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RELAXED YANG-MILLS FUNCTIONAL OVER 4-MANIFOLDS

TAKESHI ISOBE

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

We give suitable completions of the space of principal G-bundles over M and
the space of smooth connections on them, where G is a compact, simple, simply
connected Lie group and M is a 4-dimensional compact orientable manifold. We
also introduce a natural energy defined in such spaces and consider variational
problems on them.

0. Introduction

We begin by considering the following example.

Let M be an n-dimensional compact, orientable Riemannian manifold, G a
simple, simply connected compact Lie group and P — M a principal G-bundle.
We denote by A(P) the space of smooth connections on P. For A € A(P), we
define the Yang-Mills energy YM(A) by the formula

YM(A) :/ |Fal? 1,
M

where Fy = dA+ A A A is the curvature of A. The pointwise norm on F4 is the
Aut(P)-invariant norm on the vector bundle A?T*M ® Ad(P) which is induced
from the adjoint action invariant norm on g = the Lie algebra of G, and the
Riemannian metric of M. (See [5] for foundations of Yang—Mills theory.)

Let us consider the following problem.
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PROBLEM A. Does there exist A € A(P) such that YM(A) = inf{YM(A) :
A e A(P)} =m(P)? In other words, does YM attain its inf in A(P)?

The most natural approach to the above problem is the direct methods in the
calculus of variations, that is, we consider minimizing sequences {4;} C A(P),
ie, YM(A4;) — m(P). If there exists a subsequence {4,,} C {A;} such that
{A,,} converges to some connection A € A(P) in some sense, then A will be a
minimizing connection. But, in general, this method does not work well in the
space A(P). The problem is that, in general, we cannot extract a subsequence
which converges (in C'*°-topology) to some connection in A(P). C*°-topology is
too strong to obtain the solution of Problem A.

For this reason, some people consider Problem A in the Sobolev category
instead of C'*°-category.

We denote by L?(A(P)) the space of L}-connections on P, where LY is the
Sobolev space of functions with k derivatives which are p-integrable. We denote
by L3(M; Aut(P)) the space of L3-gauge transformations.

By the Sobolev embedding theorem, L3 is embedded in C° if and only if
dim M < 3. In this case, ¢ € L3(M; Aut(P)) does not change the topology of P.
Moreover, when dim M < 3, the Sobolev category is a suitable class for Problem
A, that is, the following theorem of Uhlenbeck [13] holds:

THEOREM 0 (Global weak compactness theorem of Uhlenbeck). Suppose
dim M < 3. Let {A;} C A(P) be such that sup;s, [,,|Fa,|**1 < co. Then there
is a subsequence {An,} C {A;} and {p;} C L3(M; Aut(P)) (— C°(M; Aut(P)))
such that {o} A, } converges weakly in L3(M).

In the setting of the above theorem, we assume ¢} A,,, — A weakly in L?(M).
By the Sobolev embedding theorem, L? < L° in dimensions 2 and 3, and we
have (passing to a subsequence if necessary)

Fyza,, = ¢iFa, — Fa weakly in L*(M).
Thus by the weak lower semicontinuity of the L2-norm we obtain

/ |Fal?%1 < li_minf/ |Fa,
M i—oo Jar ¢

This global weak compactness theorem does not hold when the dimension of M

2 %1,

is greater than 3. See [9] how weak compactness breaks down in the critical
dimension dim M = 4. (We remark that when dim M > 4, L3 is not embedded
in C°.) We may, therefore, reasonably conclude that the Sobolev class is not
suitable for Problem A when the dimension of M is greater than or equal to 4.
The Sobolev class is too weak to obtain the solution of Problem A.



RELAXED YANG-MILLS FUNCTIONAL 237

The purpose of this paper is to give suitable classes of principal bundles and
connections for considering Problem A in the critical dimension dim M = 4, and
to give a natural energy on such connections.

For dim M = 5, related problems are considered in [8].

Our basic approach to Problem A is the following. For simplicity, throughout
this paper we only consider the case G = SU(2), but our results and arguments
also hold with slight modifications when G is a simple, simply connected compact
Lie group.

Let P — M be a principal SU(2)-bundle, where M is a 4-dimensional com-
pact orientable Riemannian manifold. Principal SU(2)-bundles {P} over M are
classified by the 2nd Chern class Co(P) € H*(M;Z) of the associated vector
bundles {n(P)}, where n(P) = P X gy(2) su(2) and SU(2) acts on su(2) = the
Lie algebra of SU(2) via the adjoint action. That is, the isomorphism class of
P« Co(P) € H*(M;Z) is a 1-1 correspondence. See, for example, [5, Appendix
E]. By the Chern—Weil formula [7], C3(P) is given by

1
CQ(P) = | — @tr(FA/\FA) ,

where A € A(P).

