it is continuous in (o, Yo),
(i) Fy(zo,y0) : Y — Z is bijective,
(iii) there exists a meighbourhood of (xo,yo), U1(xo,y0) C U(xo,y0), where
y — Fy(x,y) is continuous.

Then there exists p1, pa > 0 and k € (0,1) such that S(xo, p1) X S(yo,p2) C
Ui(zo,y0) and for all x € S(wo, p1) and all y1,y2 € S(yo, p2)

1Fy (w0, 90) (Y1 — y2) — [F(z,y1) — F(2,92)]llz < k|| Fy (20, y0) (Y1 — ¥2)| z-
PRrOOF.

HFy(xmyO)(yl —y2) — [F(z,y1) — F(z,92)]l|z
<|I[Fy (w0, 90) — Fy (@, y0)|(y1 — v2)llz
+ |1 Fy(z,y0)(y1 — y2) — [F(z,91) — F(z,92)]] 2

Hence, by Lemma 3.2, there exist 71,75 > 0 and k; € (0,1) such that

S(wo,71) % S(yo,72) C Ur(xo,yo)

and

(3.8) N1 Fy(2o,90)(y1 — y2) — [F(z,y1) — F(z,92)]| 2
< |Fy(xo,y0) — Fy(z,90)l(y1 — y2)ll z + k1| Fy (2, 90) (1 — y2)l 2
< (k1 + DI[Fy(z0, yo) — Fy(@, y0)l(y1 — v2)| 2
+ k1l Fy (2o, o) (1 — y2)llz, Vo € S(zo, 1), Yy1,y2 € S(yo,72).

From (ii), by Banach open mapping Theorem, there exists § > 0 such that:

(3.9) lylly < ollFy(zo,yo)ylly, Yy €Y.
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From (3.8) and (3.9), choosing € < 1 — k1/6(1 + k1) and using (i), we know that
there exist p; and p2 > 0, with p; < ry, pa < ro, such that

15y (z0, yo) (1 — y2) — [F(w,y1) — F(z,92)][ 2
<e(kir + Dlyr — v2lly + k1l Fy (2o, yo)(y1 — y2) ||z
<[ed(k1 + 1) + k1]l Fy (w0, yo) (Y1 — v2) |l 2,

for all z € S(xo,p1) and all y1, y2 € S(yo,p2). Hence we complete the proof
choosing k = ed(ky + 1) + k. O

We prove the following Hildebrandt—Graves Theorem by means of Theo-
rem 2.1.

THEOREM 3.1. Let F : U(xg,y0) — Z be defined in an open neighbourhood
of (zo,y0), Ulxo,y0) C X XY, with F(xg,y0) = 0, which satisfies the following
hypotheses
(3.10) F is continuous in (xo,Yo),

(3.11) there exists the partial F-derivative Fy in U(zo,yo),
(3.12) Fy(zo,y0) : Y — Z is bijective,
(3.13) y — Fy(x,y) is continuous in a open neighbourhood of (zo,yo), Ui(xo, yo)

C U(zo,y0)-
Then there exist o1, o9 > 0, such that there is exactly one solution y = y(z) :
S(zo,01) — S(yo,02) of the following problem
F(z,y(x)) =0 Vz € S(xg,01),
(3.14) { (2,y(x)) (20,01)
y(w0) = yo-

Moreover, the solution of problem (3.14) is continuous in S(xg,071).

Proor. It follows by proving that the hypotheses of Theorem 2.1 hold true.
We set B = Fy,(x,y0). Lemma 3.3 implies that there exist py, p2 > 0 and
k € (0,1) such that S(zo, p1) x S(yo, p2) C Ui(x0,y0) and

[B(y1) — B(y2) — [F(z,y1) — F(z,92)]z
<1Fy (o, yo) (Y1 — y2) — [F(z,y1) — F(z, y2)] 2
<Ek[[Fy(zo,y0)(v1 — v2)llz
=||B(y1) = B(y2)llz, Vz € S(xo,p1), Yy1,92 € S(yo, p2)-

Hence the hypothesis (2.8) is verified by setting Y = S(yo, p2). Moreover, (3.12)
implies that B is injective. Finally, the Banach open mapping theorem and
(3.12) imply that B(Y) is a neighbourhood of zp = 0. To sum up, (iii) and
Theorem 2.2 imply that the solution y = y(x) is continuous. O

Finally, we deduce also the Robinson Theorem (see [9], Theorem 3.2) from
Theorem 2.1.
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THEOREM 3.25. Let X, Y be normed spaces, Z be a Banach space, (zo,yo) €
X xY, U(xg) be a neighbourhood of x¢ in X, V(yo) be a neighbourhood of yo
mnY.