Our idea is to “complete” the space
P ={Cy(P) € H*(M;Z) : P — M a principal SU(2)-bundle},

using the above fact, by a suitable (weak) topology instead of completing { P},
and we think of this completion P? as the space of “generalized” principal bun-
dles.

It should be mentioned that similar difficulties occur when we consider the
problem of minimization of the Dirichlet integral of mappings with prescribed
homotopy class between two manifolds. In fact, our motivation comes from works
of Bethuel, Brezis and Coron [2] and Giaquinta, Modica and Soucek [6], where
they treat the Dirichlet integral of mappings between two manifolds and obtain
suitable extensions of “maps” (that is, the theory of “cartesian currents” intro-
duced in [6]) and “energies” (that is, the theory of “relaxed energies” introduced
in [2], see also [6]). See [2], [3], [6] and references therein for more details.

This paper is organized as follows: In §1 we introduce a natural topology
in P and a completion P? of it. We give a characterization of the space P2.
We also introduce the space A(P?) of connections on P2. In §2 we extend the
Yang-Mills functional to the space A(P?) by the method of relaxation. Finally,
in §3 we show that Problem A is always solvable in our setting by the direct
methods of the calculus of variations.
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1. The classes P? and A(P?)

Let M be a compact orientable Riemannian manifold of dimension 4. We
denote by Py, the space of all principal SU(2)-bundles over M with 2nd Chern
number —k. Any two principal SU(2)-bundles in Py, are isomorphic.

With P € P, and A € A(P) we associate Co(A) by the formula

CQ(A) (FA/\FA)

87 Q2
(We will not distinguish a cohomology class and its representative.) The co-
homology class of C3(A) is independent of A and in fact [,, C2(A) = k. We
identify P with [C2(A)] € H*(M;Z). We set P = |J_.. <o P, that is, P is
the space of all principal SU(2)-bundles over M.

For P € P and A € A(P), we can consider Cy(A) € A*T*M as a Radon
measure on M as follows:

For ¢ € CY(M) we define Ca(A) € R(M) by

/ CQ /\ 2

where R(M) is the space of Radon measures on M.

We denote by A the space of C°°-connections on some principal bundle P
in Py. That is, A € A, if and only if there exists P € Py such that A € A(P).
We also set A = |J_ oo Ak-

DEFINITION 1.1. We define the space P C R(M) as follows. w € P C
R(M) if and only if there exists {A;} C Ay such that:

(1) sup;sy [y [Fa? x1 < oo,
(2) geztr(Fa, A Fa,) — w in the weak* topology of R(M).

We also set P? = |J_ . pco0 Pr-

> 2% 1 < oo, then
{8;2 tr(Fa, A Fa, } is a bounded sequence in R(M). Thus there exists a sub-
sequence {A,,;} C {4;} such that {glztr( (Fa,, N\ Fa,, } converges to some
w € R(M) in the weak™ topology of R(M).

First, we examine the structure of P,f . Our main result is
THEOREM 1.3. w € P} if and only if
1 q
w= g5 tr(FaAFa)+ ) djba,,
j=1

where



RELAXED YANG-MILLS FUNCTIONAL 239

(1)
( ) quh"' 7dq€Z7 qZO,

(3) a1,...,aq € M and 04, is the Dirac measure at aj,
(4)

Q, i.e., (—=1)x 2nd Chern number of Q.

To prove this theorem, we quote the following two important theorems which
are due to Uhlenbeck [13], [14] and Sedlacek [9].

THEOREM 1.4 (Uhlenbeck [13], Sedlacek [9]). Let {A;} C Ar(P) be such
that

sup/ |Fa,|? %1 < oo.
i>1Jm

Then there exist a1, ... ,a, € M, an open covering {Us} of M\{a1,... ,ap} and
sections 04(i) : Uy — P such that {07 (i)A;} is weakly compact in L3(T*U, ®

THEOREM 1.5 (Uhlenbeck [14]). Let b1,...,b, € M. Assume N is confor-
mally equivalent to M\ {b1,... by}, that is, there exists a conformal diffeomor-
phism f: N — M\ {b1,... ,bg}. Let Q — N be a principal SU(2)-bundle and
A an Liloc—connection on Q such that Fy € L*(A’T*N ® su(2)). Then there

exist a principal SU(2)-bundle @ — M and an L2-connection A on é such that
A is gauge equivalent to f*A over N. In particular, 8% fM tr(Fa A Fa) € Z.

Since the proof of Theorem 1.3 is long, we decompose it into four steps. Our
proof is inspired by the proof of Theorem E.1 in [4].