Let F : U(xg) x V(yo) — Z be such that F(xg,y0) =0, and f : V(yo) — Z
be such that f(yo) = 0. Moreover, we suppose that
(3.15) f =y F in (x0,Y0)°.
(3.16) For ally € V(yo), * — F(z,y) is Lipschitzian in U(xo) with modulus ¢.
(3.17) f(V(yo)) is a neighbourhood of 0 in Z.
(3.18) 6(f, V(yo)) = do > 07.
Then there exist two neighbourhoods of xo and yo, respectively, Uy (xo) C U(zo)
and V1(yo) C V(yo), such that there exist only one solution y = y(x) : Uy(xg) —
Vi(yo) of the following problem:

{ F(z,y(z)) =0 Va € Ui(xg),

(3.19)
y(wo) = yo-
Moreover, for all A\ > ¢/dy, there exists a neighbourhood xo, Us(xg) C Uy(xo),

such that y is Lipschitzian on Us(xzo) with modulus .

PrOOF. It follows by verifying in turn each of the hypotheses of Theorem 2.1.
Setting B(y) = f(y), we observe that (3.17) above implies that B(Y') is a neigh-
bourhood of 0 in Z. Moreover, (3.18) above implies that

I f(y1) = fy2)llz = dollyr — w2llys  Yy1,92 € V(yo)-

Hence f is injective and therefore B is injective on V' (yp).

It remains to prove that B verifies the hypothesis (2.8). If we choose ¢ €
(0,dp), by (3.15) above, there exist U(xg) and V(yg) such that, for all x € U(xo)
and for all y € V(yo), by (3.18) we have:

I1B(y1) — Blyz) — [Fl,11) — Fl, )] 2
= ||f(y1) - f(y2) - [F(xayl) - F($’y2)]||z
<ellyr — welly < diouf(yl) — fa)l2

= §—O|\B<y1> — B()||z-

Setting Y = V(yo), we verify hypothesis (2.8) with k = €/dy. Thus Theorem 2.1
implies the existence and uniqueness of the solution of problem (3.19). From

5We remark that in the Theorem proved in [9] Y is a Banach space and Z is a normed
space.

6We say that f strongly approximates F, with respect to y, at (zo,yo) (written: f ~, F
in (zo,yo0)) if for all € > 0 there exist two neighbourhoods of g and yg, respectively, U(xo)
and V(yo), such that: || f(y1) — f(y2) — [F(z, y1) — F(z,y2)]l z < ellyr —y2|ly, for all z € U(zo)
and all y1,y2 € V(yo).

T8(f,V(yo)) = inf{|[f(y1) — fw2)llz/llyr — w2lly, v1 # y2, y1,52 € V(y0)}
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the hypothesis (3.18) above, it follows that B~ = f~1 is Lipschitzian, while for
(3.16) above also © — F'(z,y) is Lipschitzian. Hence by (iv) of Theorem 2.2 we
obtain that y = y(z) is Lipschitzian in a neighbourhood of zy. We make the
calculation of Lipschitz modulus A by using hypotheses (3.15), (3.16) and (3.18)
and by proceeding in the same way as in the proof of Theorem 3.2 of [9]. O

4. Some examples

EXAMPLE 4.1. (An application of Implicit Function Theorem to a class of
non variational elliptic systems).
Let g(z,v) be a map, 2 x RV — R¥ measurable in x and continuous in v
with the following properties
(4.1) g(x,0) =0 a.e. in Q.
(4.2) There exists a real constant ¢, with ¢ < Ag (where Ag is the first eigenvalue
of the Laplace operator —A) such that, for all v,w € RV

0 < (g9(z,v) — g(z,w)[v —w)y a.e. in Q,

l9(z,v) — g(z, w)[[x < ¢l —wly ae. inQ.

We consider the following problem: given f : Q — R, find u such that

(4.3) .
a(z, H(u)) + g(z,u) = f(z), a.e. in Q.

{ ue H>NH(Q,RY),
We use Theorem 2.1 for solving this problem and prove the following

PROPOSITION 4.1. Let us assume that conditions (1.2)—(1.3) on a and (4.1)—
(4.2) on g hold, with ¢ <1 — (y+3)/a)g, if f € L*(Q,RY) then problem (4.3)
has one and only one solution.

We are going to use the notations of Theorem 2.1 and set

F(f,u) =a(z, Hu) + g(z,u) — f, X = L*(Q,RY),
B(u) = Au+ ag(z,u), Y = H>N H(Q,RY),
C(u) = Au, B = L*(Q,RM).

The proof of Proposition 4.1 is preceeded by the following Lemmas.
LEMMA 4.1. If ac < A\g then B is near to C in X, i.e.
(44)  IC(u) = C(v) = [B(u) = B)]lls < k1[|C(u) = C(v)ll5,  Vu,v € X,

where k1 = ac/Ag < 1.
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PRrROOF. By (4.2) we have
IC(u) = C(v) = [B(u) = B(v)]|l% = az/g lg(z,u) — g(z,v)|3 do

< a?c? / llu —v||3 de.
Q
From the following known inequalities and from (4.5) the results follow if ac < Ao:
Yo [ ke < [ 1Dulde. o [ [Dulfds < [ [Aulfde.
Q Q Q Q
LEMMA 4.2. If ac < Ao and u,v € H> N HL(Q,RY) then:
@0 [ 1A@= vl < k(o) [ 1A= 0) +alyta,n) = gl 0]l de
where ka(c) = A3/(Ao — ac)?.
PROOF. From (4.4) we obtain:
1C(u) = Cv)lls < [[C(u) = C(v) = [B(u) = B(v)]lls + [|B(u) — B(v)[5
< k1[|C(u) = C0)|l8 + [ B(u) — B(v)|[5-
From this the result follows easily. O

LEMMA 4.3. Ifu € H2N HL(Q,RY) then (see [9], [11])
(4.7) L1y e < [l de

PROOF OF PROPOSITION 4.1. F(f,u) and B satisfy the assumptions of The-
orem 2.1. In particular by Theorem 1.1, B is bijective between Y and B. In-
deed, by Lemma 4.1, B is near C, which is bijective between Y and B. It
remains to prove the nearness hypothesis (2.8). If f € L?(,RY) and u €
H2(2) N HE(Q,RY) then by Condition A and Lemmas 4.3% and 4.2 we have

1B(u) — B(v) — alF (f.u) — F(f.0)|l3
- / 1A~ v) - ofae, H(w) - ale, H©)]|% de

< [ O ~ H@)lhax + 810 = o)) da

<3+ 8) [ 1H) = HW)lewda +86+6) [ A=)} da
<(+07 [ A=)l do

<O +82kale) | 1A= 0) +alg(au) = gl )] e do.

81t follows from: (YG+6D)? < v(y+8)G2+6(y+6)D? for all G, D € R, for all 7,6 € RT.
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If ¢ < Aol — (v + 8)/a then (7 + 6)%ka(c) = (v +6)?M3 /(Mo — ac)? < 1. The
thesis of Proposition follows from Theorem 2.1 and Remark 2.3. g

REMARK 4.1. We also obtain the following known proposition by Lemma 4.1
and Theorem 2.1 (or Theorem 1.1): if (4.1), (4.2) hold in g, then Au + g(z,u)
is bijective between H2 N HE(Q,RY) and L%(Q,RY).

REMARK 4.2. From Proposition 4.1 it also follows: if ¢ < 1 — (v 4 6)/a)g

then there are no bifurcation points for the operator G(\, u) = a(z, H(u)) + \u
when A < c.

EXAMPLE 4.2 (An open mapping Theorem). Let X be a set and B be a
Banach space with norm || - ||; let A, B : X — B. We prove the following open
mapping theorem.

THEOREM 4.1. Let A be near B in X. Let yo € X such that B(X) is a
neighbourhood of B(yo) then A(X) is a neighbourhood of A(yo).

ProOOF. With the notation of Section 2 we are going to apply Theorem 2.3:

X=B, Y=X Z-=8,
F(f,y)=Aly)—f, feX yeY,
A(yo) = fo, (then F(fo,y0) =0), B(yo) = 2o,

f — F(f,yo0) is continuous.

It remains to prove hypothesis (2.8):

1B(y1) — B(y2) — a[F(f,y1) = F(f, y2)]l
= ||B(y1) — B(y2) — Q[A(yl) - A(yz)]” < k| B(y1) — B(y2)ll-

The hypotheses of Theorem 2.3 are proved. Hence there exist S(zp,0) C B(X)
and a neighbourhood V(fy) C B such that for all f € V(fy) there exists a subset
G(f) € B71'S(29,0), where F(f,y) = 0, for all y € G(f). Thus: A(y) — f = 0.
So the neighbourhood V' (fy) C A(X). O

EXAMPLE 4.3. (A operator near to identity on L?(Q) but not F-differen-
tiable). Let A : L?(Q) — L?*(Q) be such that A(u) = f(u(x)), where f(t) =
t(1 + arctgt?/2), t € R. It is trivial to prove that there exists k& € (0,1) such
that: |u—v — [A(u) — A()]||lr2() < kllu — v||L2(q), for all u,v € L*(Q). A is
near identity on L?() but is not F-differentiable on L?(£2), because:

(4.8) FOl< (1+5) 1 1rel<e

Indeed, if f satisfies (4.8) and A is F-differentiable then A must be linear (see,
for example, [1, Theorem 3.6]).
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