ProOOF OF THEOREM 1.3. STEP 1. Suppose that {A;} C A satisfies
Sup;>1 fM |Fia,|>*1 < oo. By Theorem 1.4 there exist ai,... ,ap € M, an
open covering {Uy} of M \ {a1,... ,a,} and sections 0, (¢) : Uy, — P such that
Ay (i) == ok (i)A; — A, in L3(T*U, @ su(2)) for all a.

Let C C M be a cube such that C = B* := {x € R* : |z| < 1}, {1* A, (i)} C
L3 (U, N AC) and {F,»4,} C L?(0C) are bounded, C' contains at most one aj;,
and a; ¢ OC for all j. Here ¢ : 0C — M is the inclusion.

We first consider the case a; € C.

We define the connection A(i) on P|c x [0,1
follows:

We set A7 := 1" A;. Since {F:} is bounded in L?(A*T*(9C) @ su(2)), by the
global weak compactness theorem of Uhlenbeck, there exists ¢; € L3(A*T*(9C)
®@ su(2)) (— C%(0C; Aut(P|ac))) such that

]|a(CX[O71]) — 9(C x [0,1]) as

@i AF —~ A weakly in L3(90).

On the other hand, there exists ¢ € L2(0C; Aut(P|sc)) such that ¢*(1*A) = A.
Here A = {A,}. Since C \ {a;} is diffeomorphic to S® x (0,1), ¢;,¢ can be
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extended to C'\ {a;}. We also denote by ¢;, ¢ such extensions. Then ¢;,¢ €

Lg,loc(c \ {CL]'}; AUt(P|C\{aj}))‘
We write

A(C % [0,1]) = (C x {0}) U (C x {1}) U (8C x [0,1]) = Ty UT; UTs.

We define A(i) by
A on 'y,
A(l) =< oFA; on I'y,
tor AT 4+ (1 —t)p*A* on T's.

For simplicity we write @] A} = Ay, o*A* = A.

LEMMA 1.6. There exist d; € Z and K > 0 (independent of i) such that

1 1
—_— tr(Fa NFy ) — — tr(Fa ANFy) —d;
87r2/c r(Fa, A Fa,) 87r2/c r(Fa A Fa)

gK(/ Fal A=A+ [ rgl A=A [ |&Z|3>.
oC oC ocC

PROOF. Since A = {A,} € L7 ,.(C\ {a;}) we have p*A € L7 |, .(C'\ {a;}).
On the other hand, since Fu € L?*(C), we have Foea = ¢*Fy € L?(C). In the
same way we obtain ¢fA; € L3 ,,.(C'\ {a;}) and Fyra, = ¢ Fa, € L*(C).

Thus A(%) is a connection over ((C'\{a;}) x {1})U((C\{a;}) x {0})UT'y and
A(i) € LT 1o ((C\{a;}) x {1H)U((C\{a;}) x {0} UT2), Faqiy € L2(9(C x[0,1])).
Therefore by Theorem 1.5 there exists d; € Z such that
8% /3(c><[071]) tI‘(FA(Z—) A FA(z)) =d;.

On the other hand,

/ tr(FA(Z') /\FA(l)) = / tr(FﬁAi /\FQD:A»L) —/ tr(Fcp*A/\Fcp*A)
a(C'x10,1]) C c

+ / tI"(FA(Z-) N FA(i))-
8C%[0,1]

Thus we get

1 1
1 — [ tr(Fa, NFa,) — —= | tr(FaAFys)—d;
1) (g [ 0FaAFa) =gz [ (FanFy)

=
2 tr(Fay A Faw)|-
{72 20X[0.1] (4) (2)

On dC x [0,1], A(i) = tA; + (1 — t)A. Therefore we have
Fa@y = tdA; + (1 — t)dA + (A; — A)dt + (tA; + (1 — 1) A) A (tA; + (1 — 1) A)
=tF; + (L—t)F+t(t — 1)(A; — A) A (A; — A) + (4; — A)dt.

<
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Thus we get
Fay N Fagy =tFz A (A; — A)dt + (1 — t)Fz A (A; — A)dt
—I—t(t—l)(A»—A) (A; — A) A (A; — A)dt
+t(A; — A) NdtNFz +(1 —t)(4; — A) Ndt N Fz
+t(t—1)(A; — A) Adt A (A; — A) A (A; — A).

From (1) we obtain

1
—— | tr(Fa, ANFp,)— —= | tr(FaAFy)—d;
572 /.. r(Fa, A Fa,) SWQ/C r(Fa A Fa)
<x( [ gl A=Al [ Ea A= A [ 1A 3P,
ac ac
This completes the proof. O

In the above argument we assume a; € C. But the result of Lemma 1.6 also
holds when a; ¢ C. The proof is essentially the same and we omit it.

STEP 2. We recall that C3(4;) = gz tr(Fa, A Fa,) € R(M) is defined by

1
CalAi)() = 53 | (P A Ew)A
8w M
for ¢ € C°(M). Since {Fa,} is bounded in L?(A*T*M ® su(2)) we have

ngl)|CZ(Ai)|(M) < oo,

where |C2(4;)| is the total variation measure of C2(A;). Therefore we may

assume (passing to a subsequence if necessary) that
Co(Ai) = p,  [Co(Ai)| — v

weak™ in R(M) for some p,v € R(M).

DEFINITION 1.7. We say that a “cube” C' C M is good for {4} if:
(i) C is diffeomorphic to B*,
(it) {¢*Aq(ns)} is bounded in L*(dCNU,) and {Fa,, } is bounded in L?(9C)
for some subsequence {n;} C {i}, where ¢ : 9C — M is the inclusion,
(iii) v(0C) =0,
(iv) aC n{as,... ,ap} = 0.

Let C C M be a good cube.

LEMMA 1.8. We have



242 T. ISOBE

PrOOF. By Lemma 1.6 there exists d; € Z such that

Co(A4)(C) — # /C tr(Fa A Fa) — di

gK(/ Fa A=A+ [ Rl A=A [ |Ziﬁ|3>.
oC oC oC

Since A; — A weakly in L2(8C) and L2(9C) “—compact LF(0C) for 1 < p < 6 (by
the Sobolev embedding theorem), using Holder’s inequality we see that the right

(2)

hand side of (2) converges to 0 as ¢ — co. On the other hand, since C' is good,
we have Cy(A;)(C) — u(C) as i — oco. Therefore

1
,u(C’)——/tr(FA/\FA)GZ. O
871'2 C

STEP 3. We next examine the atomic part of p. Our main result is

LEMMA 1.9. The atomic part of the measure | is

q
> didy,
=1

for some dy € Z, 0 < g < oo and by € M.

PRrROOF. We fix a € M. Let C; C M (1 < j < 00) be such that a € C; for all
j, Cj is good for all j and meas(C;) — 0 as j — oo. We note that there always
exists such a sequence {C;} for any a € M. By Lemma 1.8 we have

1

Letting 7 — oo in the above equality we obtain p({a}) € Z. Since |u|(M) < oo,
there exist at most finitely many b; € M (1 < j < ¢), 0 < ¢ < oo, which are
atom points of u. This completes the proof. O

STEP 4.

LEMMA 1.10. We have

1 q
j=1

PrROOF. We set

1 q
m == s t(Fa A Fa) - ;djabj.

We prove m = 0. For a good cube C' C M, by Lemma 1.8 we have

(3) m(C) € Z.

Since m has no atomic part, by (3) there exists € > 0 such that m(C) = 0 for
all good cubes C C M with meas(C) < e.
We take r > 0 such that r < e'/4 and a € M. We claim
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CLAaM. Fora.e.x € M, z—C., is a good cube, where C. = {x € M : |z;| <r,
i=1,...,4} (x = (z;) is the normal coordinate of M centered at a).

PROOF OF CLAIM. We check the conditions (i)—(iv) of Definition 1.7. (i) is
clear. For (ii), we set

9(i) = [VA@)” + [A@) + |Fa,|*.

Since sup; s, for(fa(mfc ) g(i)) dz; < oo for any 1 < j < 4, by Fatou’s lemma and
Fubini’s theorem for a.e. x € M we get

liminf/ g(i) < oo.
i—o0 Jam—c,)

Thus (ii) holds. The verification of (iii) and (iv) is standard. The proof of the
claim is complete.

By the above claim we obtain x¢, * m(z) = 0 for a.e. x € M, where x¢, is
the characteristic function of C,.. On the other hand, since r~*xc, *m — m
weak® in R(M) we obtain m = 0. Therefore we finally obtain

1 q
OQ(AZ) — 8?131"(}7’,4 A FA) + Z djdbj

j=1

weak® in R(M). Here A € L}, (M \ {ay,... ,ap}) and Fa € L*(A*°T*M ®
su(2)). Thus by Theorem 1.5 there exist a principal SU(2)-bundle Q@ — M
and an L?-connection A on Q@ such that A and A are gauge equivalent over
M\ {a1,...,ap}. Since tr(Fa A Fy) = tr(F3z A Fy) in R(M), we may identify
A with A.

Obviously we have

k= Cy(A;)(M) — 1 /M tr(Fa AFa)+ Y d;

872

= @)+ _d;.
j=1

Conversely, for a given principal SU(2)-bundle Q — M, an L2-connection A on
Q,q9>0,di,...,dyg € Z and by, ... ,b, € M satisfying (1)—(4) of Theorem 1.3,
we must show that there exist {4;} C Ay such that

sup/ |Fa,? %1 < oo,
i>1Jm

1 1 <
j=1
weak® in R(M). This follows from the same construction as in the proof of

Theorem 2.2 in §2, Step 2. This completes the proof of Theorem 1.3. O
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For the later purpose, we give the following corollary of Theorem 1.3.

COROLLARY 1.11. Under the same notations as in Theorem 1.3 and its
proof, assume |Fa,|> = w weak® in R(M). Then

q
w > |Fal” + 877 |d;|6,.
j=1

PROOF. Since Fy, — F4 weakly in L?(A*T*M ® su(2)), by the weak lower
semicontinuity of the L2-norm we have w > |F4|?>. On the other hand, for any

© € C°(M), we have
| s nEa)no| < [ BaPlol L
M M
< [ ol
M

Letting ¢ — oo in the above inequality we obtain
We take ¢ = ¢, such that 0 < ¢, <1 and @, \, x{,} to obtain

w({b;}) = 8x%d;| (1<j<q).

’/ tr(Fa A Fy) /\(p+87r22d]<p
j=1

Since |Fa| L 0y, for any 1 < j < g, we get

q
w > [Fal® + 87> |d;16s,.
j=1
This completes the proof. O

DEFINITION 1.12.

or w € , w = ==tr(Fa N Fy) + .. d;o0p., Where 1S an -
1) F P? 871T Fys NF ;1_1 d;dy,, where A i L?
connection on a principal SU(2)-bundle Q — M, we write

w] = (1Q1, (dj, bj)1<j<q),

where [Q] is the isomorphism class of principal SU(2)-bundles with
Q € [Q].

(2) We define [P?] = {[w] : w € P?}.

(3) For [w] = ([Q], (dj,bj)1<j<q) € [P?] we define the space A% ([w]) of L3-
connections on [w] by A € A?([w]) if and only if A is an L?-connection
on some principal SU(2)-bundle Q' — M, where Q' € [Q)].

(4) We define A2 = UME“;%] A2 ([w]).

REMARK 1.13. We can view [w] = ([Q], (dj,b;)1<j<q) € [P7] as follows:

[w] is obtained by attaching principal SU(2)-bundles P; — S* to Q at b,
where the 2nd Chern number of P; is —d; and we identify b; with the south pole
of S%.
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This can be explained by the following consideration. We identify b; with
the south pole of S, d;8,, with d;{b;} € Hy(S*;Z) and d;{b,} with its Poincaré
dual djng,y € H*(S*,7Z), where N{v,} is the Poincaré dual of b; in S*. Since N{b,}
generates H*(S*;7Z), d;jnp,y corresponds to the isomorphism class of principal
SU(2)-bundles over S* with 2nd Chern number —d;. Therefore [w] can be viewed
as mentioned above.

For w € P?, w = ghstr(Fa A Fa) + Z?:l djdyp,, we define ||w|| by
[wll = 1Fall2ary + |w] (M),

where |w|(M) = total variation of w in M.
In the next theorem we show that 77,3 is bounded weakly compact with respect
to the “norm” || - ||.

THEOREM 1.14. Let {wi} C PF, wi = geztr(Fa, A Fa,) + 200, d50y;, b
such that sup;>; ||wi|| < co. Then there exists a subsequence {wy,} C {w;} such
that wy,, — w weak® in R(M) for some w € PZ.

PROOF. Since sup; > [|w; < oo, we have

(a)
(b) SUP1>1 Z =1 ‘dl| < 00.
By (a), as in the proof of Theorem 1.3, there exist a principal SU(2)-bundle
Q — M, an L2-connection A on Q, 671, . ,Jl € Z and 31, . ,El € M such that

l
1 1 -
g2 T(Fa A Fa) = g tr(Fa A Fa) + > by

m=1
weak® in R(M).

On the other hand, by (b), sup;>; ¢; < oo. (We remark that we may assume
all d;- = 0.) Thus, passing to a subsequence if necessary, we may assume ¢; = ¢q
for all i. Also by (b), sup;>; dj < oo, and we may also assume d’ = d; for
all 4. Since M is compact, passing to a subsequence if necessary, we may assume
b; — b; € M for all 1 < j < gq. Under these conditions we easily see that

l
w; — %trFA/\FA Z m+2d6b

m=1

weak™ in R(M). It is also easy to see that

l q
DD W=
m=1 j=1
This completes the proof. O

REMARK 1.15. For w; = giztr(Fa, A Fa,) € PZ, sup;>, ||lwil| < oo if and
only if sup;>1 || Fa,llz2(ar) < 0.
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2. Relaxed Yang—Mills functional

Let A € A7, that is, let A € AZ([w]) for some w € P7. Here [w] =
([Q], (dj, bj)1<j<q)- We extend the Yang—Mills functional which is defined on
A(P) (= smooth connections on the principal SU(2)-bundle P € Py) to A2 by
the method of relaxation. This is also the Lebesgue extension of the variational
integral [, |Fal? 1.

DEFINITION 2.1. Let A € A2 be as above. We define the relazed Yang—Mills
functional YM,q by

YM,e1(A) = inf{liminf YM(A4;) : {4;} € S},

where {A;} € S if and only if A; € A(P;) for some P; € Pj, and

1 q
—tr(Fa, ANFa,) = > d;dy,

2

8T =
and A; =~* A with [u] = [Q]. Here we use the notation A; ~* A if and only if
there exist a1,...,a, € M, an open covering {U,} of M \ {a1,...,a,}, and

sections 04(i) : U, — P; such that o7 (i)A; — A, weakly in L?(U,), where
A={A,}.

For any A € A2, there exists {4;} € S such that {A4;} converges to A4 in the
above sense. (See the proof of Theorem 2.2 below.)

THEOREM 2.2. Let A € A2, where A € AZ([w]) with w € P? and [w] =
([Q], (dj,bj)1<j<q). Then

q
YM;ei(A) = YM(A) + 872> " [d;].
j=1

PrROOF. STEP 1. We first prove
q
YM,a1(A) 2/ |Fal?> #1487 |d;].
M =
Let A; € A(P;) (P; € Pg) be such that

1 1 .
@tr(FAi/\FAi)—\u—i—j;djébﬂ A —* A

Then we must have 1 = giztr(F4 A Fa) as in the proof of Theorem 1.3.
We fix € > 0 small enough. Then we have

O IFa,
M M\UY_, B (b;)

where B.(b;) is the geodesic ball of radius € with center at b; € M.

251

)

2*1+/ ‘FAi
Uq Bs(bj)

j=1
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Since Fa, — F4 weakly in L?(A2T*M ® Ad(P)), we have

(4) lim inf

|FAi|2*12/ |Fal?* 1.
=0 JAnUL, B (b)) MUY, B-(b;)

On the other hand, by Corollary 1.11 we have (passing to a subsequence if
necessary) |Fa,|? = w, where w satisfies

q
w > |FA|2 —|—87T22 ‘dj|5bj-

j=1

So we have

q
(5) liminf/ |Fa,|? %1 2/ [Fal? 14 87%> " |d;].
11— 00 q B q

=1 E(bj) j=1 Bs(bj) j=1

Combining (4) and (5) we obtain

q
(6) liminf/ |FA,£\2*12/ |Fal?# 14877 |d;].
Since {A;} € S is arbitrary we get
q
VM ()2 [ (Faf 18730 [al
M =
STEP 2. Next we show
q
YM,a(A) g/ |Fal? % 14877 |d;].
M -
Jj=1

For this it is sufficient to show that there exist A; € A(P;), where P; € Py, such
that
1 1 !
@tr(FAi/\FAi)A@tr(FA/\FA)Jr;djdbj, A, —"A
and

q
/\FAi|2*1—>/ |Fal? 14877 |dy].
M M =1

We now construct such a sequence. The construction can be summarized as
follows: A; is constructed by gluing self-dual (if d; < 0) or anti-self-dual (if
dj > 0) connections A} on principal SU(2)-bundles P; — St (j=1,...,q) to
A € A2(Q) at bj, where P; is a principal SU(2)-bundle with 2nd Chern number
—d; and we identify b; with the south pole of S*. The details are as follows:

Let P; — S* be a principal SU(2)-bundle whose 2nd Chern number is —d;
and A% a self-dual (if d; < 0) or anti-self-dual (if d; > 0) connection on P;.

Let o : S* — S% be the inversion of S* through its equatorial S3, which is
fixed.
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We denote by z; : B; — R* the normal coordinate of M, where B; c M
is a geodesic ball with B; N B, = 0 (if j # [). We identify S*\ {n} (n is the
north pole of S*) with R* by the stereographic projection from the north pole.
We also identify B; with z;(B;) C R* = §*\ {n} and b; € M with the south
pole s of S* which is also identified with 0 € R* by the stereographic projection
from the north pole. For simplicity we assume B; = {z : |z| < 1} C R*. Since
Q|B, — Bj and o* Pj|p, — Bj are trivial, we may glue these principal SU(2)-
bundles over B; and obtain the principal SU(2)-bundle @ —>79_, P; — M. By
the construction

o(Q-37) =@ - X aP) =@+ X dy =alr) =

Next we define a family {A.} of connections on @ — 23:1 P; as follows. First
let o € C§°(R) be such that

0 if 2 < 1/2,
1 if x| > 1.

o(z) = ol|z]) = {

We set o-(z) = o(¢~'/?|x|). We denote by T. : R* — R* the dilation 2 — ex.
Let 6; be the flat product connection on @ — Z?zl Pi|p, = Q — Pj|p,.
Over B; define

(7) Ao =05 + T[0T A + o (0 T2 A

Set M = M\ Uj—i{p € M : dist(p,b;) > 1/2}. Over M, Q- o Py is
identified with P. Over M we set

(8) A, = A

Set B; = {z € R*: |z| < £3/2/2}. Over B; we set

(9) A, =a"TLA,.

Then (7)—(9) give a family of connections {A.} on Q — 23:1 P;.

By the same calculations as in Taubes [12] we get

1 1 !
(10) gt (Fa. A Fa) = cte(Fa A Fa) + > d;dy,
j=1

q
(11) /|FAE|2*1—>/ |FA\2*1+Z/ |Fas |2 % 1.
M M i

Since A} is a self-dual (or anti-self-dual) connection, we have

(12) / |Fas|? x 1 = 8m%|d;].
54 ’
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Combining (11) and (12) we get

q
/|FA€|2*1—>/ [Fal” 514872 " |dj].
M M j=1

Since the space of C*°-connections is dense in the L?-connections there exist
A; € A(P;), P; € Py, such that

1 q
t(Fa, A Fa,) = gtr(Fa A Fa) + > d;dy,,

j=1

q
2*1—>/ |FA|2*1+87T2Z|dj‘.
M =

1
82

Thus we get

Mya(A / |FA|2*1+8w22\d|

Combining Step 1 and Step 2, we finally obtain

Mel( / |FA|2*1+87TQZ\d|

This completes the proof. O

In the next theorem we prove that YM,. is weakly lower semicontinuous
with respect to a suitable weak topology.

THEOREM 2.3. Let {A;} C A? and Ao € A3 be such that A; € A2([wi])
(wz € P?) and Ax € A ([w]) (woo € PE). Assume w; = giztr(Fa, A Fa,) +
L di (5bL sup;>q |lwill < 00, wi = weo and A; —* A Then

YMrcl (Aoo) S lim inf YMml (Az) .

17— 00
ProOF. This is proved as in the proof of Theorem 1.14. Since sup;; [|w;ll
< 00, we have

(a) sup;>p [y, [Fa,]? 1 < oo,
(b) sup;>y 3254 [d5] < oo

As in the proof of Theorem 1.14 there exist a pr1n01pa1 SU(2)-bundle Q— M,
an L2-connection A on Q dl, .. dl € Z and bl, .. bl € M such that

l
1 1
—tr(Fa, A Fa, r(F3 AF7) + ) dd;
82 r(Fa, AN Fa) = 82" +m:1
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As in the proof of Theorem 1.14 there exist ¢ € Z, c1,... ,¢q € Z and py, ... ,pq
€ M such that

qi q
(13) Zd;(sb} =Y ;b
j=1 j=1

Then we have

l
1 ~
oo = Gz (Fas A Fa) + 3 Ay, +

q
E cjépj .
=1

jf
Therefore A = Ao and
[woo] = ([Que, (d1, .. ydiycry e cqibiy b pry. .. s Dg))

We may assume, as in the proof of Theorem 1.14, that ¢; = ¢ and d} = ¢4
(1 <j<gq) for all i. Fix € > 0 small enough. We have

(14) /|FAi2*1:/ \FAi2*1+/ |Fa, | % 1.
M MUY, _y Be(bm) L Be(bm)

m=1
Since Fy, — F4_ weakly in L?, we get

(15)  liminf [Fa,|?+1> / |[Fa|?*1.
) MU

=00 JM\UL,_, Be(bm Ly Be(bm)

We may assume, passing to a subsequence if necessary, that |Fa,|> — v weak*
in R(M). By Corollary 1.11, we have
l ~
v > Fa P+ 872 ) |dmld;

m

m=1

Therefore we obtain

l
(16) li_minf/ |Fa P12 / CFaLP 1 +872 ) [dl.
i=ee JUL,_y Be(bim) Uy B=(bm)

m=1

From (15) and (16) we get

l
(17) liminf/ |Fa,|? %1 > / [Fal? % 14872 [du-
M M m=1

11— 00

From (13) and (17) we finally obtain

11— 00

l q
lim inf YM,¢(A;) > / |Fal? %1+ 872 Z |dy | + 87 Z 21
M m=1 j=1
Z YMrel(Aoo)-

This completes the proof. O
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3. Minimization problems in A}
From Theorems 2.3 and 1.14 we obtain the following existence result.

THEOREM 3.1. There exists A € A} such that YMe(A) = inf{YM;a(A) :
Ae Ai} = my.

PrROOF. Let {4;} C A7 be a minimizing sequence, i.e.,
YM,e1(A;) = my  as i — o0.

We assume A; € A7 ([wil), wi = geztr(Fa, A Fa,) + 200, d;ébj_.

Since sup;>; YMei(A;) < 0o, we obtain sup;s [|wi| < oo. Thus we may
assume, passing to a subsequence if necessary, that w; — ws, weak™ in R(M)
for some wo € PP and A; =* Ao, for some Ay € A2 ([weo]) C A2 (by Theorem
1.14). By Theorem 2.2 we get

YM;el(Aso) < liminf YM,e1(A;) = my.

11— 00

Therefore A € A2 is a YM,e-minimizer in AZ. O

But in general, A, obtained above is not a YM-minimizer in A(P) for some
P € Pr. We next study when A, is a classical solution, that is, when A, is a
minimizer of YM in A(P) for some P € Pj,. We assume A is an Li-connection
on some principal SU(2)-bundle Q. — M.

We first prepare some lemmas.

LEMMA 3.2. We have my, = inf{YM,a(A) : A € A7} = inf{YM(A4) : A €
A(P) for some P € Py}.

PRrROOF. This follows from the proof of Theorem 2.2. O

LEMMA 3.3. Let Ay € A% be a YM,e-minimizer obtained by Theorem 3.1.
Assume Aoy € A2([weo]) for some wo € PE. Then Ao is a YM-minimizer in
the class A% ([woo))-

PROOF. Assume to the contrary that A, is not a YM-minimizer in
A?([wso]). Then there exists A € A?(Jwso]) and £ > 0 such that

(18) YM(A) < YM(As) — e.

Since C*°-connections are dense in the L2-connections and L? < L* in dimension
4, we may assume that A is a C°°-connection. In this case, as in the proof of
Theorem 2.2, we find A; € A(F;), P; € Py, such that

q
YM(A;) — YM(A) + 87> > " |d;| as i — oo,

j=1
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where [woo] = ([Qoo], (dj,b5)1<j<q). So by (18) we obtain

q q
YM(A) + 872 Y " |d;| < YM(As) +87° Y |d;| — ¢
j=1 j=1

= YMrcl(Aoo) —E&E=Mmr — €.
By Lemma 3.2 we get my < my — €. This contradiction completes the proof. [J

We are now ready to state (and prove) our main theorem in this section.

THEOREM 3.4. Let Ay € Ai be a YM, o -minimizer in A%. Assume that
my < mg+8m30— k| for [0 — K| < |k|, £+#k.

Then As € L3(A(P)) for some P € Py, and Ay is a YM-minimizing connection
in L2(A(P)).

PROOF. Let Qo = M x SU(2) — M be the product bundle over M and 6 be
a flat connection on it. We fix a point a € M. We set [wo] = ([Qo], (k,a)) € P?.
We denote by £ the topological quantum number of Q. Since § € A(jwo]) C A3,
we obtain

8720 — k| < YM(Auo) + 8720 — k| < YM,e1(Ano) < YM,a1(6) = 872 |K|.

Thus we get |¢ — k| < |k|. We shall prove ¢ = k.
Assume ¢ # k. Then by Lemmas 3.2 and 3.3 we have

me + 8720 — k| < YM,a1(Aso) = my < my + 8720 — k.
But this is a contradiction. Therefore ¢ = k, which completes the proof. O

REMARK 3.5. (a) We always have my, < my + 872|¢ — k| for all k, ¢ € Z.

(b) For A € A(P), we always have YM(A) > 87%|k|, where k is the 2nd
Chern number of a principal SU(2)-bundle P — M and equality holds if and
only if A is a self-dual (or anti-self-dual) connection. Of course in this case A is
a YM-minimizer in the class A(P). The existence of self-dual (or anti-self-dual)
connections is studied in [1], [10] and [11]. See also [5]. Taubes [10] proved the
existence theorem under the assumption that the intersection matrix of M is
positive definite. If M does not satisfy this assumption, in general, there is no
self-dual (or anti-self-dual) connection on P. See [5].

(c) Theorem 3.4 is related to the result of Sedlacek [9, Theorem 7.1]. In our
setting, the existence problem is reduced to the regularity problem.
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